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PREFACE 

A COURSE in theoretical mechanics often lacks the strength and 
vitality resulting from practical applications, whereas a course in 
applied mechanics is likely to be so technical and limited in its 
range as to obscure the meaning and scope of the fundamental 
principles involved. By properly combining theory and practice 
the efficiency of instruction is greatly increased, and mechanics 
also becomes a powerful instrument for coordinating mathematics 
and physics with technology. 

In this text the aim is to present the fundamental principles of 
mechanics in such a way as to emphasize their actual significance 
and relationship, and at the same time make them a matter of 
intelligent interest to the average student of junior grade in col- 
leges and universities, and in technical and engineering schools. 
In each article the explanation is given a body by direct applica- 
tion to some practical problem within the range of the student's 
experience or understanding. . 

Much of the subject matter will be found useful in reviewing 
earlier work in related subjects, thus unifying and correlating the 
student's knowledge, and breaking down the artificial boundaries 
between "pure" mathematics,- "theoretical" physics, and "ap- 
plied" mechanics. For instance, the subject of elastic vibrations, 
presented in Articles 105 and 106, involves a physical interpreta- 
tion of Maclaurin's theorem, simple trigonometric relations, the 
graphical representation of trigonometric functions, elementary 
differential equations, simple integration, the definition and proper- 
ties of harmonic motion, the composition of waves, the formation of 
nodes in vibrating strings, and practical engineering applications, 
although the discussion is so simple as to be easily intelligible. 
This aim has been kept in mind throughout the preparation of 
the text. 

The writer also believes that a student's college text in me- 
chanics should find a permanent place in his professional library, 
as he will feel greater confidence in consulting a book with which 



ho IUM become familiar (hiring his undergraduate \\ork th;m one 
entirely new. Fur the sake of completeness, therefore, many 
tilings have been included which it. may he found expedient in 
omit in an elementary course. For a brief course il is suifijested 
that the tirst throw chapters may prove suilieicnl, as they enver 
tlu* ground usually presented in an elementary text. This course 
may be extended by adding Chapters IV and. VII for .students 
in mechanical engineering, or Chapters V and VI for students in 
civil and electrical engineering. 

An essential fi*aturo of a Hatinfactory toxt in a consistent and 
logical notation, although thw is exttvnu*ly (UtVtcult t> .secure 
where the subject involves morti coneejitn than then* an* *ymhols 
available. Tht^ bent jra(!tire when ponsible is to use th* initial 
lt*tter of the name uf a quantity as its symbol, nueh as the ttni verbal 
use* of// for acceleration due to gravity. Some uf the M mbls 
here used as an aid to the memory are !/' for muss, 7'fr tonjur, 
/* for period^ Jt 1 for fortes, A for area, / for moment of inertia* etc. 
Where two quantities with the same symbol oeeur together, a^ 
thao and torque, or impulsive couple, in tin* discussion uf angular 
momentum (Art. UM et My. ), the tetter ,1/ is tisetl !Vr the iipiiiieni 
of the HUpulsivo couple to <lislinguish between it and flu* time t, 
s5nt*e the symbol 3fis not needed for mass in this conncetiott, an 
only the moment of inertia I is involved. 

A feature of the book in the collection of 1'JO practical pnhlrm* 
the majority of which arts original. 

Acknowledgment is due the following linns and nnjani/ations 
for the use of euts and balf-tones from their trade eatalH^utv* : 

American-Ball Kngine ( f o., Figs. *Jt.'J, l*^*, !**.'**; Aineriran 
Hoist and Derrick Co., Figs. I2*i, 1-7, I-lL 1 ; American horMiuo- 
Uvo ( ! cn, Figs. UHI, ^Hi U!U, 2!^, *J*:i, l!l1 ; Abrrn^F.^ Fire 
Kngine Co., Fig. -SfJ ; Ciitcinnnii Milling Maehin ('., Fn,*, 7t; 
T)odgtt Mfg. Co., Figs. 1UU, tttl ; KHtrrline C l i, Fi^. s'j ; Hr^- 
Bright Mfg. C* M Figs. IW % 1HJI; .ItihtiHton J!ai-vr*trr '!., Fn,f, 
10; Mc( Cure's Maga/.in t Kig. :Hl! ; Uirk\vnml Mf^. <* Fi^f^. 
I8>, 1HS; Timkin Holler Hearing Cn, Fi^. I*;*; TMU.HUM !>" 
purttnent* l ? . S. <Jovernment, Figs. H7 f SK, 

s. iv. s. 

UKIVI;*ITV or t'lvritftfAtt, 

Itittuury* tl*ti, 
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THE THEORY AND PRACTICE OF MECHANICS 



CHAPTER I 

KINEMATICS 

1. Classification.- "Tito present extent, of nuwhanirs makes it 
desirable, especially for purposes of instruction, to divide tin* 
subject into several branches. The following in the customary 
method of division : 

Kinematics ; 

Geometry of motion, excluding the ideas <*f ft>ree 

and matter. 



Dynamics; j Kinetics; Fore** und m<tiun. 

Action of force I 



Mechanics 



upon matter, j Statics ; Forces in 

It is also convenient to subdivide dynamics according In the 

nature of the* bodies considered. The following is flu* customary 
classification, the names on the riffht hein^ those cmnmutth hund 
in textbooks : 



1 articles ; ] , t ,. , , , t * 

ti , . t t . f * hiHiref jcsu or analytical mechanic*!. 
ICi^id btHues ,' I 

Klustic biwlies; Applied mechanics or strength f 

iiiut<*riuis. 

Fluids; Hytlrodynamics or hytlratdics. 
(fuses; TlientUMlynumic's mut aerod 



Dynamics of 



2* Motion. - Mt*<;huni<JH is concerned (irinmrtly with tin* art nn 
of foren upon matter. Many problems, hmvcver, relate simply ! 
descriptiottH of mutton, withttt refi*rtnci to th< CUUSM <f tittitinti 
or the nature of the body inovril, 'I*hiH bun ^iven rise In a pt*rm) 
branch of tilts Hbjt*l railed Kinematics (<treck, " perhuwnj.; t 
mtitkin ") wlittsh th first ti ren?ivi^ seieutitie drvrhtjiitii'ii!, 

and offcsrn a tuiiiiritl tittrudtu;tt(n tct tliii !miy uf I In* intin< ,*tutijrrt. 

1 



2 THEORY AND PHACTH'K OF MKi'Ii \\fts | r|Ul , ( , 

Sinee motion involves two quantities, tun** and Nj*,in t kinnu.it. 
ics may he deserihed as the j^emnetn | mtii u. TM |ipj|i| a . 

mental concepts upon whieh kinewit*'s j-. !u-l ,u ih.i* t} it . 
intuitive ideas of time and spaee. Th*' unit . tn I* i:n * i' \t)ji r j 4 
theme quantities an* ex p jessed tin* the nrdnun aiii * .f Ji'ii^id 
and time in common UHI*. A <Ii.sruNsi**n f if-*- "tui*i.4'il^ truiu 
which they aro ohtaiiu*tl is jjivi*u 111 Chi{ti II, 

The position of a Inictv IN H$iii{tlii'!i !<*?<( 'auti'il uhru |J it . 
positioim of thriH* of it puttitH, not in tli* *uiin* 4? u^ht hnr, arr 
givan. In jft^neral, tht*rt*f<irt* prohloitN in ui*<f *n iiin ! iiiurryl 
to the ntudy of th motion of iiiiilliritnitirrti jn**i,! I'J.i , ii ri . f , v! . 
tates orno means of Itnuting |uuits 4** tin ii-*-!, \n>Mil u t r 

polar system of eoontumtt'M. Srh a tnnii'itliwfi* ^i'4rtu m u tht*n 
ho usotl an a frame of rrferenn* upon wliii-it th p.iOn f *!). *,-*! j$| 
any number of moving point*, or othrr rfiai irirn t?,,- 4 r |" ti^.| r 
motion, may ho mapped out ami their rvkft^fM t*'^'uinur>i, 

Tha path followed b) a nttiving ptiiitt mu'*t l*# r ni^iM^n'^ imn* 
it in obvioimly imptmmbli* Corn iwwly t 4i^ij*}^ u - - *i .4,11 in!rii,j} 
of time, howiwcir mmill, and then ii<;i||iMf 4iil i 'jui^ it , i/*h.||, 
Thocurvaturoof th< pitth ititwl tilwi 
at pointn where Homo new factor 
motion, in whioh awe thtm* ure Ittn tr m**n* f**j^}4t^ j 
sivtf Htaten of motitm to be t*on$*tdi*r**ii, 

8. tad Vectors, In tt w;11 }N 

to consider two kindn of t{iuiiilitp**i: tl**<- u!u*-U u^Ml 
tudti only, and those whirli iiivtihr lintti ui t t}it3ift<|* ,iti*i 
Quantitiiw involving mii^nituili* onh, ^tn-li n* i^m|u'| vl f *n < 
density, work, energy it* M niiiy tn* rrjiii*wuti 4 In inin 
scmle, and arts theriifore Tii>^ |, 4 , 

direction iw wtll IIH iii%fiiitiid\ 4^ iliH|.t4^rin^iif 

force iiictftwiti, Hr., nn* iMllwl ur *trj** t % *. ^i. 

ii nuitn*He*t! niiiKniliidi\ whnv,i 4 *r, t.* in.r, 
by a Htniitfht Hm% it mi ? h r i 4ii*-t^n .i 

magnitttcio. 
^Bcmliiw fin! adiii'il i r Nttbtrart^t l*v w^:\ tt* 

of th^ numbers n*firiwiiiiii,| i|,,. m , "|"- 
op more litwt*wt% i, t n4 r Miivr^jwt* 

by tlieiti. ThttH III Fif 1. jf ,||| t^,,,. 
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vector and JiO another, these two steps may be replaced by a 

single step AC\ which accordingly represents their geometric 

or resultant Reversing the 

process, a single vector AO 

may be resolved into two or 

more vectors ( y {) and .HO, 

called its components. 

To add several vectors, the 
first two, Alt and HO( Kig. il), 
may be combined into a result- 
ant jBj, this combined with tlie 
third vector OD into a result- 
ant /fcp etc., the last resultant 
obtained being 1 the geometric sum of all those previously addod. 

Or what amounts to the same thing, 
the vectors /l/f, /W y , (?I), etc., may 
I HI laid olT successively in ortl*r, each 
starting from tho terminal point of 
tho ono proceding, in which case the 
final roKttltant is simply the 
sido of tho vector polygon HO 
taken in tho direction from the ini- 
tial to tho terminal point (Kijf. 21 >. 
If tho initial and terminal pmtitw f 
tho sortos of vec.tors itoiiicidt% it is 
ovidcnt that th*ir resultant i y.rro, 
tho vector polygon, and will bti uppiieit 




Km. 



This construction is cu 

in what folhiws to tho composition 

and resolution of tUHplacwwnts, 

volocities, ucctclorntiotis, fort?es nio- 

nients, stu^torial vislcwititti, and other 

vootors, 

Not 11 that in a vector polygon the 
arrows indicating tho direction of 
the vootore aro dirc*tt4*ct from tin* 
initial towaril tho terminal point.* 
whothor thi path followed In that 
by the component voutora 
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or by their resultant. Hit* direction of tin* result.iut r 
a side of the force polygon therefore always appears t** 1 
to that of its components. 

4, Composition tad Resolution of Displacements. I 1 
consists of several successive displacement i* % . \ , i 
lent to a single displacement represented in fh lo-e ; , 
initial an<i terminal points* HUH If in ptt*ui* ** -m 
A to another./? the path consists nf a 'mcee***.^ ,! , 
curved lines, then* in always ;i .single jtitL l< iJ: s $ < 
the same desti nation; namely* the 4ti,ii*tltl hu 1 *, < 
In other words a displacement H a irti^i *j t ju < K?, 
resultant of two or more dbtpLiccutettt** iitiii tl P ! xe , 
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carried directly west hy tin euiiettt. !! 

take place simullumtottMl)* with flu* i'>jj 
voHHel will he w<st of north Kt identic 
inent would hi* fht* 
In magnitude and directioti, 

wh(*thc!* tlii* component din- 
plit(*cments urt* 
n taking pliiei 

or MUC 

4)* From tin* ntum* iii*tlifl 
of it ftilltiwH that 

th mmltnnl of any st f 

Vaotor dItfplili?itiitrlitN ttiitv 

lid found by laying them off s *itf , 

tlniwiiiK t5 fiiilti til tin %#vti'i 
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By reversing the process, any given displacement may he 
resolved into two or more components by simply drawing a suc- 
cession of lines, or vectors, which will form with the given vector 
displacement a closed poly- 
gon. This affords a con- 
venient method for finding 
analytically the resultant of 
any given set of vector dis- 
placements. Thus let a 
rectangular coordinate sys- 
tem be chosen and resolve 
each displacement into com- 
ponents parallel to the axes. 
Then the sum of the com- 
ponents parallel to either 

axis will be the component of the resultant parallel to that axis. 
For instance, in Fig, let OA and OB represent two vector 
displacements lying in the same plane, and OX* O F the axes tf 
coordinates. Then if .fp // t denote the rectangular component H 
of OA* JI' T fa of Olt^ and j\ if of their retwltant /f, we have 




* - *\ + % H x Hi + //a 

that in to say, the *Y and F components of the resultant /^ itrr 
equal to the HUIIIH of the X atul F eoiaponentH reHpeettvrly f 
0/1 atul 0/f. The length of the vector It in then found from 

the relation 



H 



and its direction from 8 &* tan 



i// 
/ 



Altlicnigh iiititt! indirect than the gnipliiaitl method if thi* 
vector polygon, the analytical method of resolving nu-li *lin 
placement into UK aoniponentn parallel tt the axi-M antl ii-i$ 
finding the rtmultunt from the HUIIIH of these several 
IK more convmiimti to apply in prucititH). 
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PROBLKX 

1. WhtMi a farm aurvoy i* ma<l*' tlw lnicth *f *Mfh '*t*l* * 

iia bearing, or angle with a north ami smith lws i-* tii%"ii. Tb' 
the Hiirvov noten of a flvt*-sttit*t! field ; 



|lM"*V 

N. 3tr Iv 
N. *; iv 

S. Ml ' K. 
S. 3IJ" W, 

K. ,ii U 



To plot Much a Hiirvt^\ the method i*imimmU *! 
into a north ant! Month coin|*onent t ami tit* *M->t *m4 w#*-^ * 

plying it* lengtli by the tw* ami r^tip **f iii l*%itif ,, 
laid off through the ituiftt w*Ht^rly >i*ittf4* <**! t)r ?<' > 

tlu meridian and p*f|H*tidIi*iiIjit I** il n*ijtr"tii**H li^ 




It 1 1 1 it |'t*f i l^i 



If fi 



i lit tl f 4^ t 
i iin* IP*! /*!, i% 

*. In lliiH ni*p if tli*M 

'T|>ri * t "*s f^ iH(*'ilH.f 'l| 11%' Jfj alii* 1 1** I % 1*1*11 f ftp 

4rrr in ** iip|ni\uiiiMv 
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and occurs in the course having the direction 

& = tan -i y , 

x 

than affording a means by which a caroltWH mistake may frequently lx btmttnt 
In thti present problem determine whether or not the survey I*|OHIH by t?ow- 
puling the latitude.8 and dtsparturoH, and then balancing the north and nowth 
latitudes and east and wtt dt^partnres. 

5. Speed and Velocity. - To describe the motion of n point it 

us necessary to give not only the path it travermw, but also its 
rate of travel, called the speed. If equal distances ara ptiHHtui 
over in equal times, tht* motion is said to bo uniform* In this 
easo the speed i the distance passed over in a unit of timtt, my 
one second, and is obtained by dividing- the length of any portion 
of the path by the interval of time in which it wan dismiribiiiL 
Thus for uniform motion, if demotes the distance doHttribed lit 
tlio time t, the apood v is given by 

-?. 

From tliis definition it i tividimt that spciad in a scalar quantity. 

If the diHtancuH panned ovr in ttqunl intervals of tiinti uro not 
equal, the motion is cmlltui aoa-uttiform. In this cam) th quo- 
tient of distance by timo givtiH tnertjly the avuraga Hptwd of tltu 
point in the intorval coutiuterud. Thu actual Hpwd at atty 
instant !H tin* limit of this ratio n the interval of timt* in tiiilrll- 
nit-oly diiniiurthiHi. Than, in the notation of the calculus, if A a 
represents tlas diHtancu paHHtul ovor in an interval of tim^ Af v tlw 
speed v at thtt itiHtant iti qiti!tion in given by 



tt. 
* 



This former dalliiitioiu **, IH a Hptuual i'anw of tlio out* juni il>- 

For in tin* rugt* of uniform motion, v in rotiHtattt, unit 



hence writing the* genm-nt iiofmittom i a* ?. ?, in t ht* furiii i/ nit, 

tit 

it may* in thin \m intcgrntfid tiirivtly, giving i rt | <\ It' 

the motion in luwutiiuil to Htart lit tin* origin, thu * wh** 

tmQ, and honce 0. In thU cwww f pf, or i - f , as fitum*t 
above. ^ 
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If the unitH of dwtuwtt and tiitit* ;uv rhHn an tin* funt and 
second, tho unit of Hpml from tin* uhovr d'f'witun \\\l\ U< t| u , 
foot per HtK'ond, uwwlly abbreviated into ft. /.HIT. 

Velocity (UiTorH from npeed in that if iu\n!\** ttn* ditrrt)<|j f 

motion UH well UH its rate. IlitiH, in Ft*,*;, \ il *i JMIU$ j. t 




ii$4 
i ii 

ih.$i 



tt an\ j!iif J IN ,?uj 

fifiiiif. If* th*n, I he l-t*. 'tu uf 
ttittgpiit in likf iff t*' >n\\li !** 1 1* 
went the *jwetl % th*' %*-! MI J// ^ 
4 both the tiifwtitftt ,u*i tafr ij HIM 

lit iht* ifh**!! ili^l* 
/ renriwnttf tlw M<}> 

PlO. H / i . . 

Ill tlUH lll*titlll. 

.From thin definition of vclueih, it t*i rv5ti 
rep resett ted by the* Menhir purl of the vri*mt) %* i f"j 
its length. Hence enn*ttunt wpfi'tl ttw-i u^i nu, 
velocity, for the lgth of the vrti*r AH iu\ m***i 
and yet Itn direotioti tw eonntunth altrrot, \^ : iii%i,i 
body revolve uniformly in n eirel*', lilt* it j-mni ii f ihi im, !! 
flywheel, or the bulb of a nitttplr Watt 5**u*rt*Mi, ih' J,M*| $| M 
bo ooiiitant, but thcs veloeity 1 s * nut mnrr it iiitn-i UH !><* Jtu, 
froiii point to point, 

In what fillo\vH, velority will U* tlftif^uinh^ii n** m Hj^n 
where neeeNHary by denoting 1 il lii r ; th.il i*** tii |lt n^ a im 
ubovo the * to indieute that it in a \irfrr t( 
notation will In* fuilmml tliniigi$i*si$ t iin* 
iiuguiHli u vtH'lur front a wnlttr 
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, A limit lii'iit'* .mil 

Him it ,, w ., Iii 

X 3. In a tliuttclf*rMnriu 

I low f*r AWity m, tin* ili 

4. A imwiigrr in (i 

nwr tin* mil iiiii 
tin* rail* tin* !fi ft, lnnif, fi fJ 4 f | 4t , , f 
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01 KINEMATICS i> 

*. A train on the N. Y.C. & H. R. R. It. makes the trip from NVw York to 
Albany, 100 mi., in .180 niin. Find its average Hpeed* 

"*. The, distance from Queenstowu t.o Sandy Hook in 2770 nautical tailf*. 
How long' will it. take a vessel having an average, speed of lif> knot* to make thr 
trip? (The knot -~ 1 nautical mile per hour.) 

V 7. An engine makes 150 r. p. m. If the length of trokt* in 1H in,, Ilitct tin* 
piston speed in ft. / tuin. 

8. The H|wed of a moving point is given by the relation i rv# whr* <* 
denotes a constant. Find the relation between the distance and the timt, 

9, A point describes the diameter of a rirele with a hfKHtd jiroprtioiuil IP 
the* eorrtwponding orditwte. Find tlie law of di.Htimee, 

TLO. The minnte hand of a cloek in {) in. long. Find th v<*lcKity tf itn * 

tremity at a quarter pant, three, 

11. If the H|iwl of light b f)H4 ,000,000 ft. /m-,, how long will it Illicit * riij 
of light to rearh the enrfh from the nearest fixed star, Alpha (VuUiuri, lUittjtnt 

2f)5,000 timen as far EH Hie HUH ? 

NoTK.Thc' itverage Ktur ciiMtaiu^ i ahout twice an great iw that for Alpha 

Centauri. 

6. CompositiOE and Resolution of Velocities. If a point movi-s 
in a Htruitfht lint* with vlo(?ity i fot u time /, tho effect i ti priH 
duc'e u <liK()liicenu*nt eh that iC If, then, the itu>titm of 

a. point in made up of w* ven.il Independent vetoeitieH i* p ? r r r rtr,, 
an cujnal number of diHplnmmmtH r g, j* r ettu t would 

ill any given interval of time f, eiu'h parallel to the e 
velocity vcictor and proportional to it in length, w 



Thorn) Hoveral diphi.ieiiient, howevor^ may he* ciimbineil intn 
a single restiltfinf (linphuuiineat hy meaiiH of a vcujtor ptlvK"'* 
ii expliiined in Art, 4. Hut ine the velocity vi'etorn iv 
piiriillul itncl prc)|Hirtioiiul in letig'th to the n>rrimponitiu^ t j^, 
pliiei,!mnt, they will nbo form a vector polygon wtstitjir t the 
diHpltuwtntttit polygon* The chmiag Hide of thi polygtm w ihere- 
fore parallel und proportional to the renultuat dsHphtceuteat iini 
uoiiMequQtttly ntUHt represent the rimultiint voloeity. If i* eviilrut, 
thereforo, thiit vnliwitieii may be <.!ombits<i by tiwaas of u vtTttir 
polygon in th munaer <lipliit*iiiiiintH. 
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If the polygon fanned by the velocity \ivtni-H rloses, the 
resultant velocity i y.ero. If, then, thse vrlonti*'* nn* etm- 
sidered an exuding HimultaneouHly, flu* rlnsim* of flu* veetnr 
polygon meant* that they completely n*mtr,ili.i or .umul on** 
another. For instance, if a limit moves up*triMm at ihn saiut 
rate that the current is carrying it down, it wilt app**r hunt tht 
shore to be ntationary, the rt*amm htnu^r t!i*it thi f\i*i \i iiH'itit^ 
are exactly equal in amount ami o|*|utMti* in dinetinn. 

A velocity may be rowlvtwi into f^ti or imtt rniti|fiin*nt% ti 
drawing a tweoeiwion of vectorn which ^ilt f*nn \nili ihr ipven 
velocity vector a clownl |H>l}'g<ni* AH in th* M*>* f di^{ii.in* 
mentn, it in often convenient to resolve n vtdiwit^ U|M I'MIM|HH 
nentn by projecting it upon tho mitirditiili* utrrf, r*u in\fiitri% 
to combine neveral velocitieM F| t P|, 7j i*ft% utt*i))tiM!*v, IH^I fimt 
the projection** of each uptut tlu thrw rnirliiiaii' n%r., ihi* rum 
ponetitn of i| beiug denoted by i*| f * t 1 ^* *v* "^ *i ^ f| f it* r ^t t^, ^^ 
etc* Then the mun of thena contponentH am n i t%i% H |- f ^i 

oqual to the component of the result ant tbn *I\JH ; H/ . 

if ^ % v f denote the com{K>m*ntM of tlm * 

> 




from which the length of the i* i* Jm 

/ s * ij*+i**t' 

and its inclinatioim to the iirn bv * * f * 



if, . C*OH * ; rtw * 

t> f 



Prcibkniw in rur\iliiu%r W liw 

ehoiwirig the IIXC*H of ri*fi*r<mw* OA* ui t^f in tin* lu^iti 4 

the tangent and norntnl to the ill tli m 

oxplainml in Art. 2i. Enrfi i tv^4%r4 inf 

mill nurtnul t:f>ftt|nmiiitH, itir if art 

llw imdl nf tti* 
ant, volcKUty. 
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PROBLEMS 

12. The table of a planer has a Hpwul of 40 ft./iuiu. and tho Uml hm ;i *jH*d 
at right angles to thw motion of 10 i't./miu. Find tlw direction and Hftwd with 
which the tool will move, over a pie.ee of work clamped to the table. 

13. A nerew thread having 8 threads to the inch in to iw out. in & Jth* 
><m a rod one inch in diameter. If the .speed of tho lathe i* JW> r. j. in. how 
fast xuuHt the tool advance parallel to the rod? 

7. Acceleration. If the velocity of a moving point varies 
with the- time, tho rate of change of velocity is called the accelera- 
tion. Since velocity in a vector quantity, it may change wither in 
amount or direction. 

In the cane of non-uniform motion in a straight line, the cli ruc- 
tion of the velocity vector remains unchanged, hut its Umgth 
varies ; as, for instance, in the motion of a .street car, which in 
constantly changing its speed to accommodate the traftus. 

If the point moves in a curved path, the velocity in constantly 
changing in direction, ninco the direction of motion at. any in- 
stant is always tangential to tho path at tho point in question. 
Curvilinear motion in therefore always accelerated, whether tin* 
speed varies or not. For example, the motion of the earth urmmd 
the sun has an acceleration directed towards the utu which roti- 
stantly ehangcm the direction of the oarth'H motion, causing it to 
traverse! an elliptical orbit irmtead of moving off in a strnight Hum 

Since change in any vector, Bueh tw velotnty, nmst take phtei* 
in a certain direction an well an have a definite numerical vuhns 
acceleration in ulno a veotor quantity. When it is dumml t<i 
indicate thin tit what follows, it will he denoted by *f. 

The numerieul value of the a<;celeratton in tho rate at wliiuli 
the velocity in changing. If this change is uniform, the mte $H 
found hy dividing theehange in Hpeed t i a ; l% in uity givn* inter- 
val of time / t f| by this interval, giving 



If the point from rent and attaint* a npeed i> in flu 4 tinir f, 

thin relation simply * - t or 

v ~s at 
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li 



uf 



I*?* ,; ,'. * l ii! 

* . i# 



till* Jfir I 4 

If till* 4 4 

thr HJi 

UiU }H* 

nmniit, u^'-i.ix 
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Ftu. 1) 

^ of the path 



/Vt/A 



8. The Hodograph. Consider a point moving in a curvilinear 
path, and let v v v% represent the velocities of the point at two 
successive positions 7^, jP 2 in the path 
(Ki^ 1 . 0). Then the change in velocity, 
or vector acceleration, is represented by 
the closing side of the vector triangle 
formed on * ! r T\ 2 as adjacent sides. 

Now suppose that during any motion 
of a point the velocities at each instant 
are all laid off from the same fixed center 
(Fig. 10). Then the locus of their 
outer extremities will be a continuous 
curve, called the hodograph. From this 
construction it is obvious that to any portion 
there corresponds a portion /Y^Y '* ^he hodograph, such that 
the tangent to the holograph at any point gives the direction of 

the change in velocity at the corre- 
sponding point of the path. More- 
over, Hince any portion of the 
hodograph, say /Y/V-* * H dese.ribad 
in the same length of time as the 
corresponding portion, ^'i/V f 
the path, the rate at which the 
point ./Y describes the hodograph 
in equal to the rate of change of 
the velocity of the corresponding 
point /\ in the path. This, how- 
ever, is the at't'elwatton of 7^ in the path. Hence, the velocity of 
/Y Ht wiy point, of tlui hodograph represents the acceleration 
of the actnal motion nt thu corresponding point P l of the path. 

Tin* importance of the hodograph consists in the fact that it 
given it menus of ritpre*Hwntin# accelerations as velocities, and thereby 
considerably Htmplilbn certain problems in motion, as illustrated 
in Art, U anel 10. 

PROBLEMS 

17, Kindt tin* hmlograph for a point moving with varying sjt*<l in a f4nught 
linw. 

, 18. Show that th hodograph >f a projectile) ix a vtt't4*al lin*. 
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9. Composition and Resolution of Acct U*rattt>tu. 
means of the hodojjraph at'eeli'TutiM!* 1 * w,*\ f < i*;-' *)i> i 
ties, the same law iif ifeoinetnr nliht'ii i;*i ,' < * % M,. ll>j,a 
the. resultant of any #Ken aet *f vertor ,uv -inborn * i u I*? f<M<l 
by nmuisof a viH'ttir poh^^UH** i lh* !'' *i \-,IM;}* .;h i ! 4,,*. 
numts, It also fo!h\vH tlmt a \*rtur irr*-<* u*t^n MI^ i? * " ir,| 
into two or nuuv etmi|Hiit*iiti4 h\ Minjl * u *tnt*i'i.' A ,111^!^ , t r 
closed polyj^cn wliirh Hlmll h*u tht* ^m i* % * I tf a * M u Ir\ 

Tilt! IVHtkltHllt of IlliV p\ 4 N\Hll'f|| *f \* >* < > ,^',>" .", HI4I 

iilao l>e found anul % vtieully% HH iu th t v AH* it ^* 1 * ! * - ! ! -.,.Ii , . 
intuits, In* tirst rrsolvin^ *'M*h ntT*4rr*ili*ii in! * 5- i i , ' M , ^ 
ponents. I>tnotin^ th* 1 mtntH f lln^r i **i|i^ii -n, - JMI -.J!- ! tJ* 
threw fotirtiinato *i\* ly ,t , #* n"*|*'*'tuI\ u* tpr^iviS 
anuautt tf the renultaut ari'eh*rattf b ft%^ii in 

II ^ V ll t * J | f % ' 4 I *!/* 

iitui itn UH*linatitiiH to flu* 



In the t*aw% i>f <*iifviliii*iir motiist tl r r 44%*^^^!^ f < . L *', 
ectordinate axt*H tangent and n*rnil t* tl.** j*,^), I 1 ,.* -, 
the eonnonentH of the jft\t*ii tsrrt*lri4fi8ii ? i in firii' i - . ii. , 
tlton he tht* tangential tintl i'Hiii}nri4t^ *** u,*' i*^ 

YtH*ftir aeeeleration, ntiii tuny fi*jii r i4fi* I* '! m j^' ! 
Htea<l of rennnhinitiff f 111*111 tn lli* f ** tti*it i^Huit^fiJ, 



XS, A |i*iit hft f IU-M iti4t*|*i4ilriil <i*vi J*-* 

Aftli IT* ft ''>'. ; , m'JllW**l ttt *IIHfJl" I l;f l>r 

amtmitf #4 tin* ir'iiijt^iiit m'<' 



A ii<v*iilit"i it |atnK<4l4 v* i| ' / 

ri*ill|*4litl*fil ill till* 4Wirf if |Mfi HiifnIfi'I t4 Wp lit 
21, A |4|i|l IfiolrH Hi 4li r|Jl|*lJ^il #1'". N 



wi lift* iin *l"rifiMi f-tiii| tl*' < iti it 4* 

i 4 ill|i|4fiiMlt') *f fill'* H^f|itt4?,, l1s % ( , 4 >rV 3( ', t * A! 

ll* %|ff||*'ifis ! *,f |||p JtiV^Jt^H.",^** It >*^* ^> I 4 ,' < **M 

rl*? llir t|iriit dt Ilir** |#st4t t, 
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10. Central Acceleration. As previously mentioned, it is often 
convenient to resolve the acceleration into components tangential 
and normal to the path. Since the normal component is perpen- 
dicular to the tangent, it is directed toward the center of curva- 
ture. The effect of the normal component of the acceleration is, 
then, to alter the direction of the motion, whereas the efTect of 
the tangential component is to alter the speed. 

In Art. 7 the tangential component a t of the acceleration wan 

found to be _ 

fPa 

*=*? 

whores a denotes the distance traversed along the path. 

The normal component of the acceleration may 1)0 found by 
considering uniform motion in a circle, since the actual motion in 
the path at any instant is equivalent to motion in the osculating 
circle, that is, a circle whose center coincides with the center of 
curvature of the* path at the point in question. 

Consider, then, a point moving with uniform speed v in a circle 
of radius r. In this case the hodograph is evidently a circle of 
radius i\ which is described in 
the same time as the path. 
Consequently the speeds with 
which these two circles are 
doHr.riht'd are proportional to 
their radii. Therefore, since 



Fra, U 



the speed with which the 
graph is dt'wmbctd is the re- 
quired a<M'<*h*ration, nay o^, we 
have a n : i i P : r, or 




Moreover, it is ovidwit from Fig, 11 that a n is perpendicular to 
i; and therefore parallel to r; that is to nay, it is directed toward 
the mutter of curvature, or normal to the path, 



PROBLEMS 

22, A {tail of in swung in a vertical t^irdi* ty a Hiring attnrh<<i ti it. 

What voioeity tf |iftll hav at th highest |iiint in rtltr thai lh watrr 

retitiiln in it? 



Hi 



THEORY AND PUAtTM'K n|' \f U H\\|t , 



M if, 



Fin. 1-.I 




until tin* 



ft Ui*. II 
nmkt* nit ut ** I 



26, What. v-liMity wtiiiiit it hi* n^nn^in f 
Blt*till imt fall l* l!r i'iiilli but nrin t if ?*i'! 
th* nitlliw tf I IIP mirth In U HW.iii 1141, 



11. 

!tiwlt*rtititiit obtained lit tin* 
analytumliy an follow*: 

Consider a plants path and 

n't <fij| ami cip dt*tittf* tli^ riiit 

parallel to any pair of i*Htit 

gtilur iixt'H in ffif mini* plant* 
ax tho path. Tlnn front Fi, f 
I >, tlit nonnal Uf*tu*it 4 rifion i 

in i(i\ i fii In* 

fl " ; *t 1 Hill U r/^ i MS <t, 



/*' 



nr, 



nm f '" ami -.i, w f 'v, ti.,, 



,, ! . If 



I , 



Flirt ninrr 

Iitt ri 



If 
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It is shown in the calculus, however, that when the coordinates 
#, y of any point of a curve are expressed in terms of a single 
parameter , the radius of curvature r of the curve at the point x, $ 
Is given by the expression 



-*' <f\*/ 



Therefore eliminating v, y ty* x hetween these two expressions, 
we have finally 



as the general expressions for tlie normal acceleration in any 
curved path in terms of its radins of curvature. 

12. Uniformly Accelerated Motion.-- In Art. 7 the fundamental 
equation for rtuitiliueur motion WUH found to bo 



When the acceleration a in constant, the motion is said to he uni- 
formly aerelerutod. In tluH case, integrating thin rttlation with 
respect to the time t we have 



where <?| denottm *i coimtmit of integration* Integrating again, 



i/U 

whare f* t| in also a cotiHtant of integration. Since ss i % the firnt 

intiigrul miiv bt written 

f) S= f + / . 



To (ietttrmtni* thoconntantH of intf^gration lt*t ^ u *lenttii th<t ini- 
tial velocity, t-Iiiit i^ at the time f sO, and % thi* initial *UHtunri* 
of ilia point from the origin. Substituting these simultiU 

niiint*Iy % n * % tor f = and v ** P O for < - 0, in tin* 
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wlationn, tlw constant* of int*Mfr.iUn an- I'mimi ! In* ^ ., f ,^ 
f a =B fy. (\mtHjutntly flit* ;ibo\i* ivLktiuir* KNMWI* 

v - n, t* <ff. 1 1 ) 

s * i tfjf * ! nf*. t 



Sinco thti origin of cnnrdinutcrt i arlufMM, if nui In- *4u r|tii,ipn 
0* If tht* jHiint Htaru fn*m r* i, ' i4 i >! m /I-M, atnl ilns 

fonnuluH Mimplifv into . 

1 * af, (,1) 

t Jar 1 til 

Ily <*liiuiituiijLC t! 4 fiitii* / li*t\v*'iit I'*!* iff u*t i 



r v* I tan *. f ,V| 

If t IH /4*ns this hiM'twit"-; t^ n,^ | 

if lli iiiitint \i*tiHnf\ i tl u itlnn /'!** if ftirf!** i tttii|4tlirH 



Thin relation mnv U)M> Jw* nbfiiiiirtt lirvtJ) f*ui 

of vultiiUly iiitl iiiT^^lrrutiofi tiy i1iiilli|4iiii^ l^^rllif^t- 
of fl 



ill t ,/t 

i , .-- *i 

til ll 



or ttiiittttii^ flit? ruitsiiitiii frtilin r/r, 

Pifti - 

fi$r iiiiiinriii vrliirtiVi $% i i*h*ft'iiit, n^?^ f 4 it-4 

Kti, <fi>. 

SI7. 4 |flir|i* fn | iMji^ii'4 if^! l4 f ti*! * *',v i *< ti ^ - ## - */ ,- 1^4* 

III, Kr||V*t,1% flir fr%$H| 4l |f.^ , t ;,, Mfc( , tl | t ^ r f ( |% , ( , f tt | j|^ 
|ll$ ill fi.- **> K -', A* I U *.^%'WI 

r fnt^ 
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SOLUTION. The. aquations of 
motion in this ease are 

^ = ami 'J --*</, 
the integrals of which are 



From the initial conditions the 
values of the constants of inte 
gration are found to bo 




Fui. 14 

' cos ; <v ; :: o ; r., :: v tt sin 0; r 4 ~ 0. 



Substituting these, valuer and eliminating- f, the equation of the trajectory be- 
comes 

v-xtane- ^ . (7) 

2 Vii 08'^ 

The greatest height // in obtained from tho condition ( ** =. 0, whence 

JET ""'' 



The rutige IM found by putting y ^ o Jn tlia equation of the trajectory and 

solving for ,i\ whenw 

_ v 

Raagt SB 






The angle of tlt*vHtio for maximum rangft w found frotn the condititm 

0, m'henee r< *J ^ :-.,:.- iuid etiiifjuquentiy 6"- 45". Sulmtitutixtg thi vnhw 



of ff in Eq. (U) wi* 



Maximum range 



(Hi) 



When tho rMintann of tlie air in taken into uccottnt, the problem Ixwomcft 

re coinpliinitiHL "Thi* twjttation of tb trujectory in thin eattti ban Iweti detrr- 
wnpirittully by il/*Iii 



ich k a iii*llfl*sit.ititi of Kq. (7) obtained by Um iutroduetioti of an ompir* 
! cnitntaitt i, gtvsn by tlia formula 

I: * 



wbt*r d i tin* il$iifti*ti*r of tlt projeotihs hi iiw.ibi and w is it weight in jw 
From tiil fortnulu n wugti tolile may t*ttiiy \m aottMtructed. 



TUKOHY 



28. In th* subway -of tin* Itstt'Kii'tn*h 
Kivir, U'twww Now York ami Brooklyn, fh< 
of tht*8outh tmml, Brooklyn t< M;iulwtf * 

givim 



l.i-t 




, ttW 

jY.i/i/r' 

rii* t/i 

*ttt*h \iltu*k W lVi*uiinl 11.4 r*fl |w*$ t'i*iit in '%<*vi 
(fivi*u flint, ill** tmigth of th*;*al* i t> *Up t i 'i*^ 

of llttt gfil4t* I* <KH> ft,, Ititil fit** J'iij(*U4* f lit** *> 

jwfj liiilmttt*tl iit fli* |ivlH**. 

20 A train in ^tiirilmt uttnttM i 1 * I J* *j I 
tt ^fi|w hi I iniii. It flu* t**l*ii iiil,i<to t Jo IHS 

It IIMIV^ t.MK) ft iti fin* fii 4 It* "*< 
tii^| 10 ^>v, bow loti; mill il l Iw 

31, In latttu'httu; .1 >Iii|* t tin* fi 

1lMI ft,, \\ m III rf'\ \II**t nftfrfuj 



If tit** r't lftt.|C|OM I * 

ri"l iiUfl itf*%i i*ir mill i! li,u I in Jirf^'i, 

13. T<^ 

t .ititl t HIP* IP* 

i i!iH i* 



IT. In $ihit$ 
ii H iiit*i iniMl 
lit Art* 1 In 



lit. 
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the motion is to be determined from observed data ob- 
tained by experiment, the graphical method is often preferable. 

The graphical method also has the advantage of showing at a 
glance the nature of the entire motion, thus frequently bringing* 
out facts whieh might otherwise be overlooked, 

14. Distance-time Curve. To represent the motion of u point 
graphically, const met a pair of rectangular axes and lay oil the 
distances traversed by the point since starting along one axis, 
say OY (Fig- lf), and the 
corresponding times along 
the other axis, OX. The 
locus of the points HO ob- 
tained will then be a curve 
(or straight line) called the 
distance-time curve. Note 
that the distance-time curve 
does not represent the path 
followed by the moving 
point, but merely exhibits 
the relation between the Bpaee passed over and the time consumed, 

At the time OAI* or t v the distance traversed since starting In 




or *, ; at tin* time Ofa or t T the distance is /{Q, or a , etc, 
Consequently in the interval of time Jtf/i, or f a f r tin* distance 

paHHcd over is QT* or ^ p and therefore the average speed 

during thin interval of time is 

-*, QT t 

tW w .-/- /- " -tan$. 
r s ' ...... f i n l 

AH the intorvul of time HT is indefinitely diminished, the chord 
M^ lipproiictJicH taitgtnicy, and the average Hptied approaches tin* 
actual Bpeed at HOW point P <f tlu* interval conniderctl. Tbcre- 
fiira the K!OJH* of tlu tangent to the distaneo-tinu) tsurvt* at auv 
point ruprcsHtuttM the Hptuid at- that parttculiir instant. 

Thi k equivitlent to saying that the definition of speed given 

in Art, f, naitwly, #''* in the <UITurt*ntial rquatioit of the 

tit 

curve. For uniform motion the npectl in 



T11KOHY AXI> 



WH \\ |i *s 



and consequently tho 

throughout; that in to nay, it Worni** a HUiU jht !m . 

Tho fact that tho iivt^ni^ *|ntHl in um *ntrj\.\ *i|' tutu* w 
etiual to th ataual BpiMl at notuo iiiniiint 4nibut fK* 
IH an example of what in known in tin* rah'tim 1 * *t fj t tlumrom 
of moan value. 

15. Speed-time Curve.- If tlu* h|*ilnt ,i inM\iu.f |><mt ,uv 
plotted aa ordinatoH uiul flit* rurr*'Hjin*luur titnr* ,*)- UM^I, 

tltr * 




t*hittig in HjH*tHt in tlu* i 
quotient in the avorao ruti* 
time, or the av 



aiH*li*ratt*n ; tl**tt i ? # l^ /*> 



?, ; v? "-* 



An tliii interval if titnt* iVI 1 t* I* luo'*',^j> 

Af^ lt}*Jrtlit*li + *H t<ili^t*l*ry Illlkt flit* <IV*'l.if* i' j 'jr*,il4- 

rtiiiil m*tv!t*ni!i*n at muni* I 1 *'! llir it^n K 

?$ thtt Mlfljli* nf t!t 4 lliligl*l$l fti ill** 'ij*rri f <ii > 
flit* ai*ri*li*r;itiOft Hi lli-it j <M* nln ;n 

III! dfttlllititlli >f iit'i l i*|t*f#lf IHI ^iirii u lit, 

ill* 

ill 1 



tL* 



if JH , inuy iilwi In* runitiit*!***! it^i flu* f^jmiior 4 ilif 



Kor uuiforttity iwsi'i*lMaf*i| t)t^ *i 'rir$4*^*n <* 

and ffitu 4 
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16. Acceleration-time Curve. An acceleration-time curve may 
be obtained in the same way as the. distance and speed curves 
by plotting the accelerations at given instants as ortlinat.es and 
the corresponding times as abscissas. . 

The slope of the acceleration-time curve has no special sig- 
nificance, but the area under the curve has a physical meaning, us 
explained in what follows. 

17. Relations between the Distance, Speed, and Acceleration 
Curves. In referring to these curves in the present articles it 
will be convenient to omit the word u time/' 

Let the equation of the distance curve be denoted by # =/(/), 
where/(O denotes some, function of the time. Whether or not 
the form of this function can be actually determined from thu 
given data is immaterial for the present purpose. 

th 

Since*, v as -, the ortlinato v to the speed curve at any instant t 
(ft 

is numerically equal to the slope of the distance curve at the name 

instant. Similarly, since a *- , any ordinatc to the acceleration 

at 

curve is numerically equal to the corresponding slope of thti 
speed curve. Tht* equation of the throe curves may then bo 
written 

. /< 0;i- - ''* - /'( ; - J =/"( ) ; 

whiw/'(2) und/"^) denote tho first and second derivatives of 
/( M, respectively. 

Siucu tlit? calculus condition that /(O shall be a maximum or n 
minimum wf j (t) 0, it follows that tlu> distance curvet IUIH a mux- 
iinum or minimum point where the Hptwd curve crosscsH tlui axin. 
Since a similar rclsitton oxintK Initweon/'c^) and/"(0i t-ht^ nptnul 
tsurvo has a inuximum or minimum point where the ucc-elendiuti 
tnirvtt (;r(HHeM th uxi. 

Furthrtti<irt% the tmlrulus condition that/(i5) shall have a 
point of iiifltHJtton in f n (_f) 0. (*onHtqwMtly at a point whi*r* 
thu distiiiitMi tuirvi! IIIIH n point of inflection, the acceleration curves 
thu 

Them* are iiluBtratud graphioally Jit Fig. 1H, 
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Tht! arniM umUr tlttw rum"* ,u' ai i-!ai i 1 LH 

the* relation i 1 - * in thr* form /* '*/' an*! inli-^ 

</f 
ctrrt*spontUnK limits %% e t. Imvt* 



i\r. i 



The lt*ft. momlwr of tlit rxjirti^itit!* lu%vt*v 
crilMMi in tin* fJvin iiiii*rviil *f 







Jh lliti ill*ti*iitlf*il hv 

Tim! in to hiu, if* onhii 

linn*n ^ ttttfl /| the itiva 



i itfiir { M f |} 't*4> 

vH uni tir i* f I*** >t|***c4 



t 



til 
Sistnhirh% HIIH'I* *i * \ f 



j i" at 
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twecn corresponding limits, 



Hence the area under the acceleration curve between any two 
ordinates drawn at the times t 1 and t% represents the mmnusu in 
speed during this interval of time, 

PROBLEMS 

33, A train start ing from rest covers the diHtauean * feet in t nucoutls us 



/ 

,s 






r> in 17 1*0 , uti :u to 
25 j w) i*j:> "2(}(\ \ noo -too ; 500 


in 
<mo 


51 

750 


57 
HOft 


5 

HWI 



Find U>e average speeds at intervals of 10 see.,, and plot a Hpeed-time turv<. 

34. Fnun tin*. sjHvd-Uiw* i*urvi ohtaiiuul in the pretHHling problem <lot(rtnini* 
tho acceleration at intervals cif 10 mu%, and from them^ roHultn plot an uceHera 

tion-tiuu* tnirve. 

35, A car Hturttng from rest hat* |M*iMk of n feet p<n* necond aft^r t wuntncls 
from shirting UM fnll<WN: 



H If! 21 
!( * I!) BO 



(18 



-IT 
45 



(10 



the average tWTt4triitioit at 
ii* curvi*. 



iiitorvalH, and draw the- ar 



36, Frt)tn th 

dettnniii* thw nv 
curve, 



tittit* curve ohtaine<l in the precedhi^ jfobliiit 
* SJH*W|H at fwecond tnt4rvalM, au<t draw the 



18. Palling Bodies. It has been found by olmervation und i*x 
perinuMtt thiit tht* tnotumof a body falling frtudy to wan I flu* rarth 
Uiiclur tla attt2*acttic>n of gravitalion in tiuifonnly a(Hiidt*rat*ul. In 
otht.tr words,, th accaiiiratiou of a falling body, unnwiHttut itt if 
motion, in conHtant* 

The fttttwloration in this c.am fe IH dunotiMl by // % the* initial h'ttnr 
of thts word ** gmvity/* Tho vahuj of // tlojanulH on tlu* diMfunw) 
from tliif ciaiitar of tlm earth, and it in therefore constant *>nly fur 



2(5 



THKORY AND PRAtTK'K OF Ml*!* 'if \ \ I* '> 



.' mi-. 



a particular place, ehiutgiiig with thr Iutjtul^ i;I 
abovo w*a U*vl. From tlwMiry ami r\|irrititrut ih- 
boon (tatorminitti an 

+(KO(KVja7.">HH4 a ^M t o.UMi 



from which tl viihu* of f at HI*U Ir%i4 in ^ 
hi* tj MI IV1. 17*14 ft*/H'A It in th*tvfoiM ru 
an un nvtfitgi* valut* // r IW ft ***. 



t<)<\.itmtt 
.i ,/ | uw 



whew ^ dmiotwt tho kttitmtt* of tin* pUrr in *i* ,1*5 mJ 
ehwation almvo t*oa Irvi4 in tWt. | Sir J*jl. .! \M, ;!;:, 
For purpostm of wtiijtittnttfiti it H m**ti' *'n\i land IM wi 
ion in tin* form 



/;, M t | 4 



Sinu* it fiitliiig hcntv i tintfirtith i 
motion ur i>htain<*<t from flit* rijtuf$**tr 
unifortuly ai*ctl^rattMl motittn In Mi 

a hnity falling train \vt* lm\i* 



*JM M |f 



37, A 



in l 



iif flit" w<iti*r / 



Itifi 



30, A iu;j i*f -4itiil I * llirnmn tiat t 

MfiMti ot li ft, wr,- s If It t| 

||*f| flir %l!t 



40. 



f, \\ tth to hit \rW 

if$0 Linn ,,f 



Ill 

*ilin'liit flirt! |tr iiits-t iff i| ,,-i*iil fljfi 
1 *J 1$# Mir. SJiMto ill > jnn, th- 5. 

NMIIV. - > A, 4 . im-4 ij, < M 

llrt* itWir fM>iil,i'i A m<<l*' 

AtwtMi*4 in frtitn w 



f-lfli 
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19. Inclined Plane. Consider the motion of a point const rained 
to move along a plane inclined at an angle a to the horizontal. 
If acted upon only by gravity, the 
acceleration is of amount // directed 
vertically downward, the effective 
component of which along the plane, 
that is, tangential to tho path, IB // 
sin ex, 

If then tho point starts from A 
(Fig. 19), its speed when it roaches 
B is given by 

# : Fw. it) 




or since in tho present ease tho acceleration a in the direction of 
motion is// BUI a, and a -wi/f, this relation becomes 



Since jl/f sin =a /!(', this may also be written 

t^-a 4 ^6 v . 

Therefore, the velocity of tho moving point at B in independent 
of tho length of tho piano, ami IB tho name an though tho particle 
had fallen freely through the height AO. 

This result in a special <WHO of a more general theorem, namely, 
that whatever the form of the path, the velocity of a particle mov- 
ing under the action of gravity depends only on the vertical dis- 
tance fallen. For a demoiiHtratiou of this theorem seo Art, 1*10, 

The time of liding down the piano AH in found front tlui 
equation 9 | ti^ f when* 9 = A /f, and a - // sin . Tlterefore 

Alt'-- 1 //sin u(*. 

From the mtmci relation the time* f A of falling through the vortical 
distance AO in given by A(J-^ \ tit a . 

Dividing one of tliene (Mjuationn by tho oilier, Hubntituting At* - 
/til sin cc, iiiid taking tho stjuaro root, we find that 

tsss t sin a, 



, the timci of t-diding down tho pliine AH in greater 
than tho tim of fulling through tho height AOln tho ratio 1 : HW c, 

although tho acquired in each in the 
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41, A |HH!V is 
i'tni ol HH ft./mr 



ltm ami \\ Ii 



I ". ,?M 4 



42, A vtTtiral t'irdt* ha* a HI*MI^ f ii4 ,i.t. *' . 

Show that tlir fbw* rt'tfsttfVii IMI a jMilvi ' (1 1 J 
H*utii% ntut injuat t flit* tiiu*' <f fil*i> f ; it *ttii 'J- 1/3% , ^ 

43, Kinti till* slnitglit Itiii* tlinii* %iti^li A j43',s ' i ,'ii 
tiiii** fftui it giv**it |Mtitit -I In mt )uhttfit> M* r.u* 4 ** <( ** 
]latt<*. 

llisr ' - Miiki- nst* if iltr rt<mttl *f tbr i*i# * i <lit 1 1- I * 

44, A lnl! rlls itT a rw< IiiriIiP'4 it !*!?<<*' 
ft, fr<un thiM'tl^ nf flii rtiiif, tli* !ift**t r/ ;** ft * 
\vin*n tin* hail will *trifc' th ^rimml, 

20, Angular Motion* In m*vt!iif fmta io lf , . 

//, a purtirh* uiuit*rpH*H nn iingiiLtr tii'| M 'r?u< m 

point O, ntiHiHtiriHl by tin* iingli t # ^/l I , : 'f* + 

rii 




III ill* 



cli8j>!iyi*iiif*iit. Il 
vwf.c*r, tir iifj^iiiiir 



i*ti|i*iii4i*i I 
i*il f In in 



t 



uniform ir vitryuuf, 
UH the rale uf 



n 



f a 









* ilf 1 

*t! in I\P! >**r t ti 
., ii;ili*t in!", 
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21) 



Since these definitions are precisely similar to those for linear 
speed and acceleration, the equations of angular motion, or 
integrals of the above differential equation, will also be similar 
to those for linear motion. For convenience of comparison and 
reference, they are given below in parallel column**. 





Linear Motion, Translation 


Angular Motion, Rotation 




v~& 
dt 


.,* 
dt 


Definitions 


a . *? ~ <** 

di '"" d* 


a <f .<W 

"" d? rff 




vdu ad$ 


<*>dW (<$& 


Special equations for 
initial velocity ro 
and motion starting at 
origin 


v at 
s \ at* 
i^ 2 ay 


> "..: (l 

:;:: | (^ 

2 2 




V % -f * 


(a .- a> (l f- ^ 


General equation* 


* 4- IMF f. | a** 


6,, } 4tf,,f 4" 1 /' J 




w* :v ^ ) %a(3 40 


ii" } 2 (0 - 0) 



PROBLEMS 

45, A wln*i*l itiiikhi^ 20 rtn'./Htw. i hnnight to r*Ht in hulf a tniuuit*. Hiw 
many n*vtilut'uiiH ttiit it mulct* tiftor tlw hrukr was uppliml? 

46, What In tin* angular vlocity >f thn oartli about, it.s uxin? 

47, An atktomohUt* with W!WM^IH IO in. hi tUiunit<*r in ninviuK at ID 
nit./hr If it H!<WH ilown tti 20 ini./hr. in 10 HIM*., what JH tin* angular rutunlu- 

tititt of tin* w!ii*i*h ? 

21. Vector ReprestatttloE, -The method of vector rrjmwntu- 
tion tiHtnl fur liiitnr volocitwH tut<I atuHsl^rutiuns nuiy IK* t'lUnntrcl 
to itngtiliir vfloritutH and ammunitions, Tlum Httppunti that tln % 
radinn QA (Ki^. 21) rotates about O with angular vluci!y w, 
Thiin this Hitt* ()(.?* drawn through perpundirular to tlu* plitn** 
of th itiotion, In the axis of rotation, Hewie, if f lie distant'** Oil 
m hud off itliing this axis to ropremmt fl* nunitrii*iil, or 
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vuhw of o>, tht* vtu'tor ^ /* ruwjh<ti*h ilriln**-, tin* angular \*'3,trtty, 
It is t'UHtouwry I** rluK* tht* tlmvUnn >j fJ// at that in uhirh it 

! tf ttij'ln*i ui thf H 

that ill tthn-h th- 



i 

i I 



ft* 



4?i 



tin' 

SismUrh, 

$i!'*i S 

ill II ff 

nf Utiwir %*0ltnntii*H a*f^!< 

l\git rtiiiiriirlitiii fits **t 
Is given in Art. &>. 



f .1 



us n 



*r * 



!M il 



22, and 

itn\tiig in ii ctr<*i<* til tiitttiH r iiiiit 4ifi|.$i* 
dwmttt tin liiitmr fin* j^ith* 

that ii f tti ittt* rin It* ( Fig, ail ^ 

Tltotti if c/0 i!i!iiiiii**i tin* illicit* iif***i'iii*i*it 
nbout the* i^ntt*r in an f *!! 

ilin length of flu* sitv HO 14 

Al#o, Hiiifi* i* is lh lliitiif Ihi* 

an*, tht^ l**ii^lli iff tht* *IIT tM t*ll Hrip"f\ 

l* , **4 

f - ri, 

TtlH Iililtr^jiit*tt nf II }ifilil in C | eirril* ilr|rfi4% ^Hith 

1*11 lU frmit flu* rt*iiit*f if., i|*r4 ili^iii tin* 

I)iffiri*titiitlliig Ktj. (l^i It* liii* w? 

r Ii 
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dv do) 11 i 

or, since -- = a t ami --. r = a, this becomes 
at at 



which gives a similar relation between the angular acceleration 
and the tangential component of the linear acceleration. 

The normal component of the linear acceleration was fount] in 

2 

Art. 11 to be a n = ~, or, .since v = w, this may be written 

a n = roA (14) 

The effect of the tangential component a t is to change the 
speed along the path, whereas the effect of the normal component 
a n in to alter the direction of motion. 

For a point moving In a curved path other than a circle, that i t 
one in which the. radius of curvature varies from point to point* 
the vector velocity may be resolved into two components; a ra- 

dial component of amount i r =s , and a transverse component of 

amount ^ = / - , The speed of the point along the path, /> = ' H % 
</* af 

is therefore given by tho relation 



tit 

Thin relation may alno bet obtained from the calcuilus expression 
for the length of aa arc of a curve in polar coordinates* Thus, 
if r 6 detiote polar eoordinatea, the length of an elementary an*. 

tin IB found In thti diffcirtintial cale.ulus to bo 



*-[' +()" 

Dividing liuth Hides by dt, anil wjiturin^, wt< have 



which iiiiiplilks Into 



If lilt* path N .1 * 't 
into i* i AD, ^ I'tiLti 

Tilt* 0*W|'nrM * ^ 




It run 



flu* 



III 



iliii M| m % 4* ; 

4* Iti Art 1 1 






40 A | fo/*Ht<*f 

It 11*1*4 u<* 4 M 

i'*Sii^ I* 1 1'*" 1 *? J 

49, \ It %n* $ tf t * 

I**- <*i ^*-4 * lit* i* 
90. 4 |*4i4^^ f ( 'i?,ii, *;/* ^ 
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52. Tf the loop in the preceding problem in 15 ft. in diameter, from what 
height must the ear descend in order to stick to the loop? 

53. How much faster than at present would the earth have to revolve in 
order that a hotly at the equator should have no weight? Kquatorial radiun 
= 'JtU^iMMU ft. 

54. Determine the effect of the rotation of the earth on the acceleration 
duo to gravity. 

SOLUTION. A place of latitude $ describes a circle of radiiw reoH$(Piff 
24). Hence if <t> is the angular speed with which the earth revolve.s on its 
axis, the centrifugal acceleration at 
the latitude $ is / cos < <u a . The 
resultant of this and the actual 
acceleration a due to gravity is 
then the apparent acceleration ,/. 
Resolve the centrifugal accelera- 
tion r<ii u COM $ into tangential and 
normal component?* of amounts 
r<o tt (M)S^ sin fa and r<i> tt t*os* J fa re- 
spectively. Then 

t/ " <tt - r<*r eon*- 1 <$> ; 
or, since CO,H' J <fr I - n'm" 1 fa ami 
-~ ror 1 //fh tli* acceleration at 
the equator where <^:0, this rela- 
tion may be written 




Since th^ jMriod of revolutitm of the earth U ii'J hr. f>(J ttiin. 4.01) nee, 

BO 104.09 ee n it utigular wpeed w 



Moreover, by pimduhtm i*xjMriiiwntH th< value of // at the tunmtftr has b**ni 
found to tie </, ,-,-, :|*J,OH!I4 ft.,/ecA Hen!e asstimin^ the earth to be a Mphoni uf 
radiiw /I ^ l!(MKH) t (MM) ft., we haw llnally // JW.OKJM > O.UlUtff nii^ fa or 
5/ - it2.0MiM (1 + O.OOi! Ml:| niu'J ^). 

The fart that tl$t i*Hrlh I not truly phirifat but flattt*tM<l at tho poh^ 
dhmtgi^M the valui* cif the tiuitMtmit itwide the partMtth*HtH. By uiraiis of |Mnttltr< 
lutn impefimtnitM it biw Inmn Itmml that the actual value of y at **a level I,M 
giv, by tl. formula 



For a fniltit tit nit Htn'titttn* K abovn wea level, thin value cf </ 
rectetl by itttiltlfilyiiig by tlii quantity ( 1 <MKKMHHM)Ur>7 A*), UM .ntnted in Art, IH, 

23, Moments. Tim relation of a vector to tin* motion nf n 
particle frequently cbpctntlB on tht* dmtanaoof UHJ vwtor from HOIIUI 
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iv f 



iixi'il point* For example flit* linear *pi*rtl tf ,\ pitrn 
about a tixt*<l axis with angular spri^l M is i*i \-fit li\ 

of rotation. 

Tliin given ri to u sptn Ut ktmt it!" pilj t .i'[ 
t of a 




A iiiiiKiiiifc itiiiy ul% lit! ri*pri^t*t4i*4 j^ 4 i 1^3, 
25 (ft), if AB ri*pn*MfntH tin* \*tnr j ul ( i! - i 



C'/> in drawn tlirnti^li (f> % |(*r|ir!iihi*tilu t* tit j<*,ti- < 

and of leriglh o|tml to IN ntttiu UM! %.I!M, f ? i- 1$, . 
tiomplctelj rttpriimtnirii by tlw ifrinr T|i 

The of Ibo nifiiii*tii i'* tiii!i*4i^4 l* in *l, ,. 

vector. Th mrtlioii iwnt tor *l< l^im^mn tn 
tho vtuittir t r /^ point in tin* flu*n ;i* *A^ i* a 
Hcrc\v wiHilct H(!vauri if 1 7* a , , rH AV 

<linrtion UH that iii(li(*ati*f( ti> tin* i^.*! iti^.i , i 4|| ^ 

>. of I** . 

lliil P f til! any two \i*rtt% 4|p| I ll,r,i ir ? nU4^ 
bo fttij givi'it point, iiti4 H r fl r ^ iL. , 4j fc .i, , 

mid tliii r r r y f; ii,, |vr!l ,,h Jun ,ilit 

f,, till* , jf J 4f iti'M ^ 



Mit of r t ^i f /# f v*4 f* , 

n M. 1^14 ,, i* 



25] 



KINEMATICS 



whence by addition 
F 3 OA sin 0, 4- r 



snce 



sin ft, = 0/1 ( J r t sin ^ + J r a sin 

= O4- Fsm$, 
I "'sin $ = /^ sin $j ~f- f ^ sin ft r 



The last term, however, is the moment of the resultant I r with 

respect to 0. Therefore, since is arbitrary, the sum of tin* 

moments of any two vectors 

with respect to a given point 

is equal to the moment of 

their resultant with respect 

to this {joint. 

This proof may obviously 
be extended to any number 
of vectors by combining the 
moment of any two of them 
into a resultant moment, com- 
bining this resultant with the moment of the third vector, He., thus 
leading finally to the* fundamental theorem of moments, namely : 

The ttttttt of the momenta <>/' tiny number of wetorx with rt'Hjwvt iv 
a fiiven -futiiit l ri/nri/ tu the -HHntwnt of their r exult ant with respect fit 
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25. Composition of Angular Velocities. -Consider two angular 

velocities, f4>j and o^, repre- 
ente<l in Fig. 27 by tho vec- 
tors OA and /I, respectively* 
and let tho planeH MWimd Jftff 
perpendit'.ular to those vtc- 
tors be the plantm of their 
nioinentH. Assuming the tli- 
rtu!tion of the vectors as in- 
Uc4tttul in the figurts the 
angular velocity a>j caumss a 
right-handt<l rotatitm 
thts axis OA* whi<:h 
liny point P In tint piano A OH outward towards the rye. Simi- 
larly the rotation % prcxluers a rotation about the ax in OH which 
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movos tin* point P ku'Uttanl *iu.u tn n lls> i". P ,1:4*11111 
of iho elevation or h'pr"*>i m it 0*' PM.MI I 1 / v. / U , tt t } 4J , 
plant* of tin* paprr is j r p it'Hnn.il fn I In- li t.,;j . i /* ttMU, , ^| t ,, r 

UXIH utul tlu* iiiiniiliir j*jM*tl ,I!N ui fti* t i\i 1-^1 i^, h, r i.n,tia 
jH*rj*ti*Urukr iliHtanri^ nf /* fn ai fM -UP! n/ s u- 1, llf ,f. j |,^ ,| |t 
<2p rttH{iiH*tivt4y\ tho amttutt M| tin-* 4n,Ji u ,i,.i ** ;., i }f n tt4 |j 
ho oquul provitliMl lli.it 



Hut from th* ti 4 Mtrf it i 



Tlu*nfori thiMumtlitum that I* ^uti'j*.\* i 

Khali lir m tin* tihi^otinl of tin* jUMU**lo'?r.UM *-.*na* *h*i 1 

lilltl Oil UH ll<tjlU*l*!it HldrH. lllIH itil|fltli*ll 1 f!iI^I V Tji^ 

tin* iwitltiiitt rotntiott. 

I\ lltl* IIIi|f!llilI* tlH|lll4t rilP'Iil if i^rll }"M;J.* ,it 8 li 

ojiiiritiiltiit li flu* n! 8 4i4ir4!r >Mfu *i |1*- in ii?ij 
tuict ^ about thm point. Itut by th* flirnrriis M! $i$ *MS m . 
In Art. it, tbtn in injinil to tin* iitHiitt^iii *f fii* *i!^ j nt li* 
jwmtfu Ut*niH* OC/ i*t*{*ri*Ht*iil^ litiiti in tii.i^iiilii f* *u*i p^ut 
ri*HtUtaiit of 4>| HIM I *% 

Thin tln*m*iiitH*ittt i*viiliiilli !*mtrtiti^4 i?t ata irt'jn!^ ; 
lar vitHjituH by ctisubhiut^ tu* ill *i i*m' t* ^i*-.i5"t 

IMimlltilogTiiiu luw juHt, obtit!i*tt Hi*- i*'rfi*r j^.'."'*^'" ^ 
tion txpiaim(i its Art, < *J IMI 

iiii'lutli* angular v^liHUtii^. 

By Htnnhir rt*aH(aiiii^ it U iiiwuniilr 
may alno b* coiuhtnt'ii by n^ 



M. 

has hi'i'ii 'o 

III wttirti tip* iit'tvlrfiifjftiif 1*4 t 

nl* Kor i*\imph% in tin* rui/nr f ffi' %i?4 it^^i i-f i ^proi^, 
or of flu* f*ttittf( of IE nni^if%ii t tjtfn ni t tlit .if < ^ ' 4.*M*t i^ 

ttlrwlly prtipmliiifiiil to flu* i)ipUi**m' ?i* fs^w u.- %4^-i4 j***t 

turn* tut ftiiiiit*!* in Aft, !<.*, | !. t,; i*i/j 4 '44 

r*wii IM miiii In In* A ,i 
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fore us the motion of a particle which moves in a straight line 
with an acceleration directed towards the origin and proportional 
to its distance x from it. 

The equation of motion in this ease is therefore 

a = c<>%, 

where the constant of proportionality is denoted by &> 2 for reasons 
which will appear in the next article. Since a = , this may be 

. , , tit 

written 

a ~J = -*. (tr) 

To integrate this expression the variables may be separated by 
multiplying by <r. Then 

tfo = 
tit 

or, since* -/ = P, this becomes 



which integrates into 






*i 

* 



To determine the constant of integration c r let f = when x 
attains u certain maximum value r. This is not an arbitrary 
assumption, but in characteristic of this motion, since in any mo- 
tion of oscillation the point comes to rest at a certain distance 
from its initial position, and then reverses its direction of motion. 
Substituting #. *?* 0, # MB r in thu last equation, the constant it* 

o. * *l it 3 11 Jl 

found to he <'j M ^ , and the integral becomes |*-aa w ^ r a -* , 

Ota* W Mil , 

which limy be simplified into 



Hince w and r are constants, thin relation expresses the sjnu^l t- 
in terniH of tin* displacement a*. Kvidently v when ;r s r, und 
n n tw" when a: U, that is to say, the motion is an oscillation 
about the fixed point 0, and the Hpeed is greatest when passing 
through thin point. The motion may be illustrated by means of 
ii npiral spring to which a weight is attached* If jull'd down 



38 THKOin \\l> l'K\ I'M'!, <1 MM lt\\!i . <UIM 

btibw the position of ^'t an*l I'MMI , i*^, .; u.-fla mj| 
vibrate upwunl iitid tliv uw..ri, 5 ;$ ; i < ,i / , .i r , !/^,tsjr, r 

aritl brlow its itt I. -! j'Mf."i,, 4*^1 ,M , is i, j , "rti|,H 



HJIIHH wt'ii 

To obtain u wrnnil nii'T*!, r*j. ! ? ,n i 

. Then srjianituuj tt .u- <**, 1* j l* 

ill 



wliirlt iiilt^nitrH nitf* -*w ! - wf t "^ 

To ilt*tiniitiit f th* *''n-uuf *f n 4 li^fi ifi^n *,,, : ^t ?L** .i:.if1r 



1^ tttiHt I )w i|f||itlrit In If,*;, , f , | t ;i| |j t|l 

f * " ' 

(fil lnu*uini^ **in * wf t *, **i 

r 

x f till yd * . ifli 

>r t!i* M** ill w!n! f *l!jii ' j-.nj*h!i" uif.f i >f NII 1,1?, 

|f!ll* *l |fl,ij4li\l! l.lll 4!*|f 5'1^ ^t **;** litMj^ M( ^i4Uliiillii 

i, it in t*ii$|i iti^ nl Jo |*i *$f |. if tt *- ' ^'i *n :, i ^f ii*Mf, f ^ in 
till* if'UlM. fl|nili^f; ' 17 I in *>^M.b i!| fSil-s I-iiiii, 

, 

4 "A f '44 * *f I r | 

Ki| ||i| Ir iillv}| 

4i 
r ^ *w %r ' * K ^^ M i f, 

Kif* ( J.i | 

It *% *v %*^| ^Ull'l* f ft, 

ittit i!tft.ili^% -j-.-J, 414-1 4 . }>yili4*it it/* 

ill *ti<* %|| 5 *is t fj,i>i!,j 4- ; " /,i 1 t** f 2*1 

$l fnf in f,* , 

| II| H rSni'iU'li'lwti*' i.f 4ll >j.ih *i,, tf *iM if* n, li* 1 
,1 fi^|M 

lit 4 w 

lltfl III^ f 
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Thus if * = 



2-77-0 11 7T 

"~~i " * i 

Ct) CO 



ft . r 1 ?!^ the value of the sine in 

the same in each case, and consequently the) displacement from 
the mean position is also the same. Therefore the moving point 



"X 




occupies the stune positions at intervals of time differing by - 

6) 

The interval of time required for a complete oscillation is nailed 
the period, and will be (lunotacl by P. Consequently /*-?, or, 

since u .= -%, we have <0w\/ .' in absolute value, and iumtu* 

u >. 

(IK) 

acceleration 

The theory of vibration auti its applications will be further con- 

mdurtui in Chapter V, 

PROBLEMS 

55 . A, point move?** with a harmonic motion surli tluit it wfwwl in iJO 
H,/mn* whim it In !$ in. from the anitin* of It motion, and f ft./t*r. whim 
I*J tit. from th cinitor. l)i?ti)rmina th jMriod and amplitnd< k of tin* motion, 
and thtt mttxtmum !iicIi*rEl.k)ii of tha |K>int. 

50. A wi*igiit ri*nt on itift wait) pan of a Hpring halanct) whtoh in jtii!t*i! 
down atiti thim rt*tenMiHl f MO that it xMmti*H a harmonic vibration having a 

{MM'itni nf (l.ifi Kiml tin* grsiitat. jKmhI amplittul^ of vibration HU th.il. th* 

wi'tghl not ii*iiv tht pan. 

57 TiiP ipritig of tin automohtlu clf!tictii 4 In, uttdrr a HtMtdtntly app!iMi 

I, Fiiici tlii! ptsr itnl of th vibration. 
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27. Uniform Circular Motion \ "'jv 
turn is that t*f ihf |.,-MI.VI,MI ,.1. a 4ui 
motion. An exiunplf t' sit. 1 ,U.MIU : 

ill i h>M/'1l.4i ** ^* .U' 



i <. *i 



I'll ' 

mi itrrttu"vtut'iil i*i -ill*'* I 

II priM*fi4*tl ;iji}4tt%4li*Ii Hi 

|iri*tri1iit ttltM II uti-tiUfhl 





*f flir 



V 



Hi 



lii 



I'll, ,4 



In n nf r C I u*. U i* 

drop tt /'A* tr^Mi I* 

III* lit 4 f BM f 




%i*t V 



|nif \ 
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denotes the umjfle described in the time t, we have from the figure 

t/ = r sin ($ 4- ) ; 

or, if e denotes the angular speed with which $ is described, then 

= cot, and hence 

// = r s 

This, however, is the same as Kq. (17) of Art. 2(5. Henee us /* 
revolves uniformly in a e.irele, its diametral projection It exe- 
cutes a harmonic oscillation backward and forward along any 
diameter M)(.l 

From the figure the horizontal component of v is 

v = Dttin (0 4- c), 
or, since sin ($4-O ' , and / = m>, this becomes '^ = co^y. Morn- 

over, since* the equation of the. path is .r 2 -f // 2 s= r 2 , wo have 

?/ ss Vr* Ji^, and hence 

^1= <o vr 4 A 

which is identical with K<j. ( HJ) of the preceding article. 

For uniform circular motion, the aeederation is directed toward 

ft 

the- center and is of anmunt or r IJ , IIH shown in Art. "10 and 

r 

*2*2. The horaontul (Component <jf this is <t x =s <w 2 r <u>s (# 4- c), 

and Hiwo COH (<? + c) ', thin becomes 



whieli agreen with the definition of harmonic motion given by 

Kq. (If)> of Art. "Ml 

The time rttijumtd for tlt point to make a complete* revolution 
in called tlw period, and will bo denoted by /*, as in the prm 
artic*le. Htntut the angular clisplacotiMmt in one nwolution is 

radiauH, and tlui ungulitr t^peod in a) rad./.see., we have 



HH in Kt|, { 1H> of tlu prtHuttlintj article. 

The reciprocal of the period, nunutly, _ , is called tlw 

queacy, and givtm tiw number of oHcillations per unit of 

The radius* r in called tht! amplitude of the motion, and llm 
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tin* epoch or Tin* !in<-r .. u - ' i!i"i ?' Inui wln*n 

positive ami th' lag wlim n',:,ita Is ' i *nt ^ ut , IJ..IM th 
milisil line 7>W-'r ..- **, *wl il*- ', *:,i*a 'i m':^u '* . "Mr ,naj*ly 



=a r sin 
It 



juHtgivoa f tlu* jr*|''* ll: 
tioti in tw*ful in :r* n f 
invlvt*tl, HIM! {r\Jtln*f . 
tvlatiws lut 4iM*ii 



28, 
MMiio M'illahin** in i 



tin* niuttuu *f 4 unj'J f jTjiJ't iisn **.* ^ 4* t i it .? i 

Illllttlt H^iliiMtltt ^* 4 '*n*ll * *if *1>* 'J^1 *4 I *0, ; J,ir U I4%n| 

I Ffi*. iWt. Itlirl i , 't*i n %i ; ft,'-,H 
till* M.lU 4*Vi4 4,1? t' 1 ?! / *.l*u I* I* j, 
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lit f f*l I* tl**' I*, 

If lilt* Ittr fttMiui t*A *4 0*** i 

t>f I 1 W In* tlllflllHiil* , I* 1 **! 4 4H*% f 1*1 1,1 

*"*H4*'*'l't. !]/* 'U l , 

MxriHkllMm** rtli' rt|*j*i'^IlH.|tr!^ 
Kl|, f |MJ tin* j*r||**l 9 it i Saf fii^H *<MJ 
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mate value of the period, or time of swing, of a simple pendulum 
is found to bo 







(Hee 



A more accurate expression for the period is given in Art. 11- 
ami 11 8. 

From this expression for the period an approximates value of// 

may be found experimentally by measuring the length / of u 

pendulum formed of a small heavy weight suspended by a long 

line liber, and observing its time of swing, or period ./*. 

The erosshead of a steam engine affords another example of a 

motion whieh is approximately harmonic. In this ease the con- 

necting rod AH* Fig. *W, eon- 

verts the uniform circular 

motion at B into a reeipro- 

eating motion at A. If the 

connecting rod was infinitely 

long, the motion of A would 

be harmonic. For connect- 

ing rods of ordinary length it in approximately harmonic. 

Art. 1 HL) 

An ingenious application of such motion has been made in 

Cornwall, Great Britain, in what is known as a u man-pump," used 

in raising and lowering miners to and 
from their work. The apparatus eon- 
nists of a vertical rod or plunger, 
Fig, 84, whieh is given a reciprocating 
motion by means of a crank and oou- 
nectiug rod, an shown in the figure. 
On this rod arc fastened at equal inter- 
vals a series of platforms, 6 y p (.?,# (.?# 
etc., while against the wall of the shaft 
are fastened at the name intervals an- 
other HiiricH (if platforms ,/> p Aj, /> r eli\ 
These arc arranged at such dbttattecH 
apart that thti travt*l of tlu< plunger 

in just equal to UitHitHtanoe between two BueecHHive platfornw. lit 

operation platform, for example O l% is rained by the 
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and plunger until at its hitfhi'St iiint ii * ir\-l uiih flit* t-nn^. 
spowling platform // r If th*n l'i*uis t" i*-s'i j.il, <tmt t,s loxvtwdl 
until at its lowest position it i** oi.posiii' th- p*-ifi*nu A r To 
dtwi'ntl thi' shaft, thi'ivjons 4 m.m W.UIM u r i tin* pUtforut 
7>! until thi* phitfonn ^ t n**" t. tlu! i"i. \\ ).* n < ', Mop** in 
rwvtTMO H mutin % h 4*jw uj.u it .IIP! \. 1-w^nl ii /* r Wh^ti 
tilt! motion a^ain *t* js h ,t**| * *tf nj.*u I 1 , *- . I waiN J*r l^ i tt 
rim*, in UUH ^a\ j**i^^$fnt Uf '>'M/t\i*h Ii*ai *,jr j.litlMrm | M another 
until Iw nnirlit**! tht* hutlMui. \ r* pl'iu** u * ti**jni i! nm 

tlaiH lit* IinviT'ii an*l iMJ*nl at lip* MUM* f* 1 ^- 

58, Tin* i^fiilik **f *H||iIi** f i*" !>** U*> ^ s i * ^* * * i(t * j in, If 

flit* t'p|ifiirlliii* MM! i 14* Iflw* tlmt flit* iiif i>u #111^^1 u *>*,, t ^ n rtm 



09. Ill tin* f** 
til lilt lit tli* #l*k% 

0. lltiw iiiAiiy r**tii|i 
|n*iultliiiti t*i$i* tiH*r IMU V r I tu. :$!i.f/ 5 , i 

61, What I* tlw* j*ro|**r l* f tigtlt tt M '-<-*'.' j' ^l ,'- .*' -> * ?| -- si, tdi- 

twit* -lu f 

'29 Relative All miiium ,-, M!.I!,*., p 4? :>fi *i\, 

the? liuturn tf nii^v tssotiutt tli|ii*iifi i mi If*/ j^3*f -I %;-,% <f il^t 

tilm*ntr. Fur tnsliiitr$\ if flit* ijniiiui uf ilir }<}< - i ^ . ..!* .1! j^n 
clulutii Is vli wt'il fnm* |itiiit MIJ thi ,i%i** rltlin il, ^ J*V!M 
thi* plain* of flit* motion, th liuli nij|*%ti t m *ir^ j?^)'ivtiJ f > in 
11 rirt'h*, \\hi*rra*i if it i>< sii^vitt rtU*i ii^r \\ iL^ j-,s .4 ti,* *" 
tinii, flit* Imli will upi'tnir to Iniir 4 hiifai \^\\^*\^ \\^**\ n, ,i'^ i% 
ill Ait, *T Hit* tUf4t*it *4 !*i^ i.i1h *)f.u, P-'^tk* H 
4*tinii|4r of tht* kiiitl fr III^ i^utt^tt < ii' r 4 i!l% **HH*'I 

it to lt{*}n*iif It* .11} **liHrrVl*r I |J|* j/ir !M Iip|^ ui 4 ^^^idlHSw 

liniliiitl tilt* jiolt*, tthi*rr;t< tn 11*4 $n \\&* I*.MI)* in l. u*.j^* - af '* 

to IMMVI* 1'it^t anil ii* 4 through rc|tinl MmJ a* % 4i f i^ 1 # n |* ! 
fill* polts Ililii ,i fitotioti In t|^ )umMfi* %'ilil4l^l* t^l 4 

j f i$ttiitwiii* 



* % 

ItMliU, lilff I|| 

lilrt| In" 4 
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Since in order to define a motion it is necessary to have some 
frame of reference to which it may be referred, the description of 
a motion depends on the particular coordinate 'system selected for 
reference. As there are no fixed lines or planes in nature, the 
description of any motion is therefore necessarily relative rather 
than absolute. 

To illustrate, let A and II bo any two points referred to 
an arbitrary coordinate system XO }\ Fig. 85, and suppose that 
A receives a displacement AA f * 
and It a displacement Bli f , 
relative to these axes. Then 
A has also reeeived a displace- 
ment relative to Jt\ that is to 
say, the distance and direction 
of A from B has been changed 
from Alt to A' ft*. 

The amount of this change 
of position of A relative to JK 
may be found by combining 
the displacement of A relative to the axes with the displacement 
of It relative to the axes by means of a vector triangle. Thut-t 
draw yl(/ parallel and equal to the displacement lilt', and find the 
resultant A'(J of A A 1 and AO. Then A'O represents the displace- 
ment of A relative to It. In other words, the original distance 
and direction of A from Jt WIIH given by Alt or CW, whereas the 
new diHtaue.o and (U ruction is A f Jt r . The change in displacement 
is therefore ./!'(/, thti closing wide of the vector triangle A 1 f?U* 
which is obviously independent of the choice of coordinate axtm. 

The relative velocity of ono point with respect to another may 
also be found by adding the vector velocities of each of these 
points with respite t to a fixed Het of coordinate axos. It is evt* 
dent, as above, that the choice of a coordinate system in inunate- 
ritiL In faet, tliin titust noeoHHarily be the cane Hincut the relative 
motion of one point with respect to another in independent of tin* 
choice of ttoordiuatti ax8. The game proponition also holdn for 
relative accelaratioun. 

To furthar ilhmtrato relative motiou t connider Urn motioji ol a 
wheel rolling uniformly cm a horizontal tmrfaee. Lft M 
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the angular velocity \\ith ulm-h th* \\hr-l b v\M 4 \pr; ,t)<Mit an 
axis through iu ci*nhr. Thm th* Hm-ur *pt-il nt >i i^mf mi thi 
rim rt4ativ to iho -tout* r (' i^ w t Fi ;. :i; i >;no< t!'*- \i IM*I I in 
aHHUtntid to roll without slippm r, th* nntii / r hi ,* 1 '..-.u- \*!m. 
it-y e relative to tin* grouwl. Thtr*ltrt tin- \''l" -!> **! i pnint /* 
on th rim rt'latiM* to llttt gnmiul nm> J 1 tnuiid In *ilii*u^ tlm 

vrhu'ily f I* nUii\i In 1* to thu 
vi*l*rity **l ' * r*liiuv* t> f h*irrounl % 
lliii^i itrming ** vi" - ii* |.if4lli4*i 

or II14IH|1^ nil fw> illi*| | 114 

-*tl* r % prrHt<ittii 
vi4tH?tly ttf I* rchtUvt* to llm 




|*r t 

{HitlttHi < 

}*iir*i!!t S, 



ait* ftir th highoHt point *' 4 rw, *r * t\ 
ii - r< % or /ro For thin ivrtw tl$* ttj 1 !' 1 
moving uhit 1 ! up(H*iirn t< 1111 *>lisir\in *n t 
than ilitB IOWIT, Tlun iliftWi'tM** i* ofln 
of rapidly nu>vtnjf vi'hifU*^ tin* ttj|^r %}tit 
ing blurrtMl, \vhnuH tin* low IT *uv tl^iu 

An important npp!i*Htion of irJ 
ing tin? motion of a point \ihti'h i 
axrH. Fur liihliitt'i% in i*iii 
siirfiiiHi of tin* mirth* HUi'h it 
curtain c"*4HiH to rmiHulMr not tinl 
tixti in tli* i*arth v tint l 

mttfit of tht'M U\I*H ntiHtttg 



t*^n M'J * rn 
*ni* H * i^ a^ I i 
M'f*f *>* 1 4" *i 



f f ^ IP <*v*.u in 

u^ <** ,i '^-t *if 
1 *! !^ U, m^ir* 
- t 



62. A t*at i* r<**i *ii ft*** r**** *'l ' i* lf ^** g .**i 

fill til. III ttll.lt itltWti*f! l4llt l||r t*al ** il*'lr I }M "i tf I 

iJlM %'! ililll ^ifll li|l *4I It f|if li III" ^* ^ 

CS. lltt* fiil^ f*ttw fiin! *.f 4 irivrl Jrr> ,i,^ 4 

lit lll 1*1 tM * !hrmjt* I v|X* 14 * **M'*.' 
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determine the alteration in, direction by compass in order for the vessel to 
make a true northerly course. (I knot = (5080 ft./hr.) 

64. An astronomer in observing a star finds that it is necessary to correct 
his observation for the motion of the earth around the sun. Assuming that, 
the speed of light is 08-1,000,000 ft./see. and 

the mean speed of the earth in its orbit is 
98,400 ft./see., find the amount of the required 
angular correction (Fig. VT). 

(This is called the aberration of light, and 
"was discovered in 1727 by James Bradley, 
afterward Astronomer Royal of England.) vrbittd 

65. The hour and minute hands of a clock <*f earth 
are (J in. and in. long, respectively. Find the 
relative velocity of their extremities at 2 o'clock. 

66. Two trains on parallel tracks, moving 
in opposite directions, pass in 5 see. If the, 

trains are each l?>0 ft. long and moving with * 

the name peecl find this spood. 

67. An aeroplane travels eastward along the equator at the rate, of 1 00 
mi./hr. If the circumference of the equator is 21,000 mi., how much shorter 

will the day ho for the aviator? 

68. A jot of water strikes a vime of 
a Pet 1 ton water wheel moving with half 
tho Ajwod of the jet (Fig. J18). If tho 
___,, nip** forming tho vauo are homisphor- 
l iftl, so a to completely rovT*o the 
direction of tho jot, shoxv that the 
aboluto velocity of the jet \\h*n if 
leaves tlu* vane is xoro. 

8ot.t"n<N. Let * domit4 tlui 




Fw. :V 




_^ 
j 



ofthtje! and ^ the velcicity of tin* vam*. 

Thwi wl*n the jet tttipin^N cm the vano, its veloi^ity ri^ativti to the v*ii* 
i( p w *lor Wlnni tin* ji*i Itaw the VIUHN Its velocity in n*vt*wftl in tli 



rtHstion t tittl ctfifiiw'jtii*ittly the itb>lutn velocit.y of the jet on leaving In 

I;I ,- |I -1I 

i ^^ 

(Hiiici! tlnn is no kinetic unergy left in the wtitf% the thi*<ri"ticnl flitn*nry 
of the wln4l tittiliT ttt oonditbitN Mtattu! is uuity. For tlu iu?tuul *'IIMtw*y, 
HIM* Frob. Km, Art. 41.) 

30. Rotation* ~ Any dmplacimutnt of a plant* ii*run* in its own 
piano may I HI rt*gnrclitcl an a rotation about a ilofntitt* axis pi*rpuit- 



4H 



to omMtlrr ilif uil.M ! 




ii ntitfii^i$ iltntit II, fl in 

trl^ri'littii M| tin* j*i|iriitltt^ 

W// 



If lln* |*ir|M*tuhrti!.UH nit 
Hint OK an* |Ai.4lll, lh" 
t'i*iitrr of rtt*ifii$ 'I t> in 
fiiiilfU li^l4f}f. In 

II If .in* *}H4^ 
anil titiit tin* 

W 4 lr*lllitlltlil 111 ' 
!!l 







i If i5|t\ih *.% , 

l*il ir|il4|, 

fl fl^- l^ I j'^.j 

' * -ilv*'i*l f " 1 ft f i! 
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ii 
1*41 



if 



lli.l 



ill 



4 If 



' % I4 t*i* j .*** 
in J l t* 
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tation and translation. The motion of the point P on the* rim is 
then equivalent to a single rotation about the point of contact 
D of the wheel with the ground (Fig. 41). That is, tho re- 
sultant AP, obtained by adding the rotation -no about (7 to its 
linear velocity 7% is perpendicular to the radius />/ > 1 and conse- 
quently the motion of /* is 
equivalent to a rotation about 
D with velocity AP. 

The theorem just proved may 
be extended to motion in three 
dimensions. For this purpose 
it is sufliciont to consider the 
motion of any three points 
forming a triangle, since three 
points not m the name straight 
line determine the position of a 

body in space. 
, i 

Suppose then that tho three 

given points forming the triangle AltO are displaced into some 
other position A* It' (? (Fig. lsJ). Prolong tho, planes of the 
two figures until they intersect in a line NK. Then by revolv- 
ing tho first plant) A.H(* about NK as an axis it can bo made 
to coincide with tho plane A"//, and tho triangle ABO will take 
up some position In this plane, Bay A l It^O l . Tlu* problem is 

tluiH reduced to tho ease of planar 
motion, which by tho theorem just 
proved IK always equivalent to a 
.single rotation, Hence any dis- 
placement whatever of at rigid hotly 
is always equivalent to one or more 
rotations about definite axes. 

A eano of special interest, is tint! 
which is met in piano geometry 
when two Himilur und equal triangles He in tho name plant* 
but in reversed podttioiw, an shown in Fig. -IX In this ease 
there is no (ilunur motion which can bring them into cotnoi- 
donee, and Immm EttcIiirH method of Hujiorpohititui in frequently 
criticized. If, howovur, nu of thtmo trianj^hm is revolved 1HO" 
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about an axis in its plain.*, a* b\ (n!i.jr; fin* t-tj.i'i *VT upon 
itHulf along HOIW* lint* //A* if will r*tutu ut n,. ,im- j*Lnir inn 
in a revorswl puHititiit, iin*i thru jii iht iu, trum ir>* -^n l|ott . J HJ 
math* to roiwitU* by a planar !n'*fi*n. 

31. Center and Any finite rntutinn 

may, in ^i*iu"rnL l bruk*'?t uj utli* a ^1-111^4 if iniitutrHtiutil rnfii- 
tivtw, t'lii'li of wliirli litkrH ptarr atnuit *Mtut* tii*liiutr j**iut t ii'liirji 
liowi*vt'i\ fhanj^t*H as lli % tnotiMU jirnrrmt.H. Th** alnnit 

wliit*li oni* if thrrn* iiifiiutr?*!iiiii rntattMiH ta}i^ j*lm* j* rjilltu! 
th* tlli!* if. in only Illiiliirtil4!i!v ttn rriiitir of 

rotation, 

Fur t*\ani|)Us in llii^ i*ir nf nlii4 s*!4f4St inl ab<*tf 

all jMtiut** til tlir wiitH'l iin* *it any fftirsi u*J.u*t iibnut fi* 

of t*ontart /> uf tin* %1-lirrl mitlt tSj* i*r<tt*ni. A- tb- ii 



in \\itit*h tin* wln*t st ! tn SUM 

may tlitttvfWt* In* riii*ittt*iTiI IH 

rutlitlttiH itliltttt flw |liii!it /> which H tHrllf $! in 'fj-li, 

To iiluMmtt^ ftiitiii*i\ *u{jtt**t* n htt^ J /I j*M\r- 4 ,%* 

IfM i*inln % *t illftl /#, Hill thru tia- *'*^f ini | .>!} is iiii|f 
in Fi|, 44. Stmv th* mutton *t 4 ,tt . 




ii i-, ^4 tin* 
$1% j'.iffi, it 



jiniiit til 



S wii 

\ IfiWrflii- 



5,.u.nU fin* 

4 j il^!|,,|| 
^ niMl f*||, 

j || lf 4m 



iliIinf a ijftH4^l ^i ,t i<i4 

tl t fir llifi 3^-aiuli ,i| fj^i>n* 

li^i^ j.i.ifil M r ih- iir.t.m* 
rrttf^r, A** th h^h -I Alt 

JifitiWtt** |}|t }fi*'|4r II ^f !|.* 

r^ rHlltilllltltli*!}, fiint ilir fl^-t.-foi'* r n^?iffc, 

it '.tu rrNHitm f ii4ttf*tt<"mui iMtuf4<fi<i 

!iitiviiig t or nisfiftilitiiroi^ rmtrr. lln- !**,% it^nf 

by flit* ItmtllUtlittttlUM rrlifrr III 111 mu!"*li jn ,ii|'^l Ihr 

ii'lifiV lillf* .l/f f II H't'M|'*'* nitf'r***int\r4H l|^ 

/ly rlr. (Fi- r j. a rml i-t^^.i, JIM * % |4W 
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drawn normal to the directions in which the ends A and J'i a re 
moving, their intersections 0, O v 2 , etc,, will determine the 
corresponding instantaneous centers. If the motion of Alt in 
continuous, the locus of will also be continuous, the curve 
traced out bein# the centrode for the motion in question 




Flu. 45 




Km. 



Whan the ccntrod<* ban hen determined, the path of any point 
of the body can be found. For since at any instant the entire 
body in revolving about the iriHtantaneouH center 0, any point of 
the body, .such an (/ (Pig* 4li), in moving in an arc, of a circle 
with 0f- r iiB radius. If % then, the location of in determined for 
various positions of AB* and for each position a small arc in de- 
scribed with O(! as radius, the Huecession of these arcs (*'.*?, their 
envelope) will constitute the path of (/. 

69, CoitHtruH tin* rntr<wl*i 

for thti ecinnecitiig rtI /f/> (if 
tin* walking-Imam t?ngiii 
kiitelicl in Fig, 47, 

88. Piston Speed, -An 
an application of theern- 
trodc^conmtlar the motion 
of the connecting rod of 
an engine ( Kig. 4K >, As 
the crunk pin J fl cU*8criln.H a circle of nicluw cqtuil to the length 
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of thi 1 rntitk, tlu* t-rns hrai /" ;!!!' ki ', v * ,*!*! ,i"| !n\Mnl 

loiljLC .Ifr \VitlialI aW|>ht<h Jiui h l]* * } > *: n. pM*ij 
r - r, Sinn* flu* path *| /" j . i n* ' , t v \ t , d k ? * 4 r , i? jj J ltlH 
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/'/*' lip* *ififjfilti \i*(m*ttiiM *4 ill } mt . ! /V* % ; M ^ *J, 

^iiiiiuii lin*|fnrii m^.tni, tint! h*u* M th 'jt* ^ - ' /' ,:. f /" 

art' Jifii|iil1iii!iiil to til** I iftft ^l\iiia "/* H t || j jMf^j 

flit* iiitf*fM*rfitiii of tlir lim nl tti* in.ia^ '-< ' , i I i 4/* 4 ^ %l 
vttit'iti ihruii^h l* % thru fi*u ^itiiiLir fiMt^,;, , 



il /' nf | # || 



If Iliii ...PjP 14 rrit|iifi^ mi'! tisn, , i 

etiiiitiitit. lit thin t*a* U*t /*/* l** itii\*u IM -, 
rttprommt th rnitHtaiit ^|in*t *i I 1 , ll^n \\ t > 
UuM*<mnn*titiK > nl tin tlw* ti*M!i*i2 tlii *o ;i /* , 

of fill* (MjHtoH for till 4iil*H |lKi*ifiMi ii| f|i i. 

Jit'ttri? liy l>riijri'tii>)* thi // ii]io*i fj,f ^i 

a {itiiiif ,1/ in iit* 
(1%. 4H). 



70, 



* *i|ti,iliii ill tip* |4^ift'ii p '- 1 ^.f * - 



JWIIlt l* fh' 

im fill* 

mttt A7/V, 



ifij f |, , ;| \ fc ,, {< ,, 

|/ % . fg , A , <- i 1 , li , 1 fj , ^ 

r, ** J m . t, ., t ,, - , , 4 
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^.-Mte.v') 

^ N (A I/) 



Eliminating // by means of the 
relation /->} //- r% thin becomes 



whence, after reduction, the Fio. 49 

aquation of the piston speed curve finally becomes 




For an infinitely long connecting rod, I.e. I w, the second term of this equa- 
tion, disap|H*arn, and it Himplifies into 

which XM the equation of a circle. Hence for a connecting rod of infinite 
length* the motion of the pinion i harmonic, 

71 Find the equation of the acceleration-time curve (Art. 10) for the JIJH- 
ton, considering the connecting rod tw infinitely long. 

SOU'TWN. Since the ortlinata y f to the speed curve represents the piston 

speed at any inntant, the acceleration of the pkkm in ' '' , For a connecting 

dt 

rod of infinite length the spued curve is the circle 

Therefore <"' , ^(r^^)^ th \ 

dt til 




I'Ki, fiO 



i/ and if -- \''r* J /' ; 
this simplifleH into n ' - JT. 

The acceleration curve for a piwlon with 

infinitely long connecting rod in, thMvi'in*, a 
tttralgltt liti f iw nhown in Fig. 50, tin*, ordinato aC either end Uing tin* ham< 

fin the fonntnnt normal acceleration of the rrnnk, numely, r . 

r 

This result will be appliwl in Chapter VII, under the balancing of *nginf, 

72, In Prcib, Illi draw the peed curve for /^ on tht* aNMiinptmu that thu 

angular |M*ed of /I 
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33, Axodc. In an\ tl> -{''a*' -iti-iti -,, i.n ,f f m * tniln j 
rotation anl trans!atjuu fii in:iMf^ wt, b *. (l ; t t M>1 



of tht' ttwtaittiiftt itH * i f fit* i i 1 urn ! * ,1 v i . \< *i ;K )."-; |} I4 | ^ 
to nay, tntttittt* tl, A</ t/ . I>M;II; t*,* J; ;' n * <, 'Jit '"**> j^ |J ti 
inHtantuiicttus avr* aiui whifii ih^ t^h ;. * * a* j - 1,1 ^ luii^f* 
its position in tl* lilt. !ii fiii* *,iii* flip , Uifnaiiu* u i jup 



./ **'* ^1 .'J 1 : ^- !^l ! * tlij Iit4fttl!^ 
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by fiiiir liiirti |*tvti'<l f^i**iirr 
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a circle about D as center, and J5 rotates about C Y us center. 
Hence AD and BO are normal to the paths of A and ,/A and 
therefore their intersection is the in- 
stantaneous center about which the link 
AB is rotating 1 . The locus of the instan- 
taneous center, or eentrode, so determined 
will be found to be an ellipse (Fig. f>3). 
The axode in this ease is also an ellipse, 
since it is simply the curve traced out 
by when AH is fixed and U.D revolves 
around it. The motion of AB with 
respect to O.D may then bt v , represented 
by the rolling of one of these, ellipses 
upon the other. 

The linkage shown in Fig. 52 is one 

frequently used in inochuiuHins for transmitting a varying ve- 
locity ratio. 





Ft*;. IW 



34, Velocity Ratio in Mechanisms. In the kiunnatinN of ma- 
chinery it b often neceugary to determine! this rtslalw* Hpwcl, or 
41 velocity ratio," of ilia variouH moving parts* To 
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li't AR awl <7> tvprrsriii two rr.wKs ronn'rtrl l\ .1 ijirj 

/tJ9 ( Vl#. >l). Thi'Il from tin- Nprni of .1 Jit am HisUM )( ft 

In* iTtfluml. tt I'lrtiTiniltr tla* HfH'rt! nf It at tin* siimr int,uji, 

Thi* instantsuuMtus nTtfrT tnr lip* luik A If is fi*tml at tlic* 
ittt-orHOction of tip* iitnii*ili4 in tlir jufin ! .-t anil //. Suuu 
f!tt\Hf* piitlt.H un* rii't'Ir^s tin* normals a IT tluvririj *I|MH^ ihi. ri |,|j| 
/W iiiitl ^ r M intiTMM'iin^ in f>, tin* riM|tttrrtl iiLH 
coator. At flit* iuntant fnii>iiii*n*>l, all j*nntH of Alt ^ri 
about with tin* H-ann* ant^tilar vi*lurity. Hi'iirr ilif Hpi^nl nf 
pcunt of *-l/> i> proportional ti> if** ili^tiiiiri* from *), in parUruhir^ 
the xvlativt* Hjnnnln <if 



r* 



Now ilrtifi pi'*fpi'iiilifntlar< fr**ni /! ^ Otipoti tln^ r*<nti<r 
of tint <4/A Tlii'ti ir*iit tin* rtiiiiilir Iriiiiigii-* ttA V <uii| IM 14 

ii t t'tt 
All ft it 

fnilii tin* l 



o>|, *liimtt* llii* vrhritif*H nf 4 |l 
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t*i\ llir tjwttit <*/ ft*? ifi*jf i ,*> or *i | ii 

In ||f* Jffiifi fA*' fri/-| ,vf,"f 

W/^i fli? f|f III* 
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Furthermore, since the triangles MBP and ONP are similar, 

ON OP , , 

/^r^ amliumco 



CD, 




Flu, 55 



Consequently, ?//< angular speeds of the arms are inverse!// propor- 
tional to the set/ mm tit into whieh the line of the link divide the line 
of venters. 

Motion in also frequently 
communicated by means of a 
flexible connector, sueh as a 
belt, rope, or chain drive. 
(Fig. f>f>). In this ease, if 
lines are drawn from the 
centers A and (7 to tlie points 
of contact H and /> of the 
flexible connector, the motion 
is the same an though trans 
mitted by a rigid linkwork 
AB'Dtl Hence the rolativo speeds of M and I) are given by tho 
rules just deduced. 

The same in also true for motions produced by sliding con- 
tact, as in the case of cams or gears. Thus let Fig. f>H represent 
two cams turning about the fixed centers It and (7, and let /* 

bo their point of contact. Draw 
through P the common normal lift 
and common tangent TQ* Thou If 
circular arcs are drawn, having the 
name curvature as the canw at the 
point /*, the motion of the camH for 
a small displacement will bo th 
same aw for these eireular arcs, 
Let A and I) bo the emtterK of 
these arcH, both of which Ho on 
the common normal //A*. T!wn 
the motion at the instant eonsitl- 
ared in tins name an for a rigid linkwork MA1HL ('cmsiiiui'utly 
the above rule** for determining thu velocity ratio also apply tu 
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this case. Thus drawing tht* lun if eenti-r. />'*', th* \rj'ity 
ratio of /* ahout / and (' i* ,*ivcn l\ 

w t //.v ,.... /*/* 

n * 'A' < 7* 
In many eases it i dcnttMhl** to ttutftLun 4 '*n -j.ui* \\u-tiv 

ratio. The condition f*>r tlii^ in tlui <tf4 ^^>'t,iii?, ? ^iiin* 

I7 1 

.JJ./* -f- ^7* * /W' which i alao cimMtant, flu* j*nt I* itri'4 i^iiiiin 

tht* curvf*s in contact must tic .Hitch lliiif thcu * *!i?in<!i i>^iiuil it 
the {Milnt of ct>ntact slmtl ulxvuvn cut tin* Sin* 1 *f r-Mt*' . j the 

rhoseit tin having this jin|iet1\ ure t{iitnr!itttt .IIP! J^ JM* i*%**i4, 
For rolling contact tin* condition fir CMI 4,1^11 \rt* ,i^ i itj. ^ 
that the point of contact iwint *ih\a\- hv m Tip* hsw* nf 

TOOSLIIIS 

73. A M*t t>f [(WII'M !U**'4if*lt ti r "*fiit*I* r %tliMl%tt III K*>J '* I 1 * * * f l Al> r||,^*f v % 
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circle. The number of tooth is also proportional to the diameter of the 
pitch circle., and the quotient of this diameter by the number of teeth is 
more convenient to use in practice than the circular pitch. In America this 
ratio in inverted and its reciprocal is called the diametral pitch ; that is, dia- 
metrical pitch is defined, as the number of teeth per inch of diameter of the 
pitch circle. For an epicyclic train the diametral pitch is evidently the same 
for each wheel. 

In the present case the, diameters of the pitch circles are assumed to be in 
the ratio 11 : 10 : 8 : 7 : : 5. Therefore assuming a diametral pitch of 5 for the 
train, the number of teeth in the. various wheels taken in the order of their 
m/o. are, respectively, 55, 50,40, #5, ;JO, *J5. The velocity ratio between the first 
and last wheels, or value of the, train, as it is called, is then given by 



Value of train =~~ -...._. 



number of revolutions of last wheel 



corresponding number of revolutions of first wheel 

continued product of ll J^d>WM2^ 
continued product, of number of teeth in followers 

74. A Kt of friction bevel f^ears are arranged as shown in Fig. 58. Find 
the relative H|H*!d,H of shafts ,t and />, the diameters of the pitch circles of the, 
variouH wh**fb being A 3| in,, tt = 5 in., (' = H in., ./) = (J in. 
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75. A lalht! in run from a oountorBhaft by two sets of three-Btepped pullcyn, 
nhown in Fig. 50, If the pulleys are (I in., 1C) in., and 14 in. in diameter, 
y f find the ftilociity ration obtainable. 



76. Hhow that if ft belt in eroed, itn length iKoonHtant, provided the sum of 
the radii of eorretiponding pullays in coiuttant, an in the prtwed ing problem. 
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Soi rnoN. From Fig. in, tin* l'u^th MI* ih.- l-It i-, 
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Fi^. M. In the. fi^nre ,1 is the 
fixed center of rotation of the 
crank A/\ and ./> is the. fixed 
pivot, ahont \vhich the arm 7>V f 
rotates. The leu^l h of the stroke 
in evidently - W, and the 
lengths of time taken for the for- 
ward and haek strokes are pro- 
portional to the ares 1//>*Y and 
JV.SM/. The ends of the .stroke 
eeenr when /* in at M and N, 

Design a Whii worth quick 
return motion to have* periods as U to 1, and strokes of tool 




Km. 




35. Sectorial Velocity.- -Let /\, V 2 represent two successive 

vector velocities of a moving point. Then tho third side of tho 
triangle formed on "/^ and 7*^ represents the* change or vector 
acceleration, a (Kig. 64). By the theorem 
of moments, the sum of the moments of 
any number of vectors about a given point 
is equal to the moment of their resultant 
about this point. Hence, in the present 
ease, the sum of tho moments of 7^ and a 
about any point is equal to the moment 
of i a about thin point. Suppose now that 
is chosen on the line along which a acts 
(Fig. 64). Then the moment of a about 
this point is xoro, and therefore the moments of v^ and i a about 
are, equal. Evidently the converse of this theorem is also true; 
namely, if tint moments of Sj and v^ about any point are equal, 
the motnont of tho acceleration "d about O in xero. Hence: 



If th# trwmt'ntH nf tmi m<!M**iw vector velocities about ani/ <fivm 
point urti etftntl^ the iwtitor aatMlvration -fHtsM* through thi point. 

Thin theorem U*ad to an important special case of motion ; 
namely, that in which tho moment of the velocity of a moving 1 
point with renjHHit to a fixed center is constant. That in, if v 

represents tht$ velocity at any instant, and r its perpendicular 
distance from a fixed center O, then the motion is such that tho 

product T*r m wmntaftt, Bay 

vr**K. (ISO) 
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Shirt* thi jnomnit l\ is constant. If may ! ivj'ivM'nti'il hv a 

fixrtl vector ( Fi!^. *"). 'I*h*rt*fon\ tin* ii'iti.u*ii is j4.iii.ir, ^inrr tin* 
velocity i 1 must ul \vu\s lit* in th |l*in* J/.V jrij nU* ul.ir In A*. 





I ti+ >** 

till! viilrii*ilii* nf tin* iiiii%iii|f jiiniil lit tltflVri it! lUHtjUit-* 
by \wtnri* liinit^tit to flu* path, tb* .IU-IH <( ih 
having fur ti cotntstuu vtrU*x iin4 iln^i* \n i*r %^i^ii 
iinutt! i*({tmt, wn*ii in wjiwl It* tin* Miitf -MH^ \^' 

(U>). Ntnf timlti|ilyiit|| linlli Mili^ uf KIJ. (*JH Jn */*. 

lr*fr ,;: A*//, 

or, fill lit, wttttru elf in llici ii'it^th I tlm tl 

tlm ttirie ill, UUH mnv lm wrttli*ii 



Hi*Un% if i/*j, */t y i/* ;J **lt% f I"i*jrr*ti*lil 
in rcjual utfrn.tl* of tiutt* *ll % iimt i*j, n |8 

H tit' t*iti"ti t*f ilit^ir 
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The area swept over in a unit of time, say one second, is called 
the sectorial velocity. The preceding" demonstration may then be 
summed up by saying that 

\vhen a point so moves that its ^~ -T - *-^/?j 

vector acceleration constantly 
passes through a fixed center, 
its motion lies in one plane, 
and its sectorial velocity is 
constant. More briefly: 

Under central acceleration, the rectorial velocity in constant. 

The converse of this theorem is obviously true also, namely: 

When the sector la f velocity Is aonxtant, the acceleration is directed 
toward a jtm/ center. 

36. Kepler's Laws of Planetary Motion. From a long scries of 
observations of the planets, especially of Mars, made by the Danish 
astronomer Tyeho Brahe, in his observatory near Prague, his 
assistant, Johannes Kepler (born 1571, died 1080), deduced three 

laws which completely describe planetary motion. These laws are: 

I. The radiu* drawn from a planet to the sun describes equal 
area* in equal tune (i.e. it* rectorial velocity is constant). 

II. Kwrji planet dMttritM* an ellipse haviny the $un at aftwu*. 
III. /W different planet* th$ nquarti of the times of dexc.ribiny 

their or l its are proportional to the mbes of their major a,re^. 

The statement of thoso lawn marked an important epoch in the 
development of mechanics, for although purely kinematieal, they 
hid Newton (born 1U-12, died 1727) to the discovery of the law of 
attraction (or gravitation), and thus hud the foundation of modern 

mcjehtinlei* 

The ooncluKtoiiH obtained by Newton from Kepler 11 s three lawn 
will now be clorivtuL* 

From the first law it IB evident from the results deduced in tlie 

preceding article that the orbits of the planets are plane curves, 
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anil also that tln*y nnv mnlrr a ri'iitral ai % r'lTatin iliivrtt'il 
toward tht* sun. This hti Nt\vton to thr il*-a f an aurartivi* 
forro which niUHtnl tht* jhun't* to routinnaih **t"al! f\v,ir<i fin* 

sun"; lluil is, !> iii*\ r anittmi 
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From Kepler's first law the sectorial velocity is constant; that is, 

' * = /f. Hence the above equation becomes -. = - , and sub- 
dt jg x dt r 2 

stituting this value of iu Eq. (21), the latter becomes 



t 






r* 



To find the acceleration, this expression may be differentiated with 

respect to the time. Then 



/ 



(28) 



f 

Here is the tangential component of the radial acceleration a r . 

(.' J 
If then ^ <lonoti)H the angle between them (Fig. 70), 



..-. f s=s tt r COS , 

or, since cos =s ^ ^ this 
bet join OH 



ig both Hides 
of this iixprtmHion by 

-.it bocouum m , 

dt rf% rj 




70 



dr 



and substituting thiH nwult in E<I. (*2:5)' w *' 
rfr Wr <^r 4 A' 2 rfr 



(24) 



'I'o further evaluate this exproHHiou for the radial jwHJoloration it 
!H lUicuHHtiry to know the relation botween r and t ; that w to nay, 
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Since this expression is negative and JTand I are constants, the 
conclusion which may be drawn from Kepler's first and second 
laws is that 

*The central acceleration of a planet varies inversely as the square 
of its distance- from the sun and is directed toward the sun. 

From this Newton concluded that there is a force of attraction 
between a planet and the sun which also varies inversely as the 
square of the distance between them. This is called the New- 
tonian law of attraction, or gravitation. It is also sometimes 
called the law of inverse squares. 

From Kepler's third law the value of the constant JSTmay be 
found, and thus the numerical value of the radial acceleration 
a r be determined. 

Since the orbit is an ellipse, the area swept over in a complete 

revolution is 7ral>, Since ~' A = /T, we have d&~ Kdt and also 

dt 



If, then, 7 denotes the time in which the orbit is described, since 
CdN = Traft, and KAt KT, 



KT, 

i ^ TTrtJ 

whence K = -- 

Also, from analytic geometry the value of the latus rectum of an 
in tonnn of its Btmiiaxes is 



a 
Inserting valutw of I and Kin Kq. (21!), it becomes 



4^ <7 ' 
\f) 



By the third law, IB constant for all th planctw. Consequently 
the factor by which thw invurau H<jiuira of the (Untunes IH ninlti- 
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pliod 18 tho aam for all tho planet*, ami therefore depend* nnly 
4>u tho sun. 

Th greatest of NowtonV aohirvtwu'nt* iMmsistvd in s* % r'nvtn^ 
thai natural law wan nnivr8al in itx M-OJMS and that fin* nairn* 
law nnwt apply tt> hodiim on tht* *wrfat*i *f tht* i*iirl!t a.s to tht* 
solar 8y8tont. To verify hi* idea* Newton applied thont 

jiriHUHiVly ktiowiu AHHtimiit^ that tin* monn\ urhit i-* t^rt-itUrt 
which in approximaioly tninvrt, n r, antt fl 4 ,u t'rlri\iti**it of On* 
moon towanl tho eartlt in 



From tho law of invir8 8jtiar% tint !ifi*n!i*riititfi f a hotly lit 
tin* 8urfatw of the tmrtlt intwi hi* invirHily |>ru|irtiuniil to iSw 
Htjuaro of tho raditiH of thw i*nrllt nay /f. i'ttiiMnjiiniily 
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4 * 10 7 ineterrt, wo Itavt* 
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urtnal moahun*isM*utH tht* iM*r"li*Mttvi$ ! n ,ti tlm 

!^ of tho earth in found l* ti" ittitf 
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titiliiiiii*iL With iitiir** jirrtnw* nit%i,'ui*i$iriii'i itun -n* In 
ci 



CHAPTER II 

FUNDAMENTAL DYNAMICAL PRINCIPLES 

37* The Laws of Motion. The conclusions which may be 
drawn from Kepler\H lawn of planetary motion, explained in 
Art. M, led Newton (b. 1T42, d. 1727) to the statement of 
three dynamical axioms, or universal laws, underlying the motion 
of all bodies in the universe. These, lawn were not original dis- 
coveries with Newton, as might be, inferred, but summarized the 
work of nil preceding investigators in mechanics. The First two 
laws were undoubtedly known to Galileo (b. 1564, d. 1(>42), and 
the second and third had been tacitly assumed by Huyghens 
(b. 12J, d. imf)i Wren (b, 1(582, d. 1728), Mooke (b! 10f>, 
d. 170H), uu<l others, in various applications of mechanics. 
Kepler's lawn, however, enabled Newton to obtain such a clear 
insight into the fundamental relations between force and motion 
that he wan able to formulate these relations in simple* axioms, 
thus laying the foundation for a scientific system of mechanics. 

The three laws of motion as stated by Newton are as follows: 

LAW I. -Every body continues in its state, of rest or of uni- 
form motion in a straight line except in HO far as it is compelled 

by impressed force to change this state, 

LAW II. ~- Change of motion is proportional to the impressed 
force, and taken place along the straight line in which the force 
acts* 

LAW III. -To every action then* is always an equal and op- 
posite reaction ; or, in other words, the mutual actions of two 
bodies are always oquul and oppositely directed. 

38. The Fundamental Equation. The three laws just stated 
may be expressed by a single simple equation which is the basis 
of the entire nuhjeet of dynamics. Thin fundamental equation in 
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mu bodied in Law 1L Here "change of motion" is i*i|m\ah<nt to 
"acceleration." Consequently this law may be t*xprt'^tMl by 
saying that 

The lmpre$e$ (or wtmtttl) fimw ttrtint/ iifwn a tnxty in /'/**/Kir 
twnal fc* tlw iwwlmtfwn prmtiw^L 

Thin meana that the ratio of frttve to m*ri4^riiltttn i?4 rnnntHut 
for any given boily. Denoting the imlt*nnil forr** ity f\ th^ 
aeoelomtion produced by # an<l their euniitant ratio by /, 
law, oxpresaed in uymholio form, m nimply 



To obtain Nowtoi^H first luw from thtHit|uiittcim writo it 111 iim 
form FmjMt 

Then if J f <X wti mitHt aim* havo it - <>, m i** limit' cnn- 

different from xt*rt>, IInn If nj forri*m f l^ th* iirrtflrnittMn 

Is zero, and tharafcirti the v^hunty i rtttwr or t*uttHiint, in 

Htattnl in Law L 

The third law nimply tin* **f I* iiin, | f 

in thin in the "aotion/* or liiiclt*iit*y to [irtuiuri'* tiiittimtt 
m is thii u rom^tion/' or inurtia fonu* m?t up, Tho l*tw 

therofore bo regarded an tins *f 

cilfeot* Tlia nature of the aottou tniivn*ii Iwn HMIV U *( 

any nort whnt4*vin\ and may lw tniitKitiiti^it by { 

b<*r of intervoninf; bod ten. Fr iiHtntt****, flit* i!t*i!?it *f 

t\vo hi*;i\nly bodi<*,s % or of two bimhrs rMiuiirt'-t In 4 $i^ j i*| f,*d 
or un *Iustir spring, ir iitfriwiiii\ r *i* r^piibnt; r4^d n\\vi \*\ iiS4*- 
intit* or *l**rtri v uj[jt*ncu*, nil iitii^lmii^ii^ tl lli H*i*l i-in 
lit gt*m*r;il, if ij mtit ;w a il$*ntifif tin* m*'* 1 '*^ il f<* l*o*ti^, 
tli*ir n*Hprrtiv* a* 



, .rtt' , *oi*H i 



j - , t - , , 

1 l/f" * l/f j f tit* J *ll'* J ./*< 4 tl? 1 

3S i fftiniff by iJttt nf iiti* 

n^mul In Afu:tt!i*rafm!t wit llw* if 
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the body on which the force acts. For instance, in the case of 
two bodies of exactly the same size and shape, but of different 
materials, say lead and wood, it is found that the game force I* 
will produce a greater acceleration in the wooden block in a given 
time than in the lead. In other words, the lead block offers a 
greater resistance to change of motion than the wooden one ; or, 

JET 

what amounts to the same thing, the ratio , or m, is greater for 

a 

the lead block than for the wooden one. Thus the ratio w, 
which is constant for any given body, is different for differ- 
ent bodifw. This is expressed, by saying that with each body 
there is associated a definite constant m (or ratio of force to 
acceleration), which expresses the amount of its resistance to 
change of motion, or its inertia, as it is called. This constant m 9 
which measures the inertia of a body, is called its mass. 

40. Relation between Mass, Weight, and Force. The relation 
between mass, weight, and force is of such fundamental impor- 
tance that several explanations of this relation are here given. 

I. In every country a certain mass is chosen as a standard, 

and the mass of any other body determined by comparison with 
this standard. 

The weight of thin unit mass, that is, the pull of the earth on 
it duo to the attraction of gravitation, is a force which, may bo 
conveniently chosen as the unit of force. This unit in convenient 
rather than Bcicntific, an the weight of a body depends on its 
location with reference to the center of the earth. The extreme 
variation, however, in only about | of 1 per cent, so that in en- 
gineering computations and in practical affairs the weight of one 
pound iiiiiis is commonly used an the unit of force. 

Whatever units of fore and mass aro chosen, they must satisfy 
the relation fwm ma For this reason only one can bo ehoscm 
arbitrarily, as when one ia chosen the other is defined by this 
relation. Now the average acceleration g of a body falling fm*ly 
in a vacuum in found to be about 82.2 ft. /HOC.*, or 981 cm. /sec. a . 
That i to say, if the force acting on a certain mass in that due to 
its own weight, an acceleration of amount g is produced. Simu.$ 
force is proportional to acceleration, if this same force acts upon 
a nmmff ihnm as great, the acceleration produced will be unity. 
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Therefore if the weight of unit mass is chosen as the unit tif 
forct\ and wi// in oHmimcd an tho unit of mass, the fundamental 

relation becomes 

If ss //if/ x 1 ; 

w 
that in, )F= //*</, or ? s~ - * In aili technical and practical eompu- 

// 

tations,, therefore, where the. inertia ff a body in measured liy its 
weight, and forces uro uxproswd in pounds (or grains) W'riglit, 
the equation F wn tiuwt be uetl In the funu 



It in <8peeially neeeHury to trwiirigiiiah clearly letwe*n the two 
nenses iu whieli tho Kiigtwh woni **jtountl* f in ueL as uu on tiling 
in tneilmnie.H in HO likely to cause iwtHlnkt'H an i.'tiifii^ii*ii on thin 
[ioint. To a physicist tine pound invariably meatiH HIH* jitniisit 
uuiSH^ whtireiw to un engtnoor, contractor, <r tniiieHMtan it ahvuyn 
tneiiiw u pound weight, i,*. a force, and not nl nil, 

lit the French ttyHtem flu* waitte cunfttmon ariHe** ly tin* u.**e uf 
tho same word "grain " to express two entirely sepunite tl**ii. Tit 
ohviatc. thin diftic.ulty new words hav sotttetiiueH Item prt[HiHnt ft 
hut HO far have not hewn favorably received* 

II, Frcnn the fundamental equation F - ? iim it in evident that 
this masses of two hodien may IH ctMitpairefl by t<tther 

( 1 ) their relative accelerations nttdcr th* ;i(*titm uf nju*d furrr**, ir 
(2) flu* relutivt* fcrcs reqiiirt*d to produce I'tjitiit *n rrl^ratu^rt tit 
tlu l)odi*s. Tht formt*r method w imed f*r r*ii-siiifir plirp"'**'**, 
and is lase<I on the detinitiou of u unit *f JWt*t*. Tl4' i* e^Hed 
the absolute unit of force, and U defined JM tin* dtw whi'-h will 
produce unit actM*leration tit unit IIIHH^, lit tin* Kn^U^b MMew 
the unit if muss IN the pound mid the ttlt*ultiti **f <'+iv it l!n* 

pottnditl. That is, one pouadal N delhit^l ** tip* ltrr*- whtrh will 
til u itiUKs of om* pountl uitm*n*ivrittiitiuf 1 ft, 'w. y In flu* 
Frmirh Hystetn tin* unit of m th ifnmi iitid tin* ulofiiitti* 

f finrt* is llit* tlyiie. Tlutt w, nut* dym* i the fr-*' w beli mill 
give to 11 iiiiimnf out* *-raia ua iii*rili*niliiit if 1 eia wrA 

Tti tint wcoad methi>d the relative f*ree' a$e rbi'*efi IIH flu* 
f tilt iHidtw, which pnitttiw tin* rtit^itiii ;irrrjer* 
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tion ff in each case. Tims, for practical purposes, masses ant 
compared by their weights. 

Now From the, fundamental equation ,F= ma, using tho absolute 
unit of force, we have 

Force in pounduls = mass in pounds x aeeel. in ft. /nee. 2 , 

whereas, using the technical or gravitation unit of force (mMght), 
we have 

Weight of one pound = mass of one pound x ff ft. /nee A 
Hence, 

Weight of one pound = // poundals. 

Therefore, in order that the. fundamental equation F ^ ma may 
apply to technical units, the force in poundals must be divided by 

(} ; that IB to ay, 

,, . * . i . force in poundals 

Force m pounds weight ~ - '__ 

(1 

_ mass in pounds x SfKwl. M 1 J[^' i/H ^ r ' a 

y 

maHH in pouncln . . r . , 

s .. ". i^^^~ x aeeel. ui ft./mH', J . 

// 

The technical or gravitation unit of IIUIHH in therefon> // tiincn as 
great an the ubsolutt* unit of mum. 

III. Tim inonuintuiH of a body in defined an tho produrt of u 
constant w, c*alh*d tho IIUIHH of the body, by HH velocity v. 

Newton's Hecnd law may then be expressed by saying that thu 
force acting on a. body at any instant is proportional to thu time 
rate of ahatigo of I!H niomeutum, or, in symbolic^ form, 

v, ff tl , r* <//' *! 

rorcoac A (mv) hm ' E= A//^i, 
dt dt 

where K donoUm tho constant factor of proportionality. Tim 
value of this comttant /TdopondH on the Kystcim of unitn aHHtuiiiMl, 

Alwlute fy/*tvm* For scientific purpostm it IK convenient (it 
define tho unit of force as that force which will produce unit ac- 
celeration in unit niiiii. With this definition, J*\ w, and tt ure nil 
unity HimultaueouBly, and hence the constant K is also unity. 
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O'ouHoquontly, iu Htmmtitk or ahsolutv units, 

Fotvt* SB mans x arrtl*nttun, 

In tlw absolute yU*i thu unit forrt* is railed th** jimwdal iu tho 
Knglih Hytwn and the dyntt in tlw Kront'h Hystnu. 

Ghwvitatwn *Vy*/m. For tiuthnicul uiul jmiHintl jmrpoHwi Uw 
unit force in dt*iim)d iw a foreo tn}iml to tht weight *f a unit IIUIHH. 
Hi now the unit forco so clt*fnitHt is wri^ht* or uttrurtinn nf gravita- 
tion, the acceloration ln( i oinoH that du l< ^ntuf y */, and Inntiv 



By definition, howavor f F m unity when ' in unify. 

1 a Kit) Of JT - , 

f 

Therefore* in gravitation unitn 

itiaHs x ar*H* 



In the gravitation HyMtein* tho unit fom* in ralltnt tin* jMiiind in 

the Kiiglifih system and thu grain in tin* Frtfitrli 

82. A train wIghlng 10(1 T,* **4i*IiiiK ! a 1 j*r 

with nil acottlorntion of I tt./mmA A*tiiniiiic ibw rit*iffUitt'p tn (H< 

I0lh./T. f fine! flu' fntlt <m tlu driiw bur of tin* 

83. A i'urtfit* t\| |ii^ii^t*r liftniiffnt* ii**i^lr* "fu/ ** (|i , -.,< iiln^li 
KU/JfH) H). t?4 <iu flit* dri\iV*. Weight f f*n<ilr 1 H,M*iw JU lltitiiisii^ ii4*fif 
'irort 'JSJJIHI !li. A iHumiot; tru*UMi;tl n ^H;nrr* IM Ir ii II* 1' , !<ti*i i nt liM^f 
a tr.iin tltt'i 1'iiuiii** vim hunt up H I ji*ri*'f4f tft.il* AJ'* iiii4 J*m f^ * *i *ill 
ttiki* f*i jtnftiiit a i|t**<t if 40 mi., tm with thi tt.un * n thf i*ti-l 

Si, A <HI T, tniiii ii*c{tisn* a ^fiwti fiiiitt M *t nf it* in* It* .1* !* <*u4i HMW 
liiiill muiiltt it tiikt* a 7>< T. train, ttrnwu l*y lii* rii^iii% f ** |^^ 4 

ttpi*t*(i tii i** mi,/!!!', ? 

89* A it 'l\ i*li^4tfr hu-4 un m*t*ttmtuii 4f ^liiiilit^ 4 fi If v< ' II <Mt , 

tin* nft*nl*;*t liiitl J*ii*l tt*ir<ii>it iit tli* mill** f 

S6. A friiiii f ti* jaxst'iiK^r rutt**l* **iiH*l4 il4/4, tti 4fut 

i*itfiiiiitii;( HH |ii4*innt*r . uf uv*mu^ wilit l**ti Hi,, uttiim* n |*i'4 M! ;i* im In 
in 10 mit*., turtifi# fnt r^t. If frti'tivmiil n 'iftiJMr'i ? |* ii*, T, t 

ftiiil 
I Iw* liiil 
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87. Two weights of 5 and 6 11). are supported by a light cord pausing o\vr a 
fixed pulley which ia practically frictionlesH. Find tho fetmaitm in tho t*orl 
after the weights have begun to move. 

88. The arrangement of weights in the preceding problem in called an 
u Atwood Machine," and IH uHed for determining the value of //, the aecelwa- 
tion of gravity, la an experiment of thia kind the two weights were HI osr.. 
and iiO osc M and it was obwurved that in 5 HCU:. the heavier weight dt*mmdt*ti 
0.5 ft. Find the value of #. 

NOTE. Kquate the values of the acceleration found from x =| n/ 51 and from 
a = *;- "^"' / . The roHult, however, will not be accurate, due to th fact that 

friction atul the roHiatanoe of the air have been neglected. For this reason Atwocxl'* 

Machine in chiefly of historic Interest. 

89. A 10 Ib, weight hangs over the edge of a table and by meani of a cord 
palls a iiO Ib. weight along the table. If the eoeiUeient of friction between tho 

20 Ib. weight and the table is 0.2, find the acceleration and 
the tension in the cord. 

90. Two cords paws over a pulley which may be 

regarded as frictionlesn. On one wide both cordft are 
attached to a weight of 1U Ib, and on the other aide 
one cord ttarriiw a weight of II lb. f and the other 8 Ib. 
Find the tension in each m>rd daring motion, 



FMI. ' 




A fixtnl pulley oarrteH a light string to tme end 
of which a weight W l is attaoh(Ml. To the other end 
is attarlnnl another light pulley, around which panseH a 

string carrying wight#t W^ and W^ (Fig, 71). Deter- 
mine the motion and th ttmttfotis in the striitgH. 

$3) What pr*inure will a man weighing 100 Ib. exert on tho floor of tin 
elevator d<wwudin# with au aecelaration of 4 ft./siu.!. tt ? 

4L Work. - If a point in clisplaaacl in a ntraight lirt iiudor tho 
action of ti furuu which is oonHUint in inajfiutudo and dinwtmiu 

the! prodiu^t of tht! lnj^th <if 




tho diHphuwmont and tlu* row- 
pommt of tht forcui in thr dim-- 
tion of tho diHplac<mumt is ntlb*d 
th work dono by the* form* in 
producing tho dtHphuuntUiiit. 
Kl<l - w ThuH in VI K . 72 let F i^pnwnt 

-a forea and XJ9 its displammutnt, Uosolving V int> c'.ompommtH 
J ? cos ^ and JP nin <?, the latter component, boin^ p*r|n*ndtrulnr in 
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the displacement, does no work. The total work done In* F in 
the displacement A/t in therefore F x A/$ cos #. 

If the displacement is not rectilinear ami tin* force is not con- 
stant, resolve the force J 1 at any instant into rectanijuhir cuwpo-, 
nonts Jf, F, X* and also the element tif the path </# into rectangular 
components <r, tli/+ tit. Then tin* element of work / IF IM 



and the total work dona in a cUHphieement nltii|( any {turf, inn tif 
the path AH in the Hue integral 



W- 



alonjf the path between the limits A iiud /L 
Since work is defined HH the product of force iitttl distance, tho 
unit of work in measured hy unit. foiw acting through unit di- 
tunett. In tho British system the unit of \vrk H the foot --pound. 

In thti French Hynteiu it in called the which i* itelined IH ili 
work done by a force of OIHJ <lym nctiii^ tlimu^h n tliHtane** of 
one ctnitimcttir. Lurgt*r units of work are the of tin ,iii*ni 

tt> ii million crjft^ the joule, equivalent tu lo efg^ attt flu* 

t*quivaltmt to lift erj^s. 

In tunny CIIMOH of work met with in practice the iir,j*tii'ri*!if 
i fwlilintmr. In this cane the \\ork done hy n ennstanf futif j- 

ri^pre^eitteft |fS4j4iir4lh In 

thtMirtsi! 

Nile if 

the citMi 



f+rf *fltf!i% Hill* 
frli iepf <> ruts 






*if til 



in 



Ft** 



/>vfif/ti fiiree SM %iti 4 i)i|i 

ititlVn tier* in 

mutation is tlmt the diagram him a taritthli* urtlitMf 

ciirvctl inHteud of u struitrht ItuiiinLirK .t< ?4t?iift in the 

Tint indiciilcir (UiiKmiiiintrmittml In Wiiff fur U*H> u* 

Cillil iif the muHt Wlli|ilt* ^i.iphteat iSti^i 

tiio by a variiihli* frn>, A Hfrtiiiii4l \$nv 



.1). li 
)ti% tin 



tint 



*t)U 



Mii^ 4 



f 
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cylinder, showing its relation to the indicator diagram, in shown in 
Fig. 74. Laying off tho steam pressures as ordinatos from tho 
line OK as axis and the corresponding displacements from tho 
line OH, tho points so determined form a closed curve AIK'UKl?. 
At the point JS steam is admitted, the pressure remaining practi- 
cally constant, as shown by the horizontal pressure line AV>, until 
the valve clones, at D. The 
steam then expands adiabati- 
csally during the remainder 
of the stroke, and the pres- - 
sure drops correspondingly, 
as shown by the curve DO. 
At 6 Y the exhaust valve opens 
and the pressure drops to //, 
following the, curve, HA during the return stroke. At A the 
exhaust valve closes and tho back pressure rises to f\ at 'which 
point steam is again admitted and the cycle repeated. The total 
work done during a complete cycle IB therefore represented 
graphically by urea OKt)OIC>>~ area OJKJf'AJtK, which -evidently 
represent** the area inclosed by the curve* In engine tcmtn indi- 
cator cards like the ubovo are drawn, automatically, and tho 
work dono in dotorminod from them by measuring their arwn 
by means of a planhnotor. The quotient of thin area of tin.* 
length of the stroke in called tho mean, effective pressure (m. e, p. K 
and rcproHontH tho avorago force exerted on tho piston during 
tho stroke, 

Tho relation between force and displacement involved in the 
idea of work ban many important practical application**, UH illuK- 
tratod in tho following problems. 

PROBLEMS 

03. Find what fem*ti fitting parallel to tlm plant* in mjuirt**! to MipjHirt a 

weight W on an Itmttnwl plant*, without friatictti (Fig. 7fi). 

SOMJTION. Wrrk ilfinit In moving from A t-ti /I i /* ,-!//. Wnrk II*I'PI| 
at /; in \V" /If.', iiimct* p. A 'ft ll r < tl(\ or Miiutw tl(* . Ml ran , /' W m\ . 

94, A forc /'* iit'tmg at tha nd of a Itivw of length / raisr* a xvi'i^Jit iri*y 
ntauH of a t*t!fi*w jack (Fig. 70). Nglct'mg fritio, Jiutl th r-lafim Iw- 
twoon F and IF, 
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c? 




>w ,' 

Fitt, 75 

SOUTION. Work doiw in tm revolution 5n ^* 8 * ir/. l.*t j* d<not< tint 

pitch of the Keruw, whew for a itgl^4hrttditl fli^ pitrli 4ilniti*i* U- 

twi*n two mimwKiv<t tbroaiiH. Thcn work doiw nn if in tw revolution i** |$|, 

2 irl s= ll^w, or /" --' H'./ . 




95. Fiinl tht* relation titww*ii thi ftirw f?x^i'tt*i| uml iln% 
weight lififH.1 in titt* taoklt* !iwn In Fig. 77, tit'Ktwttfitf frirlinii, 

96. Thn Miillivi cciiuixntmi ttKrimttiUvim unl t*n tltr Ivrii* 
Roatl wiiigh 410,(KK> ll*, f flit* i*ittlr Iw^iin Urn 
drtvom, whiah ur 10 in ntiintwr. Tht* timxitiitttn IriM'tiv*' <ffnrt 
(as draw-bar pull) of tht* l*KHitiu>tivtw in Wi^lMi !!, nwl th*+y 
haul traitm weighing 'JtttJO *I\ up 11 ruling f I-*I |^r r<nt. 
Find th frit?tii>nal rwlnlniw*^ of thi" train In II , ; U*n, 



97, In Prob. IHJ find thti time rt*ijiiirtl to a^eiderate the 
fW to 10 mi. / hr. n th liwel, and the l gt.4, 

Km. 77 up thin H{tted. 

98, Fiit<l th* work done in hauling a train of UHl 'I*. S ml, ii|i a l.Uper 

grinlts tin* frictional renitance lining H II*. / tint , 

42. Principle of Work tad ~ -= From Ilit* 

funtiumunUil (tvnaminil ridatiott w 

.lit 



P 



i in 



The tlaiiiiiiit cif work dom* by ifiti ftirri* J f in n 

<ii is iltisti y.. * 



ill 



'A 



til 
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The entire work clone by JF on m in describing any portion of tho 
path AB is therefore given by the integral 



/! 

= I 

*/*' 



where v denotes the Hpood of m at the point JL and t t) itn spood ut 
the point JL Tho left member of this equation in tho work <lono 
by the force F in producing the given displacement, whorean tlit 1 
quantity | mv* is called the kinetic energy, the first term on tho 
right representing the kinetic energy of m at the speed, #, and 
the second term its kinetic energy at the speed t> .* OOUHO- 
quently the work done on a body by any force, either variable or 
constant, is equal to its change in kinetic energy. This is known 
as the Principle of Work and Energy. 

This principle is of such importance that tho following general 
demonstration is also given. Start as before from the fundamental 

dynamical relation 

M ^ 

t mfi = -m ltJ1 

tit* 

and resolve the force F r acting on any particle of maw* m r in to- 
rectangular components JC n .F r , # r , where 



From Art. 41 tho work done by the impressed forcum on any 
system of particloB is obtained from 



d w - ( x r d fr * Y r ,tjf, + ZM - J A; t 4- y r 

Or, substituting tho above expressiouH for tho forms 



* In eousWariiig tliti imiwlatiort of u htwly if mimn i tlw *tJn ntiun* l tlw lutily 
may bo regarcliitl ai ctmoentrAUid in a Hiitgltt parttata lrwiit*cl at tht< ci^ntcr of ^ruvUy 
of tho body, and all the Imprtuittui foraas apptiitcl K> thin partldr, , Mi*wn iti 

Art. 7*J, 
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To transform this relation, make UHW of I lit' i* 
f/V <h* . M t 



m 



Then the above vahu* of / IF bwmu'H 



tlus total work cbni! during the <liHjila**imnit of tltu 
Vsa j V ; ' lf i- r </r . j +(*'! J *i'/ f ' '" 

Situu* integration in th in verm* of ilif1Vrt*iit!iilii*ii \\*< Imvi* 
I //i r i /< j r \ ^,r. ^ f \ -J'f'* f 



ThiH liwt quantity, howtn f or t in tin* kinotir t*iurgy >f ttw* 
Dimoting it in tlw initial and final piition by .A* and A\ ri> 

spectivcily, wti liavo finally 

fff K A 1 ,,; 

that is to nay, the work doiw by flir iiupr-fM*d firi*i*i !ttiiii|> 

m uqual to thw eluuivj** IIJ ku**tU' 1*111*1 1*\ if tho 



To givti a Htinpli.) illuMiruttoii *f tlm jiriiiriji** uf wi*K 
imrj$y, onHt*it*r tlu* fort*i* itt*ttii|| tn n fnsrtpiii r.ir. I*i*lfiiif 
lliu iirtijiiilliiiK fort'it at tafh iiiHtaitt nr* orliititi* aut lt* rmi'i^ 
i|icintliiig iltHtatK*^ an alwinHii, a \vt*rli tlin*4r4iii im 4if;tiii* j iL *** 
oxplaintul in Art. 44. Thtw in Fi^. 7H, <M rM|>rt*MH'iitH itw* 
foruo riMjuiriHl to start I lit* rur, AH ttir rut* 4ij|*i'iit*iii* fiitl 
tlit? fort? rtti.ftt!ft!ti to iiiuliifiiiit motiun ifnitliiitlfj ttrrriMf**** tw 
nltown by tliti aurvo Jf/, At fl jmwrr H liirtu**! *ifl t!t* 
ortiinato to /*ro. 
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HI 



V 



Similarly, 01) represents the frietional and other resistances 
the total resistance gradually increasing with the speed, m nlunvn 
by the curve J>B. Applying the brakes when power is turned 
off, the frietional resistance 
is thereby increased, as shown 
by the curve J&C. 

The total work done upon 
the car by the motor is there- 
fore represented by the area 
OAliE, and the work done 
against friction in the inter- 
val OK by the area OllliK. 
The difference! between these (; 
quantities, represented by 

the area /l///>, is the useful work done upon the car and is there- 
fore equal to the kinetic energy stored in the motion. In order 
for the car to stop, this kinetic energy must be destroyed, Thiif 
is to say, the car will continue in motion until the area /ff't'K 
becomes equal to the area Attt). 

This illustration in typical of all practical problems in work 
and energy, an friction IH always an important factor. 

43. Transformation of Energy. In mechanics two kinds of 
energy are ordinarily considered : energy of motion, or kinetic 
energy, and energy of position, or potential energy. The effect 
of doing work upon a body is to store up energy, which can 
again be transformed into mechanical work, an HluHtrutctl in thtt 
preceding article. Energy has therefore the properties of $i 
material substance, since it remains constant throughout all 
changes, and may lie stored up in one form or the other without 
losing its identity* The idea of energy its a substance in of com- 
paratively recant origin, and is especially valuable in 
the relations of climubul and electrical energy to 
energy, 

From this standpoint work appears, not us a special form of 
energy, but us a transformation of energy from kinetic to poUm* 
tial or the reverse, the amount of work done being the mcuhtire 
of the transformation that has taken place. Thus, by means of 
the proper mechanical equivalent**, tint traimferentn* of t*iti?rg| 
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through heat, oleetririty, or other means ean de expressed in 
terms of work, whieh may, therefore* In* regarded as thr eonunon 

metwure of all transformations of energ\ . 

The two forms of potential energy eonummlv wrt lit wet-hanir* 
are the potential energy of gravity* or energy uf position, sttrlt as 
that of a suspended weight, awl the potential ew-rgy tf tU't'itnua- 
tiou, an in the ease of a (HnpriHHti spring or Unit Iwaiu. 

To illurttrato the former, Httpptwe a wt'i|(ftl uf IF Id. in itfli*il 
through a height of k ft. Then the work clout* ttjitut if % or 
incrcaHe in potential energy^ U 1FA ft,4b. If % now, it fulls freely 
through # feeU the velocity aequirwl In i a v*J */j% autl I!M n*tuuin- 
ing potential energy U 1F(I d?). Ileiirt* it?* kiinMii* **r^y in 

1 Mi^as (-///) a IV> % and tiio HUIU of the kiiietir uitd iMitetittal 
J a//" ' 

energy in W(k ,r) + IKr = If/i, HO that no i'wrgy tmK l*it 

giiinetl or lost. 

A noteworthy property of energy in that it eonHtHts *f the jirntl- 
uot of two factory one heing a rjitnitfiiy faelur the ui.!u*r 

an intenaity fact<ir. Thus in llie eiw* *f heat, the quantity 
fiwtor in the gpeeitie heat and the inteuHity faetur U tht* ehange 
in tiunp<*imt.itr<H or inntoad of the Hpoeifu* ln*nf tin* t f ntrjy itiitv 
l>e eoiwulered an the quantity faetor, lit potent tat tlui* In gravity, 
the weight IH the Intenwty fitefu\ and I lie relative Ist4f*!ti in tlui 
quantity factor. In tileetrieily the ehargts r ili*rtrt* i*njiitril}% 
in the quantity faetor, iind thu eliM'trniiiiiiivi* fotve w the ititiMHttv 
fitetor. lit kinetic', energy | iiii 3 f tin* tutittiititttttn mi 1 i* flu* ijiiiiii- 
tity fuetor and the speed n in tht* titteiiHity f"iit f lrii% i*lr, 

Tin* unit of energy in the itn tin* of tin* 

in tuimtnon twe being th footpoimd in tlw* ttm 

Joule I CT lt> v urgn) in the Knnurh Kyf4ii*itt. 

M. Hltww fliiil ti K'ivi* it \ili'fti Mt L f tin In, fu ,i fm4i i^|t*i^' !i* **u* 
fitit*f|fy m It* lift it ivttiriiliy ttnott^li 4 h*i^hf **i 1 4 1 ft 

100. A tmiti of KHI *I\ U riitiiiiiig at *l*t nil lit, \\li4t >'<u,'ttff |,iti^ t-i 

f*t|iili*t*4 !<i In Ii$^ it fi* iv it in *j ititti, * 

H0l A IMI 4litititt*4 tip ii I jwr n \-oii^Uy f ** MM, lir* 

tVi$i*tii** lilt* tti| *tf flu* tsirliiii*. Filwi tliw iMVti|*im|, 
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102. An engine, takes water while running at 70 mi./hr. from a trough 
between the rails by means of an L-shaped pipe, projecting forwards, \vhieh N 
let down into the trough. If there was no frictiomd ivsisttuici*, find MM* 
height to which the water could be rained in this way. 

103. A railroad Htation is placed upon an elevation, the grade of the truck 
on eaeh side being 0,5 per (Hint for a distance of half a milt*. Find the Having 
elTeeted in starting and stopping a train at the station by such an arrangement 
in ft.-lb./ton, assuming that the s|ee.d of approach in HutUciont to utiHgti the 
entire amount. 

104. A weighted screw press consists of an ordinary screw prt*NH with I hi* 
addition of heavy weights on eaeh end of the lever, When the un s*t. in 
rapid rotation, they acquire kinetic energy which in utili/.ed by tin* punch nr 
die. If each of the two weights weighs f>0 lb. and has a iitwur Hjwid lit' 10 
It./see. at the instant the punch begins to operate, find how thick a plain of 
metjtl can be- punched if the diameter of the hole is | hi. and the twertigt 
resistance is -10,000 Ib./iu.'-* of the area sheared or punched, 

44, Power. - Power, or activity, in <luiim*(l UK tlus ratt* of doin^f 

work, or tho atucnint of work <l(ut IKU* unit of tiuu.^ Powt*r is, 
tharoforti, tho ratti at which changti of antirgy in taking plurt*. 
Tlio unit of powur in giv f n by the unit of work jwr unit of 
time. In the British system it in the foot-pound p<r Htuumtl* 
abbreviated into ft4b,/Htnt,, and in the Krenith system it is the 
erg" per second. 

In practical work, a larger unit than the ft. -UK/HOC. i*uli*irnllr. 
The. enlarged unit in eommon ue is tlu^ horsepower, alibrcviiitrd 
into h. p., whi'Ji is supposed to represent the rate at which nit 
ordinary draft horse works. From experiments muda by fuuwt* 
Watt in London it wan found that an ordinary borne eoulil walk 
at the rate of 2| ini./hr, and at the same time raise a weight of 
100 lb. from the bottom of a shaft by a rope punning* over a 
pulley. Thi Uquivaleut to 2.5 * S||ii . loo ^ 22,(HH) ft,-lb..'nin. 
By adding 50 per cent to this for work lost in friction, etc., the 
average value of a horscspower wan deterntincd as 

One h. p. i 33000ft.-lb./'mia, ^ 550 ft.-lb./sec. 

More recently (ioneral Morin lias estimated that the average power 
of a horse b only 26,150 ft.-lb. /min. 

From the definition of power an the rate of cluing work, ill* 1 
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power exerted by a foree F whieh jwrforms tin* element of work 

JWt in the time ilt h ,/ u 

1%, g |lf 41 j- 

uwer r = r i*. 

i If 

In tho Holution of pnuitieal probtemn it in expeeiatiy 

to ronieinbor thin relation in tlie form 

JPto 



where F i expreHswl in pountln and in ft*/Hei, 

In oltutrieal engineering Ihti unit tif pt>wt*r rontnmtsly twt*d In 
the watt, equivalent ti> 1C) 7 tirgH/stiu^ or lltt* t*i|itivaiettt 

to 1000 watt-H. Tim relation btwt*tm tht* two unit^ wait and 



1h.i>.-74wttH, 

or, rtniffhljs 4 lu p. 3 kw. 

The homopower IH itlso umid in K ranee | /%rv lr r/i^mt/) 
in Germany (J*ftmtmt/lrk^}^ hut in not preeinfly tn|ttival*tit !tt tin* 
Itritkh horHe{K>wor. The metrie htirHepowtr ii*t*l nn the etMiti- 
iieiil M 7f> mk^./nee,-, wherean the Itritmh horHt*pM\vi*r if ;V*0 
ft.-lh./nee. in tuiuivak'nt to 7tl,<)4 mk^./Mee, 

PROBLEMS 

103. fti an hydrnulb turhhw $ii^li*Iliiti*ii tin* |i|^ it>*Uvr Stfi 

* ft./mo. t<> wu*h whwl, with an avuiUblt* tii*iiit f M^t ft, C^!*uiiiti llw* 
thwrtttic hormiHiwir nvailahU*. 

106 In Prctln W> the running |Mrtiun of ih wltwl I* iW hi. in i|bitipl**r nn) 
ifuikttH .171! r. p. rn. ll<iw !i*n t-ht* littiw i|^**tl f n i!n riii|nri* 

with thut jMw,ilI<* fr*tn thi* gh f i*ii lit*iii tf Witter, friHtuti? 

107. Shtw that th hyilmulb |wwi*r ii*vi*)itfn*t) t liy tin* 

h.j>. ' - o.U.1-1 



n mi, 

// - Iii*l,i| III 

/'# " i*IEtlii*|$f fit 



am! fnun thin tli*fj*riiiiiit* what, quantity uf |vr JIM 

Ittmilctf Lr> ft, 1* iiiH'i^iirv ii iii*tlvt*r 4fi It, ft, n! flip n 

wliit*i |iliitii whirl* Iiiw ii l*tiil i*firi*iit*| f irifi%*irMMtt f r *il |*r 

10$. What i.tw**r will in* nt tl$ tf n 

% a til i*Jtl i* ft./mu*. tiiiitr an til .Vi ft, thai th* 

|il|4int* mini an* &** ptr 
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109. In a commercial test of a Pelton water-wheel (ee Fig. ttH, Art. JJJ>) th* 
diameter of the jet = 1.80 in., actual head = 380.5 ft., head Umt in friction . . 
1.8 ft., reducing the effective head to #84.7 ft The actual aimmut of watt*r 
discharged by the jet wan found by measurement to be*. 2.H1J) eu. ft./H\ The 
h. p. developed by the wheel in this test wan found to be 107.4, (<alcuhiU tin* 
efficiency of the wheel. 

110. What electric h. p. can be delivered at the switchboard of a wafer- 
power plant which has a water supply of 200 cu. ft/see. under an tf1WHvt* h*nd 
of 75 ft. if the water-wheel and {>i}xi-line IOHHUH are 25 per c-wtt, ami tint g*it- 
erator and station losses are 20 per cent ? 

111. Find the useful work done per second by a fire engine which dinclmrgt** 
water at the rate of 500 gal. per minute against a pressure of 100 lb,/mA 

NOTE. 1 gallon of water weighs 8| Ib., and 1 lb./in." J pttwtmrt) - 2,1104 ft. of 
head. 

112. A H x20 engine running at 240 r. p. in. luw a (10 Ib. indicator Hpring 
with a reducing motion which given a *l| in. curd. If the aren of th<* curd In 
2.44 in/ J , find the i. h. p, 

NOTK. A 14 x 20 engine in one with cylinder 14 in, in diameter and 20 in, 
stroke. The length of the indicator can! (Fig. 74) in In thte cane M| in. OHMim; 
the area of the card in ntjuaro Inctuw by iu length glvt* the mean <ftVc tiv* pivnaurp 
in inches. Since the spring in thin caw* In nuch that it rcujulrtm 00 Ib, force to pro- 
duce 1 In, of deflection, the m.c. p. in pcmmiti in obtaiiunl by ittultlplying itn valui 
In inchen by CIO. The indicattHl horiu^power may then be found front the formuin 

(Art4f)) , h ,JLAN 

" I ' "' ij;UKK) " 

113. A f> h. p. Htimtn htHHt ralmw a loud of 12 T. to a hinght of H.% ft, in II* 
miu. Find what proportion of the work ei|nided in wattled in frirtion, 

114. A milling machine has it driving pulley 10 in. in tHumotw with n fi isi-, 
belt and runs at !MH) r. p. tn. The motor in 10 h. p. Find thts tmirtioti in thi* 

driving Hide of the lw*lt if th following Hide runn Kliwk. 

115. The itiilltng titiw*hiiw shown in Fig. 711 i taking a roughing cut nwnw 
20 |Knut carbon til barn with a cutter 12 in. in diameter, running itt IT 
r. p. tn. Thii grotti h. j*. nm^l m 12.1, which wh*n crri*ct***l for motor if!lriin\v 
gives 10 Ji.p. net. Tim cut w IJ in. wide and J in, <lp, and th f*ml J.H 11.7 
in. per minute. Find thi* number of cubic inchcM of mi<ttU nm<*vi*il JHT 
net h. p. minute. 

116. In a hill-climbing content an nuto/rnobili* weighing I T. iy.^|ttifpil n 
speed from rent of 4f ml/hr. up a 17 jwr c*nt griMti* in a dbtitnw yf ^*Mt ft, 
Neglecting friction and ftir rtKmtanci*, find tht* h. p. of th* 



117. A belt in t!f*igiid to ntand a diffwnct* it* ti'iwion of the fw* *'nlv* nf 
1(K) Ib, only. Find th li*iit KJH*II nf which itenti t* driven t<* truninut 2 It, |>. 
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45. Measurement of Power. Tin* rait* ut whirh a prime movr 
is doing work, whether it be a boiler, engine, dynamo, turbine, or 
madam*, w called its indicated power. 

Boiler power is determined by the eapaeity of the hoilrr for 
producing steam, and in reality refers to the horsepowrr of the 
entrine which the boiler in capable ttf running, The standard 

r * * 

rating in thin -country in 

On? htrilrr IwrwpQtwr ll.* r > M. of tt*ttt**r tTttfutrtttrtt pr? hmtr 
from niwl <il SJli"/ 1 . 

By thin in nuninl simply the conversion into steant of HLf> |b t f 
water ait tlus boiling jmiiit % withimi eotwitleriug tli*> amount of 
heat required to niiso it to thin ti*mjHrature.* Sine boilers are 
usually sold without being tinted us t thwr steiiin riiftiu-iiy, they 
an* frequently ratod iterording to the number of mjttitri* |Vt*t nf 
heittmg Htirfaeti. Tim varies largely with tin* *t\l and make 
of liiitltsr, avorugu vniutas being from 10 to !*J nq, ft, j*tr horse- 
power for water tub boilers, f 

Th indicmtiid horsepower of an engitii* is ulitiiineil frutti flu* 
indicator diagram. The area of this diagram divided hy itn 
length gives the mean effective pressure I* lit Ib. itiA uHf*\p}iiint*d 
in Art. 41. Then if A denotes the area of the piston in *|mm* 
incshi% the average! pressure on It is ./M* ami lieiH'i* if I* denotes 
tliti length of the ntroke, tiu* work dotu* in in I* LA, 

Consequently if th nuiitber of htrokrs per miiitili* in tt'ii*tifd by 
JV^ the horHepower of the engine is 






* riiin rttiiM, <bft'4 fi'tiiti it$i IViilriiiiiii l,\i^*tH*m if I*liili4* *j !* a- Wrt s 
mliirii In nitlrr i *i*i*ui't tutiiurm^) tin* 1*44,.''* 4.i4i4 flii 4* i. -yi li^r^ 

JWlWl'i* Ultllllllt tltrilfl *t<* ll. | tt itt'l ft if <*f,i'f it | tl L *II) ff'*f<f 41* .li'J'44 ><?<,|.4 4 

ttiriMtf Kit I itiiil*'! *i tMttiji* jiitM'iinmf 70 lh /w ' l}u* t r ^ M ^ i ri: *.. i|' 4!* 
j*r hous fi'ntit attfl tf 'ft? K 

FH** Ml' 4tt%i al'*n tain* liru*'lji It r ^f||^ ^| li, tJt, Utn i - f In 1, AI\ 

tmlttit f lift fli4tf tttillir tiahutt MI I -t *i| An *i i ,' % '<it+ -f U<*- fii>* 

JiMM f*f ttlliil! it l*fii!i*i' I \ | ft, |ii'f Iiil/rt|*Mrf 

F*r tmttmit tmlf fti- ,%l/ aint lift M ! 4t i *l | i<.U i*a^ *!w u m*' i l t|ii4t 
fi'i*f nf iii*', A K*wi )iii<'firai m! i* f mil**- flu .u*a 4 l^- .<*3< '*! 

W IVttfll fill* ltl*l, 4ill 11,1 III 1 jilt fWi III) |||1 1|I$ii H it i*rvi- >l* 4i frl 
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Kit*. 71* 




Pw. 8*2, TriiiiHiiilxHioit !*ytmmtitu<'ttir 
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In electric traiuuniHaion of energy, tin 1 method to br uwd in 
determining the indicated power of tut iiltonmt in}* current <UjHndH 
on whether the circuit in imiuctivt) or imn-imlurti\v, In a non- 
induetive circuit it t wmply neceiwwry to iw*;i*wiv the current in 
amporat by means of tin amtnet&r, anil the prejwure, or electro- 
motive force, in volts hy nunum of n volfnwtt*r. lint 
power in wuttH w ihmi givtm ly 

VOlti X 

When the induet&neo of the cnriwtt i etnHi<lruUUs tin* 

m claierniinatl hy ineana of un olMetrMlynuimmtttr or wnt!ttn*tir, 
Of thee thoro are two tyjH*H, the tiitlittiifliig ninl thi tiitt*^ratin^. 
Th* fortnor Htuiply iniUcateM tin* fiiiwt*f U'tnif Iriiiwiiiiltnt nt miy 
given inKtanti, whereaH the hitter rtn'ortln t!u Infill jiowor \vhirh 
IIUH piuwed through tho meter. 

TCI ttwiiwirtt the pow*r at'tually ihsliv^ri'd n ittnnlwr of ih*vtc*t*H 
lift! in U8, out* of tho MimploMt hein^ tho l*roiy lirii,kt% ThU run- 
BintH of ft Hiuiplti lever, one t*ud of wltlt'ii in rliiiiijit 1 *! tt tin* i*ii|(iiti 
Hhaft, and n winglit If attarht*d to tin* otlu*r ritil iVi% t H0>. Hy 
tig'htiMiinjf tht* wre\v8 n! *i and /l : friction it* dt*vi*)o|H<ti t which 
tencln to cauH** the whole n||taratUH to rotate with tlu-* nhuft ill lhi 

<!irt*(ttioti ithowft hv tin* 



4t 



<-) 



arnw, 



to n*t*tf** tit 
iltf**Hft*tt 
iiii|f tin* 
ititit 



tlu 



If* 



tin* w 

v to 

th* ttjijii- 
Uvtiri*! hy 

wiinn $$f 
itirrrln in- 

.. / 

tin* ftit'!$M$i, 

ill** !i 



lit tin* 

in ii horkiiiifiil poHttitut, tin* hrnkt* nii> 

i*lttirt* |iowi*r >f the rti^tin* IH nl$w*rli**ii lii fnrf 1*111, 
im*iiltttl tin sttiMot'pttott tl)iiitiiinitii*li*r 
Lt*l r ilt*tii*ti* flu* riMiiuHof tin* f*iyiff % 
at it*t t'irriinif^rrttn** If f tin* wi*i|(l$l f UM 
ttir nf th f Fig, K0) t Him tin* fiiMti<m of 

to tin* in tin* Kit!tt* iw fhtiitflt flu* t%iiaift ill fi***l mitt flit* 

hntkt* rotilitig itriftintl it, lit tlitt tnlti*r tint hy 



1)441 tf 
4 dr\irf* 



i for**i* 
fr*$ fl$m f i*ii- 
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F and W hi one revolution would be 2 TrrFund "2 TT! W* respect -ively. 
Hence, 2 -rrrF = 2 ?rZ TTor rF^lW. If, then, the shaft in revolving- 
uniformly w times per minute, the work dona by the tmgine in one 
minute is equal to the work done by the friction in n revolutions, 

Wl 
Since jF= , this expression becomes 



or ^ 



work per minute = 2 TTH WL 

Hence, if W is expressed in pounds, / in foot, and n in r. p. m., 
then since 1 h. p. = 88,000 ft.-lb. / nun., the horsepower of tint 
engine is given by the formula 



= 0.00019 nWL 
33000 

A somewhat different form of absorption dynamometer, 
ing of a flexible metal strap with wood lugging, applied to a fly- 
wheel or pulley, is shown in Fig. 81* Here the stsalos take the 

place of the weight, W, and hence the motion is in the opposite 
direction to that indicated in Fig, HO, Otherwise this relation** 
are the same as above. 

Recently a new form of dynamometer han been tntroducod, 
consisting of a spiral spring clamped to chucks or pulleya, an 
shown in Fig. 82, By bolting from the driver to ono jwllry of 
the (Dynamometer, an<l from the other pulley to the machine to IH* 
driven, the power in transmitted through the spring, whirl* in 
twisted through an angle proportional to the torque. Thim, if T 
denotes the torque in ft.-U>. and tho angle of twint in nyltiin f 

wohave r.Aft 

where k m a constant which in obtained experimentally for iitrh 
dynamometer. For n rovolutionn per minute the work <Iono pir 
minute is ^mT, and conHeqnently tlio h*>rwpowor tranMtniftrd in 

l *2 irn T % 2 

Ii T), *a at 

4 !H)00 J 

Let c denote the constant part of thin expression; 

. -^ , 

mom * 
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li* $ 






. I 




Then the formula for rtilintliilitii* flu 

i , 

1 J h. i, t 






whrt in the niittilwr c*f r, |i. m M by f n 

im!icatir % ftiitt I in r<*ntt UH* by of a 

tail iii tfii 

ill tint 
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The makers claim for this type of dynamometer thai it is won* 
sensitive and accurate than the Prony brake, hun a wide ran#e of 
power and speed, is easily operated, and is subject to prartintlly 
no wear. 

PROBLEMS 

118. The following data were determined experimentally for vuriotw n\w# 
of Hjpirai Hpring dynamometers. Determine the constant c for eaeh t>{* 



Lit 



DIAM. HKI.IX 


l)u. \Vir 


Nr MIIJ <>f 


Tl'ttSh t'hK 


INCUKH 


INCUKM 


TlMtNH 


INCH 


11 


O.I 2 


K) 


"2 


u 


o.*jro 


15J 


*> 


JA 


o.:ML*r> 


If.} 


*> 


u 


0.87.") 


If.J 


a 



10 



119. In a boiler tent lanling 7| hr., 71,171.8 lb. of wator wen* 
with 9285 Ib. of coal. Average teiiiperature of feed water wan IHjr F, Avrr- 
age currnt developed by dynamo wa 480 ninpenH at an average ptvtomn* of 

248.5 volte. -Find the Inuler horsepower and Indieitted t^leetrie hf>ns<*powtr. 

SOLUTION. Sme.e tlie. feed water wiw Hupplied at 189" K., the number *C 
pouiulH of water evaporated tmwt bo corntated for the difference in temperutur*" 
between 189 and 21 2* 1 . The oorruotion faator is 



where // denoten the total hitat of evaporation abovc^ W\ in hent unitH, inttl I in 
the latent heat of water at atrmmphorfo pnwMun* - fHIt) heat uiiit*. 

Substituting // - 1180, /m 1HI) 1 *, anti / - 9<MJ, the corretuni factor hi thf 

present in e ^ l.CMI, which shows that if the feed water had been .Nttpplifd 

at 212 F. Irwteiid of IHir F. we should have had heiit enough to tvapurut*< 
1.06 Ik of water for every pound of water evaporated under thi* given nui- 
Applying thi eorreetion, we havi* 71,171.8 x 1.00 .- 7r,14** U. t"ni 



7 % i i 1 * 

' 



and at21 4 JF. Henae 
Also 

boiler horwpcwer. The inclioated electtrie |wi*r 



Ib. wat^r eviijHirated per ptnutd tf 



^ ;-- 10/ffitt Ik water e?ap.trated |er hour, intd heuee UHKM> 
'*> 3M.5 



4110 amp. x i>4.5 volt* 
~ ' " 740 ' ' '"' 



MO It, p. 
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120, Tht* formula adopted by tin* A.H.Hm'iUtiou of Lirt>n.i*d Autumobiiu 
MiHiufartums for th< oomiMTciul nit tug of motor* in 

. />' v A* 

ll<|1 ' M ' 

whftv /J in the bow of tin* cylinder tit iiw<h* .V fit** ir.imtwr of <<yUmii<rH, mid 
U.f nn arbitrary ronHtant, bawd tn HHH) It./iniii. jtUiou J'M|, Th* xiinto 
foriiiulii HUH also IH*U adopted hy tlu llityiil Aiili*itii*til* flnl tf <Jr;it Hritain 
ttttd irt'iand, au<l w ue<i OK a hab fur narly nil nutlet hl! nl>h*ii. 

Find fmnt thw formula th <Hmtiari?ial f fur-rylint^r motor of 

4J in* bow and 4| in. wtrokti* 



46, Efflcieacy. In any muchim* for thinK wrk tin* u 
of work ohtaiiUMl from thu maoluiu) wiilwiiys tluut llir a 
put into it. This lews Is dua t frirtiutt uttil ittlirr rtu^rM, tin* 
fftu'5t of whicti in to tlmstjmtii t'twrjjy In tin* lnn f hMt, wrur, 
etc, Kor oxampl^ In a loromotivt* *itly a Miu*iH frai*tiiu of titn 
boat energy in the fuel Is actually convtrti*il iiiiu **ti*i*u |irrHMttrt% 
the greater part binng lont by tht* msap of Hitii*ki' ittut ^nni'H frinu 
the nmoko ami by radiation from flu* tin* !MI\, l*ir! of tin* 

energy in the Hteam in alHo lont l*y radiation front flip wall* of tlt 
boiler and cylindorK, and part of what rtwttiitiM in ui*d in over- 
coming the frictiotuil roHistanro f tlin mctving purls s* tluit only 
a Hfttiill amount of wncrgy in loft to ht* i'onvisrltl into ttnofttl work. 

The ratio cjf th tiHuful work obtained from nit eu^tfie to tint 
heat energy ntortul in tins fuel it tMtitHtinteH t nttied tlie of tins 

engine; that is to nay, 

Dutyofengiae ~ WMrfttl work , . 

its 



frurtiou is of tHnimo titan tttiity v Itiw 

tipii nutnerator and donontiuutor tlue l*i nil 

ninth an fruition, riitltiitkiit, imjturfiH't i*!t% 

Biitiitiirty the l1tc*iiitay of mover, or t de- 

by the ratio of the it t tltu 
work doitu by it ; that in t 



Tlta fmc^tkiii in alno unity, Imt t tin* luty, 

Rtf it IM flit! 
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measured in determining the performance of a marhim*, tin* 
efficiency is ordinarily determined from the ratio of the ImtJ-unl 
horsepower to the indicated horsepower; that in, 

Efficiency b - h *Pi. 
i. h. p. 

The following problems illustrate numerical values of oftitwwy 
as actually found in practice. 

PROBLEMS 

121. In the, builder's UistH of the U. S. scout cruiser *SW/'m* equippd with 
Curtis turbines, the data from three tests at different speodx were iw follow*: 
(a) Mean speed for four hours, U5.JM7 knots; h. h. p., U),*J(H); eoul uwnt per 

hour, :W,fOL> Ib. 
(/>) Mean Hpoed for twenty-four hourn, t22.r>3(J knots; 1>, h. p., IK'I-JO; ami umnl 

per hour, 18,485 il>. 
(c) Mean speed for twenty-four hours, UJ>I knot^; b. It, p., UJUO; ami \m*d 

pc*r hour, 4051 Ih. 

Find the niunher of knots per ton of coal at iaob peed und the relative 
eflicioncy. Find also ilie. rrsistanco t<> motion at eaeh Hpceci, and nhow how 
this retUHtamw varion with the Hp*t.*l, 

122. Two testH of a boiler feed pump #av the following data; 



1. 


Numlx 


iY of strokes per minute 


no.oo 


7'* **<' 




Water 


pumped, gal, /mill. . ...... 


)H.<KI 




JJ 


I*iston 




4() 00 


I !*' {Hi 


4, 




iliH .liw.Mm.nt ml 'mln 


|| 9(| 




5, 


I. h. P., 


steam end ..... 


'* **" 


u y*i 




L h. p.. 


water end ....,..,. 


** to 


H **t! 


7, 




tied h. IK 


** 00 


: K t H 1 


H. 


b, t U. 


per d. h, p . . , 


Hilda 





Compare the etfMeney i'airulatcwl from tin* rntlo ji h ' i 1 * Wittrr r >' ill 
* I, h, ji. Nti^ant rvlii 

with that oaloulat*(l from the ratio L h " 1" Ht ' mffl ''yHiHi^ 

d. h. p. 

Also calculate* the |ir cnt of Blip from the ratios - im<l '* ' ^ m ~ v Hi 

^J-^XIOOL """ ;1 

li tut 4 
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123. In a duty toHtof a pumping *ngw for 11 lliLHliiiig- plant tit Mil\\itnk**<j 
in April, WOK, th data wow a* follow* : 

Steam jwsHim* U0ll>./in. a ; r. p. ut. M ; *vaporattou p*r pound ofrual 7.1-S; 
watar dinplawiumt pr revolution ftsti.77 u. ft,; th*iuvtir d.Hpluri'ni'nt of 
whtol jMsr revolution without *li| 74tllM mt ft,; t. h, p. nf nngiui* ;Ui,j*j; 
b. h. p. from work jwrformwl igOiUHI. ('ah*ulatt th thViwy of tin* vvht'ol 
and tho t'ftitnt'ucy of tlu pumping mavhiuory, 

124, In tho prtHUHiiitg pmhUnu th* ntnuwiti of IMHI! t*umi<d j,'r lumr wan 
52CKHI lh. Find tlw duty of tit** tntgtm' in foii-|Huid-H of itni-ftii i*rk p*r l<it lh, 
of coal tumHtuned. Alno, if tmch potittd of nml otitUaiiiH lMwi I!, ?, ti,, rii,-n 
latt* th* ofHoit*tu*y. 



.^ .-.... 

1 77H 

125* Tin* following tabln givtw thi |n^fftiriiiiitw*ti of ilw mir w inning th fii^ 
four plact^M in th fourth Vandwhilt (*tij HJIO*% <>i'iU*r tM, lfu^. T*u| di- 
j** *Jf>H.(M| mi. 











t * 4* 'f* 






It, 






1 Ai* II 












1 


, 






IHI 


I Att 


Ifei Itti 








OOTMIM 


t l 


i 




!<IN>.MtmUI< 


l;'n 


W.M 


*f 1 1 


' r* ] :.% *i 


1 ( t j J 


Ullttft 


iJ 


11, ft** 


it 141 


I4?>! '.** 


i *t* , ' ***} v I*A) /if 11* 


Miwrtlit* 


Hi 


,M,IW 


% H 


MM\.VI 


, f , f| | ^ >u ' ,.* ,, ( , n ,; ^ . ; | 


W.HII.4.II* 


t; 1 ** 


auo 


^,11 


*ji ) * j ;; ni 


1 .*' f 'i,|, ' 1 i, "* f * ; "* 1 i 



Find tlm gr*at<t pwd in it*i!h JHT ht*ur <itt.itit*d l\ ,nn *MI'. \ *'MI*.U:^ 
that tin* Notta motor wan working at it* full ial***l jwt'r ( flu I tit* i^t il $ -,i t 
aaw to motion. AhMUiuiag that tin* u\f*mi;o t?"fbt4W*r In iii* s i^i4 v }$i; 
tip Hpf*c*d wa< two (hirtin of tlil iitiPiiiiit, and lh.tl tli* ntiitufi/ I* < 
wt ( ij;hd on ton and attaint tl itn uruimuftt j 'rd in I" *-< si-l' ti^? i 
Iap 4 .!0..i ininiinuitt tttnt* UD.I7 17 *T,| <**inj*ul* lit" * lt^ *-'* % 4 i 
at Htarting and at full #ptwd, 

126. hi tin* ga. 1 * Mitgiu^ plant uf tin* HutiM'iviU" I*i*nt*r 14 M| NI 
Kti'vatmi Hiiihtny C*iiipiiiiy tin* niiitmttitif n/i! i'*i'*iiiM"ft %%ii-** <* *l H< 
Iti a tttiMttit plant th amouttt iw*i| tit iti * 4 * ;|I77 H* |*%i |> 
atiotiit*! I. Ill Iti, 'kw.'hr. What i- tlt* r*laftv Hfi*'ih*'> *l fh*- 

pluiitif 

127. What It p. motor should tw fr n |^ 5 ^n^i 4n4i^r wivi-** 
whirl* mill hiivn an niiliiliyi*d lttl tif It*, iiml fit fr*ti *! L^l 
fi/tfjin. il diHiii^**flirii*iir\ t4fH||t*ri*t*itt , itii*tnr i*f!H*fti*y t^nt jt$*l 
giHr itRrt**t*y IMI jmr wnf ? 

128 Iltiw many jtiitik of inilii4li*fr*i ntlf ^ *)<- nNr lrtv*h 

by a W It, |i- iiitfi lift at UVl It^ win, if j#-ir rflirirsir? ii t|* pr r*tl 

fit ivitif wtlf!li*iit| Hll |*r uitit v 



fir, 
i 1$ 
mat| 
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47. Principle of Impulse and Momentum. The oflWt of a form 
may be measured either by the product of the force by the distance 
through which it acts, or by the product of the force by the length 
of time it acts. The first product IB called tho work, an explained 
in Art. 41, whereas the second is called tho impulse. ThuH if 
a constant force J T aets for seconds, tho impulse of tho force in /V. 

If the constant force j? r has during tho interval of time t aeted 
witliout resistance upon a mass 0w, an acceleration n hun been pro- 

El 

duccd in accordance with the dynamical relation "- ^ n, and thti 

m 
speed of the body has thereby been altered front v to v In accord- 

ance with the kinematiqal relation a~ |f() (Kq. (1), Art. 1-). 

// /--/ 

Hence ...; , 



or . -..-: //// --7Wtf . 

The product of IIUIHS and velocity in called the momentum of tho 
body, wiv denoting its inonutntum at the velocity # and *///i ut 
the velocity v . Thin relation therefore expresses the fa.i*t that 
the changes in the inoiuentuiu of a hotly is equal to tho Imjmktf 
producing it. 

This relation also applies to the action of a variable f<>rr<*. Tu 
prove this consider the action of a force, either variable or r>u- 
slant, upon a rigid body of tnturn m. Then in aettordantu) with tin* 
fundamental relation obtained from Newton's laws, 

at tjn 

Jf ss mtt sa ;;/ , 
(It 

or Jfdt a in (//. 

Integrating thin expreaeion between any two time limits t and /, ut 

which the velocities arc v and t; rosfxictively, wts have 



I F<rft aas I 



Consequently the impulse coiniuunit;ut<?d to a body in i*(|uui ti tin 
change in momentum. This is cmlltid tho priaciple of impulse 
momentum. 
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There are many instances in dynamical problems in which the 
action of a force begins and ends within such a brief interval of 
time that its action is practically instantaneous; as, for example, in 
the action of a jet of steam upon the hhules of a high spet*d tur- 
bine, revolving say, at 1/i^OOO r.p.w. Hit* force in this easr U 
called an impulsive force. The change in velocity prtdue<*d js, 
in general, finite* Therefore, since the interval of time in int'mi- 
ten'mml, the* acceleration, or time rule of chungi* nf tin* vrlority, 
mnst he infinite. 1 1 euro by Newton's second law, the force must 
also bt* regarded as infinite while it lusts. An impulsive fmre 
must therefore be considered im mi inltnitt* force exertecl for nn 
infinitesimal huigth of tiinti. Tlw iiiipiilHt* in this ease eunnot In* 
tneasured directly, as intlm pretending demotiHtnition, in whirh the 
interval of time is assumed to Im finite but is t^|rri4.i4i*!l by tl u , 
change in momentum produetul by it. 

There is ono peculiarity which is eltiyiirteriHtlc f tin* net inn of 
impukive forces* A rigid body may b detltunl n out* which dmsH 
not appreciably change its htipe tinder thn action uf finite foreen, 
No- body, however, can be cioiinidt^red UH rigid wltMti mibjeeted to 
the action of an infinite force, Henct* wlien isn|u!#iv* fiin*H an* 
brought into action, relative motion in net up IH*(WPI*I$ tite 
purtioles or niolt.HUik.iH of which the. hotly in t*t}tti|uim<tt v itip work 
dona by theme luoltuuilar fortuw Hp|Hmring in tin* uf heat* de- 

formation, sound, etc. Biiicti this work b mthtriit'ti**! frnt the 
mouhanical energy of the yti*iti, it in itpj*iift*iil iiiplrr tin* 

action of impulsive fi.>rett % tlin nttm of the kitwttr 
energy does not remain cotmtiint. 

Let the impulse of a force lit* demoted b) /; w, li*|, 



fm 

*,* 



Then the work done by thu impttUi* in tin* v*torttv of A 

body of iftiiHN m from i tu if in | iwifl - | i/n, <* | ml i ^ H * | f . M |. 
wi(i - i ),.r /, tin* t*\|irmti!i fur Uw l* tin* iiii- 



ptikninui be written /{ '* J'^wY C^iiHnjtieiillr tfi by 

mi impulMu in **<{iiul tit tho iitipiibt* mttlti|lii*it liy tin* uf flu* 

initial itml liniit vrlticitieH of the urint upon, 
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If tlie force ivS constant, the acceleration in uniform ami the iwun 
of the initial and linal velocities becomes the average* velocity 
during the interval. 

PROBLEMS 



129. A fireman holds a how 1 , from which a jet of water I in. in 

issues at a velocity of 80 ft. /see, What force* will the fireman havt* U tx*t't in 
support the jet? 

130. A bullet weighing 2 <. leaves the. barrel of a gun *l ft. long with a 
velocity of 11200 ft./see. Find the. average force exerted on thu imitat during 
the discharge. 

131. A jet of water I in. in diameter impinges directly on a flat plat** with 
a velocity of *10 ft./sec. and flows off at right angles. Kind the pressure cxi<rt4<ti 
on tlit? plate. 

132. A forging hammer weighing 1 T. falls through M ft, If the fortw of 
the blow is expended in 0.02 sec., find its average value. 

133. A bullet weighing U o/,. striken a block of wood with a velocity of 
1200 ft./sec. and enters it to the depth of 10 in. Find the average r'Mi*fune 
of the wood to penetration. 

134. A machine gun fires :JOO bullet*? jwr minute, each bullet wt<i#htitK 
1 ox. If the bullets have a velocity of 151)0 IL/mm n find the average nu<?tt<m 

of tho gun againnt its Mupport, 

135. Water flowing in a pipe 100 ft long with a velocity of .10 ft. /.MIT, in 
shut oft in ^ of a second by mtmns of a valve* Find the inertniHe in )ti'**M.<mrt 
ric^ar th<* 



136. A KrwH of equal tilaHttt* halU aiti hung by threads in a row in eim 

with, one another. If the ball atone end in pulled off and hut full tigHtnM- 
othern, show that all will remain at ret except the ball at the other ittitl tf 
row, which will fly of, 

^13^ A 10 Ib, weight falln from u height t>f 15 ft. ujwn a ilml Muring i 
is brought to rent in a * ft of a wound. Find the av**rnge and the muximtttit r 
preRHive force axerUul on th Hprtng. 

^;j} A 40 T. gun (iiHchargHH a 500 UK hot with a vrl<Mity <if ItlfHi li,/ 
If the reooilta raiiMttttl by a con8taut pmwurW of 10 T M how fur will tin* 
reooil? 



4d. ConserYatloE of Linear MomeEtum. ~ An importunt n|i|ftini- 
tion of tho principle jtwt dorivtxi tmuurH in tin* inutuitl tirttun of 
two bodio8 during eolllnion or impact. In thin CUHU front Niwtiit* 
third law tho action of A on Jft in equal to thu artion of ft o 4, 

Since, moreover, the nation and reaction art< <ixirUid f*r th*- swim 
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interval of time, the total impulse communicated by A to ft must 
be exactly equal to that communicated by H to A. Hence the 
momentum gained hy one is equal to that lost by tin* other, and 
consequently the total change in momentum is */,ero. Thin in u 
special case of -what is known as the principle of the conservation 
of linear momentum. 

To illustrate, suppose that two bodies of masses nij and m T 
moving in opposite directions with velocities i* t uiitl iv jt collide. 
Their velocities lire changed hy the impact and hrcomt*, say, pj' 
and a/. The change in momentum of the first hody is, tlu-n, 
wijfj Wji*/, and siiuse the second body is moving t the opposite 
direction, its change in momnutum in "*$*'$ Hut from 

Art. 47 the change of momentum in each is equal to the 

J-% 
Fdt. Ilenee 



i 



or, transposing, 



t i| 



Htattui in words, thin relation in vxprt^Hed hy llutt tft? 

ttf th# nwmento bqfor$ imjHt&t w wjtntl ft* the f the 
after impact* 

To obtain a more general proof of the pritteiplo of the t*fiiMirvit- 
tiou of linear momantum oonnider a Hyti*m of pnrtirli^, !i*t 
flPn f r i r dcmotu tlio throe rec:tinigiilitr eiMirrliniiteH of purtiete 

of itiiiHH m r at a givon instant^ and A%, l r f S f lit** < f timpt*nrntM of 
the forcut aeting on it. Then by addition, flu* t'i|nati*tt r * f mot ton 
fur th* en tin* Hyntem 1 HU 



\^ v v *Pfr V ^ V "P'A V v \ % *^% 

2, A , 2, *, dt ; ; 2, F r - 2, ', >lt .; : 2, /, 2, . , /f ; ' 

Daunting the eomponeutH f flit* vrlirif>* in tit** **tt 

uf uny imrticlu m f tv i/* ! ' ' V v * '* ^ fl/ % *v * ? >- ' 
t * * * */f ll 

wo 



Similarly 
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Hence the equations of motion of the .syntein may b written 



2 1', = ;( 



or, interchanging the signn of summation and differentiation, 



Those equations static that tho component of tho force lifting* on 
the system in any given direction is equal to the time rule of 
change of the corresponding component of the linear momentum 
of the system. 

When there are no external forties noting on the* HyHtt*u, 
2Jjr=0, 2)K=0, ^tfsaO. In this cane tluwforn wo uUo 

^S t/Mv'" - o ; *w c " - ; ^ S >r'V ' l - <K 

and integrating, each component of the total linear momentum IH 
constant. ConHoquuntiy tho resultant linear moment inn of ihr 
system, regarded an a vector, is constant, which i the rrquir*ii 
principle of tho conservation of linear momentum. Statwl iit 
words, it says that when any system of partielun movttH without 
being acted on by oxtorual forces, tho total linear mmmmtum of 
the system remaiun oonstant in both magnitude and dlmttimt, 

PROBLEMS 

3&8J) A cannon weighing HO T. projinttw u nlutt wt*ighiug I<HM !i, with i 
velcKSfty of 1500 ft*/8<ui. With what vatonity will f,hi csantutu finl ? 

140. A buitat wtngliltig I ox. and moving at HMMI ft./H**t. Kirikt^ it hhn-k f 
wood weighing 10 ll. Find th velocity with which tht* hllt ami flu* biitrl 
will move off, ami having found this velocity* compttUi th !ow of i*mrj^y, 

141. A loaded car weighing 40 T. runn into an mpty car at n*Ht ami w^i^fr 
ing 10 T., and tho two move off togfttiwr with a velocity of 4 ft./nir , Ftml iltt* 

velocity of tha loaded car before impact. 
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49. Impact. W I it'll t\v i<*dit*s mUtdt\ it is fmuid by experi- 
ment that the difl'erenee *f their velm'itie.s after iwpaet bears it 
e-oiiHtant negative ratio to flit* ditYerenee f their velueitiex ijefore 
impart-. This rtustant rat in is rallrtl tin* coefficient of restitution, 
and deptnd nn tin* natuiv *!* flu* hmlirs varying U-rtwi*rn tin* 
liiuitn y.i*r>, for imla,stir HuhHtautMs hkr* |itttv\ und unirly tinitv 
for Hul)Slaiu*^s alnmnt jH*rf***tl\ t*Li^tn\ ntirli an i \ury and glusn, 
Lt.*t r r r u dt'itt*t* thr \t4tirifit^ uf tin* bodirs t*fin* itu)iurt, fj 1 , i* 3 ' 
tlitnr vi*lM'iti*H uftrr iiti|*i"U and * fh** rurflirifnt t* 
Thru this relation is f\jnNHi*d liy tlit* i*t(uattuu 



From thi primujli ut tlir i*iitim*rv;iUMi uf liiiinu itniiii*iiiii!ii w 
pr rwltilittit ; 



in 1 1*1 t 



Solvinjj tiww twu iHjiiitf tutiH HUsmltuttt'oUKlyt tht vtdH'ilit 4 H iiftiir 

iirti fuutai to U* 



Ttit! tlrfiirmiltitiii (trudurini hy tiitf^irf niiiA^ ilt%ijatitt uf 

sntM*hattttml *iit^i f gy nlthuii^h tlniv is in* uf iiffiiiifiilinii, Tn 

d*trrmif v flu* tittmtmt of utwltiiiiitHil it*nfy U:*t, IH ^ 4i*nnii 

tin* tut til kifwtit* **iii*f|fy iH'furr iut|tart t ittit A* a ihi knn*lir rii^rny 

ittfiH *11n*ii 

A 1 !"*! ^l 11 ! 1 * I 



flir IIIHH t*f i*$*r#> I* 



If Itw art |H*rfi'tly ti*t*4if% * ^ 1 tins 

iii'tt A* ^ |/ 
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The energy apparently lost during impact in in reality trans- 
formed into sox.mil, heat, etc., or used in producing pcrmunont 
deformation of the bodies. 

PROBLEMS 

142,"' The rani of a pile driver weighs H r Ib. and fallft through n height <f h 
ft. upon a pile weighing /' Ib. If the blow eau.sen the pile to sink d ft, into the 
ground, find the resistance offered by the ground, or the ** bearing power* 1 of 
the pile. 

SOLUTION. Considering the rain and pile ineiantic, ? ~ 0, and the vehwily 
of the*, pile before impact in r a 0. The velocity of the ram before mtpiict is 
vi = V2 ///*, and after impact both ram and pile have the Maine vislmiity I'j 1 -. r a *. 
Hence 



The kinetic energy of ram and pile canning penetration in, therefore, 

i ir t- /> , .. 



Also the additional work clone by ram and pile during penetration is ( IT f /*)>/. 
Hence if /^ denoten th reHJstance tif the ground, 



' ' tf/ 1 / * ^ / * 

At the. hwt blow the value of // is usually mnall, and hence th i*conti 

may be neglected in comparison with tite tirnt in which cane, 



-. . . 

"(WM- /')'' 

Still more approximately, by neglecting the weight of the pilo in 
with that of the ram, 

// ."'*.. 

d 
The empirical formulaH in common line an\ for drop imntntfr pile ti$v'i'!*, 

R as - , and for ti*am h&mmant, ft . " ' , wln*r /*A <l*not^.H tit** iitip-tst! 
? + 1 i/ f o,l ' 

energy of the hammer, h and // in theHt^ formuliiM, huth being <xpn*Hnml in iin*ii*, 
Th<Ho are commonly known a Wellington^ fonnuliiH, or th Engintwrttig X^wn 
formulas. 

143. Find tha lod for a pile weighing .W Ib, if it ;nnkn Imll ai$ 
at tha laat blow of a pilft driver woighitig 500 !h,, fnlliug thmugh H ft, 
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144. A ball falls from a height of 20 ft-, above a level flour tuui rebounds to 
a height of 17 ft. Find the confident of ruHtitutiou. 

145. A ball falls from a height h above a level Hour. Find the total dw- 
tauce traversed before it eomes to rest and the total time taken. 

HINT. The total diwtanee in the um of the aeries k -\- *J /ir* \ *1 ht* \- .... 
Derive thi se,rfaH. Kind it HUIU and then find the lime. 

146. A ball moving with velocity u strikes u pliuie at an angle 6. Find ite 
velocity r after impart, and the direction of iU motion. 

HINT, Kqtiute the normal and tangential etnujwuients <f the velontlex before and 
after impart, and solve the resulting efmUitm?t for r and the iiu^h* tC rellivtton 0. 

147. What do the above values of r and $ bteoui for the 8{Hetftl eases that 
(1) the impact w direct (M. & ^ JM)") and (If) Umt tl^ ehwtieitv is perfect 

(M. f D? 

MS. Show that to hit n hall ,1 with a butt /I after reflect it m from the edgci 
of a billiard table, the bull It should be aimed at a |Hint tw fur Mttnd the edj^e 
of the table HH the bull J in in front of it, 

50. Fundamental Equation for Rotation. TIu* mmpttmt iijwi f 
oxt to thut. tf 




tui^ is u rotation about u IIXIM! axtH, 
r 11 rigid body t or Hysttnn of jmrtl 
rigidly wmwwtwd, conHtruttunl tc ro- 
about ii lixitit axin. Lt*t m d<not4t t!m 
of any {mrtiolo of thi Innly, t*r Hyntotn 
of jartir-loH % and r its dintancu* front tho 
HIP*! UXIH f rotation, uncl li*t tbn forcto 
itrfiiig on in In* rtHolvtui into t*!i!i}itiiti!it 
l*i and F l|% tan^nt uncl normal to tht patlt 






ntf ttiotttmi th* pat It* H 

or liftt*iir iiiyi*lt*nititiii iilfit( 



*it tin* i*fY*H*tivt* foms 

if n^ di*iiiitt tfitt tan- 
|infli f wt* havi* from 



Multiplying Iwiib tif ruintitui by n tli 

front th t>f rtifsitiiiii, tlib rt'latioit tn^r 



u of tl 



i 



writing a miuUur ri*latum for t*iie!i {mrticlo >f thi* Innty* 

we? liti% f by mwuttattmt 
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Let a denote the angular acceleration about tin 1 six is. T!un 
a t = ra, and consequently this expression bucomos 



Since in the same for each particle of this body* or HyHtt*w, 
:nay be written 



Hie left member hero denotes the total momtmt of ttttt 
ippliod forces with respect to the uxisof rotation. Denoting 
iurning moment, or torque, as it in rallod, by '/, tho above 
Becomes 



Ikmiparing thin equation for rotation with the fundamental eijtm> 
ion for traiiHlation, namely, F^mtt, it in ovidt<nt llini tliry nrr 
malogouB, tho dilIVnnee buing that in oitti niigiiliir arr^lfM'atimt 
tnd moment of force f.aka thu plains of Htumr iitrrli?iiiti*>it inn! 
: oree in tho other. Homu) to ootnploto th unuhi^y !ii4wi*rii fltr 
iwo ex]>rcHftionH, Ktilor introduotul th twrin fti mttni<*nt of iti^riin'' 
:or the quantity ^'*M** which ruplucum or inertia in flt^ mr 

esponding equation. Diimiting thin quantity by A flit 4 
etter of tho word u inurtia," that i t putting 



he fundamentiil ociuation for rotation about it, llxmi 



Properly speaking, tho quantity / ^ Vwi 4 nhoulit hr f*iiint 

econd moment of nuinn, although tin* urw " snotut^it tf ifirii 
i more commonly unwl The nuiHurinil valu** of /rvhlmth 
lends on the shape and nmtttrial of flm litnly. Ftir n *4*ih4 M { JM 
hape it is a geomutricml pro{M$rty whirl* miiy bit fruui*! )n 1111*% 
ion or its equivalent, UH explaimnl in Art. Ilti jiml i!T 
Dlids.of irregular tthape, tha value of / miiy U!HO br f*mw\ t^ 
mentally by observing the angular iM?rl*rj4tittn pn*ilnr'.i n k 
j a torque of given amount, m Kplaim*<l In Art. I*ji;, 
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It may also In* mcntionod in this ronnoftion that tho mitral 
acceleration r<&, when* w donotos tho angular volooity about the 
axis of rotation, tfivos riso to an inertia foroo on any particle of 
mass m of amount (Art. l/-> 



Summing up thowo forron for tho ontiro body, the coutrifugal force 
oxm-ted on tho axis in fouml to I**.* 



It will bo Iiown in Art* M, liowovrr* that 

> . i/| r :,ss J/f t| % 



whoro M donotoH tho uiuHH of tho ontiro body, or nyHtow, and r IB 
tho iltHtttiuio of it-H tumtor of man* from tho mm of rotation, 
Humttt *y y ,,,, ap t )ir 

ami Hiwui thin form not* in tho. fiirtwtion of r tt * if a body is to 
rotato mindly in boaringx, iln oontor of WHHH nhould lio in tho am 
<f rotation, Unit in. wo nhouM tttuko r :|| ; otborwino tho bar- 
IUXH wilt Jw i4ii!iJHittHl in |i<riodioaliy vtiryiujj foroon. Thi8 cou- 
dttioti I obtiiinml In prm-tiro by phM-inx tbw axin in a horizontal 
lirwitkin mill or n*iiiivitig woiglit until tho body b inquU 

librium in tttiy jwwilton, iiMfXptainod in Art. l*Vt. At tho name 
tinws If l*tiw oomtttton is* ftilliUod, thorn will lw* a ootitrifugai 

cottphs to firittiri in tbo liimriiiK^ iinltwH tho 

HXIH of rotation k w iw n |irittin|ml HXIH of inortia of 

tin? body (Art. 174). Tttw ^otutittoit cuwnot IM? tittuinod by tnt- 
il but by itiwlf* nit tbw Innly whilo in ro- 

iintl in not jirtivitltftt for in niaobinery. 

lit, A ltaliiiri Ita* in in!*' t*l In. i d* 4t**iT iimuml which a 

winl H tt * Ifittwl I bit i f r Ik }UM* Mil tltt'i rtrtit in jtwt 

* * & i * ' ii* if "i * -----*" 

ntitllt*i**i4t I** <i%*f*fi*(iij$i* frit*fiiifi iiiiif Iliiit ttli**si ill 1 * ^* til*** ** **** *" *^ 

150, A tf ft. In iimtwfo*r ln A nttiti'$4t f int*rtt *t *!W Hi, 

U l Hit* f *** . p f- 

t*i tttM filfi wilt ii In n**t in * 
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51. Energy of Rotation. In the -cane of pure rotation th ktiiHir 
uergy of motion is exprotwed moat nimply in tornis of tin* amruUr 

elocity. To obtain an exprenmon for the energ) >f rotation of ,t 
giil body, or system of particles, count nuned to rotate about .1 
xed axis, consider any particle of the body of IIIUHH i, unl b*t r 
wioto its distance from tbe axis of rotation. Ab*o Ut tl* ilt'imti* 
le linear distance traversed by the particle in the timt* <tt* un*l tW 
ie angle which this arc wibtondH at tlie atxiH* Hit* work 
i the particle in causing it to deHeribe tlie arc, </* in tln*it injimt l* 
s change in kinetic energy. That in, if /'donoton thi* i*ingt*iilitf 
>mponent of the fon*. acting on the partichs then, from Art* It* 



*, since /& = n/# and p -- TO, when* r*i denotes tin* angular vo 
>city of the body or systtMn about the axU of rotation, thi* 



r9 
J FrM ^ | /wr'-to* *- 



umming up for tht^ enfin* body or Kyntont of parti<dH wn 
terefore, 



hich may be written 

, 3 V 



V 

lie quantity ^ ! Mr' J , linwuvor, i tlm motnt*nt of itti*Hi;t I uf I hi* 
xly with respect to tins axin cif rotntton, while tho tjiiniititi V /v 
the total tor()ue f r cf tlte externii! ap|tli<ut fi>rn* Tln mjin 
:>n may therefore bo written 



he quantity 1 1<& m tmlli^l the kinetics ifr^y of riititfiuii* iiinl i% 
tnilar in form to the linear kiiwtit! ttiifrgv | **, ami i- / ttf* 
me diuieiwionB iw the hitter. Tlw n4jitiiii JIIMI *iSit s nini 
:presseH the fact that the work ilonii hy tint fiinjiir 7* $1$ rMtlm^ 



i'i" Ht I nr MM lilMt 



s 



r*r/ -- I ' / '" *', 



r xilK'i* w, Hti" (v<-.'iii-i 



bg tilt* itfigitlii' 'li'i'l** " Jl<s1[ fl '{'**' fti ll * 1 " '<>! * in tin* fcj. 

u4H* Hirn:> ^ F||UI "* ;l '" %4 ' '* "" f "'I 1 ' '/* "* fWHtant 
tlurim; i In* tnt*t,M, ti> ,!,',<' ' , . / 4; U 

n* ; i^' ! /.* V ', 

Tltt* sum "w ! * |4U - K fl lrt * *' flS ' 1 r ^' ' ! ^ f a<*'"f tt-fh |} w f un . 

llll!IH*llt*ii *{M.I .*!* J f -* !'*4li - "* ,4 U- l4 l*.i) '^***Ut it lUtnl 

IIXIH; n.uiM'U. 5T 1^ \Vr^.**.t *' {l ' >' ^i^-n m t} iii$ti f ,: 3 /*' 

ill* 
mill iitfi^i*ilU4,r ** ) ' '*P t t J.. ' t M'4 f t^j'U*f'mimt ^ w 



i*f iii ^ * J'' '-** "I' 1 * 1 /^ |! s|i ' .*'*>, **, t.^i '% ot4j.it-, in llif 

l*H*rt til ill it*l^il li * l!**%h*"i f 1^1*1 <'Sr ^*lpl44<*l'4 flirfi |^i in* 

<Mt' ttl*' "I*"** * * I Hi '*i r > '",^14, ,lfi| Ur f'|,i||M|i ||| H | 

rni$|4*'l^ 4* <f* '<>'*>*/ / i^n 
In Art, T^ 1 it w*U * 1 a i *^n *hi i '..;il >..*i- ft ^r %i 4*111 f 

l'* !i$**l l * il f 4 f^''.4;r, 4i/ ^4' I ^ < f * 4|J>, i'-l ta if* I4IS*II% 
lrS* J|f|Jl*4 .li 11^" *f*f, ^f vj, f |" f- ,i **^J* jatfitln* itf 
ri|tirti t>* ilw "I fl * ti*iu*' !*'*!% th)^|*iMi <}<!''( ll#* 

1*1 |S^ i rilfi'f *4 olMit* *^hl ^ ' >, ** J-li)*if*lN MJI *|x f ' 

iivi"Ui ** %ii*!j t ^i^^ w *? n i f tj, it tit 

flip il 4 *)|"*i* |'J|lH'l , *".. i,' < , Wi*Jr fl<4f M| lill^iltl^ ill!* 

i4 *\ \* f *\< -4dl 4 u i 4 * * f f ;t > * *;*J* 3 ml 
]!*'<& MK'! r ^ M| A n ,\ >1 ^,IM l| Ilf.l 1 ! Wtt'lifttli 

ili^ e ^l* *n1j*' ** | V*. * f ] l^ 1 , 

| f}|* Jsiirii ii^,, 4 i* f ! 1^,4 < nfrf f rf fli* 

I ilir -4 winl, (< ,,| ,. (,,|- ( %)lf 4 j,<-j*a lo ill 

it* r'fi!n ..I 1144^1 I ^n 41 ? . 4<,, ' i, ill I *# ,% 

M !. ^% if J ! 4 ,- ri 4 f,i .^ | % ill 
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general, the only point for which nueh a dt*i'om|Mwtiitw *( lli* 
kinetic energy is possible. 

If we introduce a quantity /r, defined as 

V , J2 



so that A 2 is the mean valuer of r 2 averaged throughout tltt* i*ntirn 
body, then j 



where Jlf denotes the mass, ]^//i, of the (wtiro butty* I* 

called the radius of gyration. The oxprtwmon for tlw tolul 

of motion of a rigid body may then In* written 

K .K.*, 



To illustrate tho use of this rtlufioiu conniditr n thin ntm^l 
of mass ATaud mdiuH r, rollinjf alon^ it hurt/*(iHtul ji!uiis i&nl l s t r 
denote the linear Hptutd of tlu* etnilin* of thts huo|>utt<i w il iiiiifiiif 
speed about this (H*ntn% AHHumittjf tint mtttttt nmm l flip )IM*| 
to be eoneentratcHl in th riiiu wt* huvu & r, nmt thiTfur4 
we also have v= /<, the exproHMion for thti tutiil tiurgy of 
becomes in this nine 

K. K. | J/(i* 2 +^)^ JM 

That is to nay, the* totul kitu*ti(! t*nt*rgy i twitus tin* i*tir!>;i- f 
translation of the cumtur of 
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151. A flywhwl of a Hhoawitf ttttichtm* httn i;(MHK) ft, th 
in it whwi itn Hjwil in *J. r o r. |n m. How mwh I*II**K> * IM * ( * 

ing a r^ducfcicHi of {twf! t 2CKI r, j* m.V 

152. In thw iwewiuig problem, if Hi* |n*r wiii *f tftriMM 
imparted to tho shrmw !urht(( a Ntmki* if 2 in,, what in ih** 
blade of 



^ 153. A ear wtnglm 'JKMHM) II*. and hiw H whwin. twit n-nlii,^ a 
CJonBidering th winglit of ttw wiiwfs uHi*tiitH*uiriiil iw t| M * rim, I:**IMI<A* 
energy of rotaticm of twh wttitt with !f ntH-ruy f trnttMlitttuM, 
154. Show from Uti pmntUnfc fn>>t|i*m Uutt hi r**iM|>uiti } M^.t.o/N 

ving tmr it is wtflkitmt, to iMmnidiT if 4-* ;i -n K |t. t, l4 ,,, t>i j f( ull , ,, ,^ 
xjualto tht wnlght of Uwbcxty pltutttiivliiii* Mi'i^hi *.f IL.- .u^, . . i 
>uto only thtj exwrgy of trHmdjitioti of tht't fwif n*K ' 
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155, In ttdN' tttr<n?i^ u'* !! > *.*- -,i,i'' i "* iiMUuH.it U 
wwiMnrj lo fall UJMII lir rt-l< " '"' >"*' *' ' :f ^ * * -^.* *M.- dum^ 
in HfMwt tr**ttt 170 to M j 1 1 ' fl< " *'**' M " ' l ^^- '^ W mliM 

W *J* ft iHIIIIJtlltM it'* %% ' ^' li< 

Kofi, t W ^ w^l^ti- ^' !** -' ' M^f> ^ . UIM ti 4 bi 



IH I** at^ttitt* ^ lf * t* 

52, Angtitar at 

uitti mmiM'Htiiiit tr44i'r*i in \n* I*" >'**i * 
mat !H f\ttnl*I li IIK^II^ i tMj.ii 4 d 

t* lllt% t'Hf^uIrr 4 U*Mt !4l^i il ? l 

it i'ull^II'-illirii ft* 1 *l4t* 4!*^ If ,i tj\* 






inr 



lsi f *i i*> juar M w* ^, " >^*ii ,i 4 i 

from flit* *t\t*> *f tHt,i>fit, .i^l f i? * .iJK*ailu %^oriit ;ili?iiit thin 

it^t^nl. ll^i* MM* * i, - n *<Ma* <i tip j utirli* jit 



, iH* III uf flu 

rff 

iri*^ in **H 



ll!lt flit* i**jn|liMU l'f UM f^iilU'V **( IH;lt'i Wl tlllli r**t*jtt>t t 

ttl lllit III in ft ? |p 

f f f - pit ^ 

iij* fi fiw rtiiii* i^J\, o? i* f*-m *t ]'4$ii*"s w 



Tliw ^i^X Kmi''i^r f ni* j>Mi l* i!i* ft^in* 7* *f tin* 

fir*'rn |^|^*rl fu fjp- 4%1 t *<{ |M|,I!* fi t*i>*'h**M* 

*( $firHi;|4 0> U>4^t *4 *| v .fr|lo4 j' t liitf"Il*% 
ill sl%M I !<*< ii*' - ^j'Uill^Il f< Ii^*ll4* 

f yu r . ||^ 

4i*i t%%^i iii* Luil^ I f,^ til ttiii 

Hlf* * ^ ir^sj^ f *%i-l% , Wr 



.| 
' ',. 
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Consequently the impulse, or time integral of tin* apjli't tti-jui% 
is equal to the change in angular momtmtutti, whirl* |*n\iv* ihr 
theorem. 

If the torque 1 is constant throughout tho interval rttifMttlnwl 
this relation becomes TV / / 

The derivation just given may be Hhortrnwl by starling h*>* 
the equation for the rotation of a rigid body about a li\**l 4V**; 
namely, T= la ( Art. f>0). Writing linn relation in tin* ft>n* 

y =./', and integrating with iv,sptrt to the 1 tittn% wt* hm* a* 
before // /* 

4,, ' 7 """ ' ' '" ' m " Wir 

When the action of the turqtu* in instantaneous, it i* rullfil ut 
imj)iilsive c.onph^. As c*xjla,iiHtl in Art, -17* an iinpnl**i\*' rMiipd" 
must therefort^ bn considered an an uifimtit t-orqur i\rlril fur .111 

iniinitcsimal hnigth of time. In this cunti tht* impni% I 7*/f, i-*m 

not be cahjulaUni dirt*rtly, but w inoaHnhMt by tin* iiniir rlyiiit*'*' ua 
angular momentum produced ; nanutly, Jm lm ir 

PROBLEMS 
156. An cntfirw in Htnriinu; tJtrt en tht rmnk 



Htant. t-onjuo of touo ft.'lb, Thir* U H!MO u riiH$Hiiii| 1111*111 
Ih. f rh<* !lywh(*(f! hut* u nuttaMcf gyniftun tif f ft, utui 
jH(ui will tlip mi^int* utfittn in our minute? 



- Lc<t / (iHit)to tin* mmnmit r>f iin?rtln nf flu* flyvthrr), if i** */ ' j' i.^l 

A 1 ; its ratiiiw of g-yrntlmu Tln' / A f " J , 

tf 

157. What t4>rc|tti U rwfu!rt*tt tt hrinjf n fly\viiM| lm\n^ t A m, MI \ 
tia of 1BOO ih. ft.* from njt to a >*|i*MiJ of .V) i\ ji, m, in ** mo 

53. Conser?atloa of Angular Momentum. Sttu' in a n-.j, , 
tuui, mv, in the pnidtiet, of tw< fartt*!'*, ujn nf ulu'h u *t j ' u,i* * , 
the other a vcH.'tor, their prcidurt is a!s it \wtnr. lltr niMin i/ ' / 
thin vector with rtwpiMtt to any point O is t licit a! n *t in hi, u | 
may bo ropregmited by a liiu* thnai^ti O p^rj.*iiiii'ulii i, *: , I j, 4t , 
of and win (Fig. 84). Thin. \wir I nUifl *J, n| 

momentum with roHjKKtt to 0, <>r thit angular 






,,,. 



In Art. 

any Hynt.'m 



,1 that tin- lolal Uiifur muuu-ntmn <>t 
Hw u MlM . lMl , w *l l,v any H-IIOU 

, ^ Umt u tu u ltm , 




n 

!ietVH*Ht 

us 



. 



t*' f 

X ** w !,* 



nxifc ^ ,-, a r. 

tivttU 
i .-omi.tniH.tH J 



turn 



o tin- .v,ti. til,- n*a 



v,<-tur 



u that th, mn,n,ut at tlas n-sut 



, i. *. ... - >'"" '. li - "' 



K 



uu,,ntum 



ith 



1 



i r*^ i/ t/ 

i s * /* 







, 



,/ f i ,, mi| ,,m,' 

X4Mlfclll * l|ll% 

tlt tlff 



t 
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iViviiliiituif? this exprt'SM.m with rrspwt t. i\w liiin-, ! " 



" ",//- .It ,lt .It- 



This result is true for each jmrtic-li* if it rigitt hmly, *r 
of particles rig-idly ronittu'ttHl. l\y HUtumut-Miu tlmifig1ttii llt |f 
tnitire Ixxly, <>r system uf pju'tit f t**s, wt* have fltetvitire 



The (iimntitv /^!f '/'.^ -'/'^ ^hieh U tln stun tf l!t ,iir<iJ,u 

1 V r// */// 

a of th<* si'piiruti* partii-h's with ivxpwt ti tin* V.tsi * '- '' 
t of the angular iiitiut*ittiiiii *if tin* Iwnly, m v tr m *! 
icloH, tin*! will le tlnmtiui by // 4 Tin' tttfrniiil lu **>* ^'^ 
tribute notliin^ t* tbis i*\ptMHMiiti 141111*1* thy ureni' in jur, |^ > 
in amount iiwl uppwit- tit ign, Tin* right iwniU*r l tb ^jm 
lion, V( //jf *' K ) ri*|iriKitits lb tttitit !iri|ii iil**nf *n*- \ -iv*" 
excu'tecl bv the exleritiit itpplii'il fon'ivn, thitiuliii)*' if IH / 
above relation bin'tmum, tlierifiri% 



t ,. M 1 ', # l 

Sunujtrly '."" /v 

.//A 



riffiil boclv, tr '4\t**ui t jiailielr 4 , il^ui 

tor<pu* about lit** -*aitii axis !' tin* r\l> i. 
When tm t\frt?tal lr" j * i'i HH ii^ } * 

? 0, and eiiiiw*i|iifiith 

'"- , '"A..,, " 

' 



if 






14- ^f tl^"4;ie 

;' 4 t^J ' ' * ' ' ' ' 

* ' , I - I 



i<:t ti 



or, iiih'ifr.tfm: \u ' !> 

//. , , i, s , // 1 ' ', //, 



111 



f titt !*<* ft*l^l r^i^! - ? I "-- ) I i 

* f * i** ' j, v | '"-* "*'"* " ' | I' ^ 1* Jm 
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Work and energy 
Impulse and momentum 


Ps --. J mr ? 
Ft mv 



If 
fl 



Since these formulas simply represent tin* .spurt* *unl tMH* s*?^ 
grals of the fundamental equation F /**, r ttf* *<ftm,u it 
y= /, it is (evident that they ox press only \\htil i** I'*IJI*UIM >i JM< 
Now ton's laws. Moreover, no new principle will Itr infinity* * 4 
in what follows, although the relatin given iln\e mil I*** *-% 
ttmded HO as to txprtss certain mon* grttrmt rrtatiMf* *, i In* 5 , 1 
whic-h will be the principle of tht* i*iusi*t\.it iitt *<* ru * , , 
d'AlemhcrtAs principle, the principle of urtttul w*rK *m( *t^ 
prine.iplo of h k nst work. 

The entire system of mechanics here preM*nt* tl i 1 * iliu< l*i 
entinsly on N( k wioifs laws. Sinn* the sttlijiH't m'i^ut^ii l HI f 1 
way, it in undoubtedly the best fur iiti elemental $ tt*.*tii s< - 
Newton's axioms, however, ure iitit the only piHnilili 1 |u a H , 
elation for the* subject. Ait entirely dlflWetti i tt | a\;'*;-/* 
postulates may bt^ luid duwit m ftiitdiiiiieiititl, aitl lli* U!M' ^ 
proattluid from a different Htundpoint. Kiitluit** nr t, **, ^* 
in this way, however, iw the renultn ttiiMt be siMet*|itil! *. t j < 
mental vcriitcatioiu. and heuet* the ftuitl^iiiriital ^.nm^ , 
in whatever form they limy be Minted* mti'4 U* ^ii!t,|,|. 
equivalent to thoHe* given by Newtuij, Tln**i ii$-t id i* ' 
j)hiloHoplu<'iil HHjHM't of itu*e)iat!i(!H an* niVrn*tt tu 7*/ir /Ss , 
/ MMlmnirs* by Ileinricdi Her!/,; mnl Tlw AV/^> r *.i l l| f A tM rf 
by Ernest Mue.h. 

55. Fundamental and Units, T M !i M .>m ,i *| ,.,!' ' 

it in noooHsary to havo a quantity of tlir ^tiiir |. m >i i,* r j , 
unit or Btandard for t'ottipumun. Tin* |tutiiit\ $ * f!^i ^ . , 

by finding how tunny times It entihiin^ t!i* mm 1*1 m , 4J ^ , 
chosen a a Htamluril ; that in, by timliu*; lip* uuaifM ui.. ,, - 
preaHCH the ratio of the glvon qttiuittt> to tin- r| r,, M t|il ^ 

The quantities employed in miphaiiii-H, hnnnrt, ,i,r i. r* t 
independent, an shown by the ri*Iatiu!H ttetiii'^ii t! ., , ,;, ^^ 
above and nine) In Urn preceding i!tm|iir. Inn , \.tmj.J. A, , 
length, and time are ccninecf.ed by tint rHatinu * vf. ' \i t * 
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F MK<*HA\|rs 



two of thtw tluw i|iaiilitir>s >;i> li'ii-llt an.) tint,-, iuv ,-| hlSl , n UH 
fwuliiuu'iital units tl** thir.l, UiMit'l> . \*'hu-ii\, ran in* r\|uvssetl 
in trims of tin si- it*". * lS|li ^ ihrrvhv ilfti'i-iuim-il ,i* ih rilt j u u f 
tin* twit* of Ini'ith ami uiiif . 

Sinn thiMUwtini' tl r*ju it nut*. li'tri! MJ |i, th 1 an |iii\a!*'ijt f 
to onlv one intlt'|truiii'Ui ifiaiifiii, /* ,i, ,ini tin* KwMuatu.ul 



tit>t nii\ IH* i'ln*i'ii allots ma 4-1 H/i-l MMrui.i! un i t \ n | Ull , v 
thutt thnv run t 'l'**i'it M'*HIIJ;M *i!i titM uu^t -> **i* itiM^m v . 
itinii fur llif n m*nwtnj tlurr ipM-i^firn .111- *iiut>ftt*| \\ith tin* 

thr*** l'!M^*tl 1*\ Hit' thin I^ll|.*I iff*-!iLi*?jt ?|, 

Tin* tliri'* itiutM i liM*-tt 4iititi H,,. in- , i|: * 
utii! till tlif ntiii'i ttsu^ . u *! u M*' )4ui*N ,i? t 

58, Utttt af Tiinr Vt iinr^iii . , i? i| 
tiii*t luitiii s flu* unit **! i*"i,s>!% 411 I * ,<i * ** fl, 

l*Mtll *tn Ililiil.illP'lif i/ |l. )/ I M I in** Li* ,| i|,tftj r< |J 

'fi *r (*i^t"ii|^ in * ii^ * i, *i.m 41, t i ***M,tj in, nf 
n ti )^ M ^t fh- *"!}, i'.ui ' i! i*},,**. iJi , (i , .-j,i, 4 ;ii t j ||t 

litiii* friii th* *i*^ 'J ^ ii* 4 j 6'* 

S7 if i'l.* HHi >! ;-'l!'Mh hi, |,. n i4|$HlNl|* 

l^tt lM'/ J*7. I i*; th r ,'<). U44',,j,,^U i|r- 

rjit**ii %l4ii44i4 In *i^f ^ n, ?o t;fr B ^!i-u .! rr '^i-iiii'^n 
ll WHM-liiiiiM t ^ i f . !'* # % J i, .44 'J^'0,if ,,<i, il ,i i^i|,u4 |f 
m i* i li|t^i. 1 lii' -).-/* *v| i'- >i,'t of * !H!^*II|HH 

ltlir% ill it I , n, ii j4*fi*i A li n>i *- h" ). ^' 'oi{ if 1L^ Juli'i* 

ill|M <*| \V*v^ht' ,!",'! \J> *',n'*, Nf ,}'., t'.iJ|i'V.* 

Imr $'4 ^14^4 5)41 JII^HH!H j, s , |* ( ^n^- ,si.u,-hu h .nnl 

nf it f f iiH s 4 ii iljfn. *? }***<</"', N ]* ,*> ).*S'J* ( 1*1* -I ^4iffiii 

tin* a<i f 11% / J ,s t ^ M i ,-j i n || 4 * f ,.**M, ( Il ( l s ( , 

tin* *| tl'i4% !*"**'i*vt4, ,*;<>$ l^i' 4 U, v*l*^J|*i M| f , j ^ r *lril| 

Ilir$if*< tf fliii ii is!4 i J' n *. ^t 
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i,n*<f w|i| ** ';<' 

*^" ' 'W Hfili I |#V^* 

X. 
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The English yard and foot still continue to l u*'d, but *uv 
expressed in terms of the* motor. In tlu I 'aiti'd Static ihr iirt 
was defined by Act of Congress, July -H, I8tW % us 

1 U.S. urd in., 



and similarly the British imperial yard is d*iim<i by law IH 
1 British imperial yard rtsll^Tf !lli 

Two other units of length in common uso titv tliw *r 

land mile, and the nautical or noa milt*. Tht* first is 
to 5280 feet and in our standard of itiwrury iwwsuriv 
from the English, who in turn adopted it from tht UotiMititt. A 
Roman military pace, by which distances \vro mi*u*uri'd, 
approximately five foot long, and a tbmiHand of thHM JMI*'I*H 
called in Latin a "millo." The Kn^Iish mil** In (hotvfitrp a jtM'!y 
arbitrary measure, Io^ali/.i*d by a stattito |>UHSIM{ itiiriii,^ tin* 
of Queen Eli'/abt^lli. 

A nautical mi to in supposed to bi* oijtml tt> tin* li^ii||l!i **t ihr 
are of a great cin^lo of th <mrtb HttbttMtdod by uit f SHIP 

minute at its oontor. Sinco tho rmrlli in not Hjtbrnnii, tin* 
mile so defined would vary with the hit it tub*. Fur tht* 
the English admiralty ban adopt-tni flOHU ff H ilti^ ten^tb 4 a 
nautical milo, whitfh comwpondH tn tin* litj^tti of uir miiMtir *l' 
are of a #rtMit circle in lutittido 1H"; whib tlm rniinl Sinir*i 
Coast Survey hiw adopted l!CHCI,*J7 ft. for tltt* iiii!% 

which in otjuivakmt to tins loiigth of HUP mismtit nf urr on i 
circle of a spliortt whoxo Htirfuco m <*jtinl to tin* nf tint 

earth. One nautical mile is thnrufosv i**jiiiiiiii*i$l ft* IJ/iJH 
miles, or one statute miln in ctjuividcjit to o.Miiii mitttiriil 

A knot is the nantiml unit of KpiMMl, and In il^llnml m t*in-- 11*11 
tical xnilo i>ar hour. Tluw if it vcuwtt in *itid tn bivn n HJHT.! *4 
20 knots, it is aqutvultml to Buying thiit it bits u it u' i^u 

tical miles per hour, 

58. Unit of Weight, With tin* utc'i<|ittui .if ih u m^ t , r, * M ; 
unit, in addition to length and tiwis ln*riiiin* uw*>**i \. 11m *tjn 
first choHon tw tho unit of fomt, niiil IUIH tti*tiit**| a tb.- ^r.. :a -i 

ono cubic dcimettp, or liter, f wiitrr nf u * fiifij^ r4 fiif. ,.< -, ,-, : 
deimity, 8.J*C. Thi8 wiw lutrr rifiliitwt !n M Lit u.i- ., , i, i 
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to Iw an filial wt'ijjht of platinum, i-allnl thr kilogram. Thin 
WHH cwwtnu'tt'tl in tin- fnu f a rviiiuliT, with iliunn'tt*r uml 
huitfht twit fijiml t W mm., itnlir <lirt<rti<m of flu* Kivmh 

Atwltwiy ut tin* saw limr it^ tlu* ,%litinlnnt iiii*!n\ tun!. WHH like*. 
wist* dt'jHwitnl ;iiin*iii % r tin* Arrliivos nf Friiin'i% (*<]iif** u f 
Htmulnnt \vin* uii ilt*jiimi!t*tl witli lln* ^'V^nimoiiU nf thin 
ith(*r t'uunfri*s at tiu MJIHH* iinir HH flu* Natinna,) l*rotit 
Mt*ti*rs, mitt an* imw fiir MtatMtardH in thiHi i'i 

( Fi.if. HSj, By Art itf (Niti^ivNH uf lH*t> | tit* (inttmi wan tffiiuHl 
in tt*rnis of tin* kilt^iiiiii an 

1 jptttin! avoinlupMH f kiln^rafu, 

Sii!uiurly % tin* HrilUh iniprnii JKHUM! in tlrfim*i| by nn 

rial jtiiit - H tl : , 4 kilnj^min, 

St. Unit tf \Vlt'it fl**- Na!iMii.tS l*i'ii|iili |M< Ktlt 

*ri ittHiritniirit !* ih' %4u**?tH ft.kM<titu v it u.i 1 * fnuint tj^i 

iflVwl %iiiftitii* in ttr.tfht ifofji tin* Jiiit*iii4t 11*114} i'lrttrlt 

itiiiitif in rti.iiiif*' ut Lifitiiil*' l*n iJii** i'i\i'*nit tin 
* jiliitfltillii nlili4 fc i^ \l4-i -h **!< *!* llir Ini4*l*iiiii*i$l 
iiil uf Ui'ttjll, .1'* li 4%,i-> ltiii*i |<*>>ih|k< in i"4ii}iii%|i au 



III till* \Vrt> tint*' niM4*Uilt IttM %|^llltt iff IIII% i\ilini tin* 

anl ib' IIMI|*I" tn'h. Tin* 

^r,niliitiii HV IH *!%**! m 'ii',*iiii*rr$n^ l r^aiffi^u^t ami 

flit 1 arts H ltit;t**il M|$ t*!4tfi3< tilii% .ilitt tttfw Iir 4 llri!^Iil|iw 

fllliililiit*iifiit tiiiil% 1'iji 4 4l**if4iil 4 M iirtu it ni*l in f iii'*i^ftniJ 

t% l|| 1*IU^K, 1 11111% *U*tVs <" 

10* III f^i ;f*..Utt ittMti *\ tUii wtl 

lf Illilfi* 41 r in iifi$ii| fl n i| n% ||* t*t>t*'ti **ii fhf IHtrr 

ii$* niul" tli>* iiliti's.'iiii, ir|ri f ,|||*1 f,r<kmi t 4iitl tin* 

tilfi^r lntHi*it tin Iliili*iif i{iiiij|t'fif*i,fL'' |^u| f JIHIIIP!, wt'itmL 

Hl*Ilt*|t iirr *ii' IHM Ht|* iff tini^r4 siinl% Hi I'lifl'itlf tlll 

T Vftfi*It1u Tliil% iiirtiiifl ill %i|^ifi 3,,j| f r> 1 rut, '***, i*r 1 it, wr, ; 

IM flf fin* k^M^UIMMIt'^rt **3 ihn |MM| tfuutt, rtr. 
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61. Absolute System. The absolute HysU'tti of Mrijjt* 

nated by Gauss and Weber, who lined the atUHmett'r tit* ! 

length, the milligram as unit of IIWHH % and tht* m'owl IIH f 

time. Since 1878, however, the centimeter, gruiti, atti! 
have been universally accepted an the funtlanu'ittal unit*, fr 
this reason the absolute system is often culled tho (\ (J, S. 
It is now used almost exclusively in theoretical in 

astronomy, physics, electricity, and mechanic*. 

Special names have been devised for the d0fivttl lit 

C. G. S. system to distinguish them from the t*or!'iH(Mmii!g 
in the gravitation system. Thus the unit of velocity in tin* 

kine ; the unit of acceleration the ^w#/; I hi* unit of forrt* 
dyne; the unit of work or energy tin* en/ ; the unit of tui|itlltr r 
momentum the /Wi, etc. 

In practical work, especially in electricity, it in ilt*mrutlt< ! nw 
larger units than those just named. Thiw there hit* <iri$rifi<ilt<l 
a practical system, based on multiple of tin* (*.({. S, tnnu ( 
namely, the meter, kilogram, aiut i*c'iiid, mid eii!t*.*i! th< XI, K, S. 
system. Many of the dtnivcd unitH in thiM HyMt<*ut n 
after men who were prominent in intH'imuinti |itrHtuin, 
the unit of work or energy in culled the >nlr ; tin* unit nf 
power the watt^ ots. 

62. Dimensions of Uaits, All kiiifmiatirul unit ilytinttin^il lr 
rnulas are simply tdgebnuc MtnUniutittrt of c*<<rtiusi rptitlittiri 
exist lM%twon the variouH c{UuntitioH hivulvnl, mut <iMtim<t|Mf<!iU} 
between the unitn in tenn of which thttmi tfiiiiiifitiwiirw 
When stated HO an to- <*xprt*HNHtm{ly thi* rrliitsotiH 
the derived and ftuiflainontal unitH, Miirli iijtii!t*iiw r 
dimensional formulas, By the clusu'UHiun* nl any trrm nf a f^r 
mula is meant the power to which ifi** vitrimtH nuiH tif^iir rs ^ - ,, 
this term arc rawed, TIiw IN in m^.nlutiri* u tth urttin.y * ^n*. -, 
thus it is customary to jettk of ait atnsi ;m tin* {Man* "I -t N > ." 
of a volume $w tht cube of a Ifn^tli, i*fi* , thr ti|tM>'^ in- . tV J, ', fc 
the dhmmHioiw of the iren or uittmti- th.it H ti ^M t ih*. j,.^ j 
to which the fuudamontal unit, l*ii|rtfi, *rrix 

The chief charm tWHti of a ciimi*tiHtnn i! i*t|tMfi.it r I'MI ,* t 4 
term must 1m homogcnittnm in tln< fiiipLiiiii'iii.i! miif^ t ^ 
That is to ay, ^Iwn all the tuttt>t 
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of the fundamental units, twit trnn uf tin* ri'sultintf tixpivssion 
must certain ilw sunm |wtTs of thist units. OthiTwiso the 
given expwwiun is inr*nsistnt with funthummtul uuu*huuiual 



. 

In tlu* ahsoluto system tin* ftHt*inw*t.iijil units atv lin^th, time, 
aintl nwtHH, th symhoU fr wliirlt mv /* fl J/, Hit* tlinuu 
<(pmticinH wliii'h ixpr*ss tht Iint**iiH!itH uf tin* vuriotis ti 
unilK nmy thim In* ih*fluri*il fnm lit** kitit*matiral iintl il 
rlatiiw 



For v^ltH'ity* or s|t'***l, llw ktmniuitinil ivtuliun IK i .^ , 



w is unit v**|iu-ity or 

unit 

I 

' 



Fur iufi*l<*riittnii, lh* ivhitittn i<* f i , % mn| \WHQ$ 

I* _ ? 

i in A ^ , . i\ Mnri' f* -. ///* ! this l*in*i!ini 



or ** LI 4 , 

i flt^tliitiil hj tin* tljiMHuntJ r'!ttiftn f w /iitfj wlwttwi from 

I 

; this thi* f itn .11 iipt .I//,? 1 "*- f, 

tir < J//.7* *, 

fur win Hitu'f I* /*7* *. its ire 

Mifliiriiliiiii . ' Jl//f *, 



Tint of iitijiiiki* iiiMiitriiiititi iirv iili'itiiifiit, 

til tilth fill* >hiJ4tii2*nil 

fur in IF v /X UH liW 
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Similarly for kinetic energy A T | mii\ the tliim'nsionM art' 



which also agrees with the dynamical relation betwwn work 
energy. In other words, the equations \vhieh express tb prut 
ciplott of work and energy, and of impulse ami iin*tiit*iilitiii, tirv 
homogeneous in the fundamental units. 

Power is defined an unit power -. , , utiil ht'nn* tin 



dimensions are - , or 



Torque, or moment of force, is the prodttet of foree and ti*tniiri<. 
Hence unit torquo, or moment of force, ,..-; unit forre K tuiit ili#** 
tance, and tlus (Corresponding ditnensionul <*qtiutiun is 

Torque ^ Ml?T *. 

Thus torque in of the name dimensions us work or em*rjjv t 

as a dynamical quantity it in entirely dwtimtt, 

Stress is defined iw unit stress lll ^ t .,l,-. <>l<!tt t | IJM J h*n rr S 
Biotui are llnlt IUVil 



Density is defined IIH unit deitwty IUllt nmm 

quently its dimtJiwioiw are " y|lit Vutllllll 



Density MX 3 . 

To obtain the dinumsiimtt of the unit of* brut, if if* in*i'i*i<4i , f i 
introduce a fourth fundamental unit; namely, the unit l trinj.' - 
turo. This unit bt also entirely arbitrary, ami an in th- .* < ^ 
the unit of length i imuiHtmui by a double .HtniMt*irI . , 
Fahrenheit and Oentignide Hr.ali?8 t n^pHivHv, Tlti^ < ,t 
advantages of biting mulric, and "w liiwril m tin* mtiMijnt 
required to rake water from the titnt|H*rattin* u|" liirlftn^ < 
boiling point The unit of tt!inpiratun> mi iltiw ,- 4 lr . - 
obtained by noting the expiuwiotf of mernirv rfh,n 4 j, ; 
range of texnporaturt), anil dividing th iiiti*rvat -..* nt*? t 
one hundred equal parts tilled (lc^n*i*H. 
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Lot /** thru, <ltnot*' th* unit of fi'tiiprmttnv mi any nrale. 
Then the unit of hniU ralh'<l th calorie, is tlHhtrtl as tin* amount 
of hiuit required to raise unit mass through unit ti'iuprraturo (ono 
gram through oiw dr^w ( Vnti^nuU*). <'ons'<jiH'iitly thf tlimen- 
sionH of a htat unit // an* 

/| 3 //.*/. 

It \VIIH fiinntl by J*uh that in jiroctut'i* n unit of hnif nnjiuivtl a 
certain numbt*r f units i*f work. ThU numU^r is nillt^l Joule's 
equivalent and will ! h*notti ly /. Thun 

I unit ln*iit ^ ./ tiniu work. 

To obtain tin* <Umi<n*ttt!iH *f /, SU|){M)HI* it IM fnintit bv *xi>rrinu*nt 
that //unitHof htmt IKunit-H **f wrk, Thiu H$nn 1 unit luat 
*/ unit** work, ttu." ri*inlii*ii l*rMim*s /// ; II* iiinl ronsc'(|t 

t? 1/7* 3 

the dlimotmionH f / sin* -* *' - or 

./ ., i; j n f 7* *. 



Thti iont !iiijcrlnrtt itji|4it*4iiiti$i nf *Iifiirii.**$ti!iil i*ijttnttt*iii4 m to 

this aliJiiigi* of ututH frmii on< Hyntrin to autiirr, from tin* 

Ilritwh In llit* iiin!rii\ or flip riviTJ**\ llt ttm* of ttinunmotial 

for jur|*o.m I.H illiiiitniiwl in lltt* ftiilowin^ 



I*ItftHl,!ii 

100* til** **l Jwilis^fi r-j*ttt')'lit ill lliP ft)'i|'||i, 

SoM'tti*^-, Tht* f Jiti|*^*i '|itif!iif in ittt titPlfir in 

J I.'** * ttl ! 

ttil* llllil tif l4'Mi}**t49ltr*' 1^11$^ I I l^'f J t t-4sMl* fjn* }* s |inir4 <MtJiii' tif / iff 

f<Jtit>|tttilMti ii'|t*fif*l f* tli^ F.ilrf* HM*' I li* i lt^ i|4i44^f^)Mi,,i f 

:tv.?./^//* *'/' < */ J* I -/* '/ 

atl '^ ff # ||iI A | 4 fl !' t Hr |,^-- I , l ^* ll " / 4Il4 I 
. t Itf t^M* 

I 



Ml. il if $ii vt li**n*'|, \%*-r 

Jf *|rfi*t* Ifi^ if^fisf^l | *.!; |'| HWfi^tl |fi l*|,f 

I li *, il*/^4 f|i nfil-u* ?r,|ff.|. r^j.iUllim I*, ill 
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this ease, xL*MT-* = :J2.2 x 550 L\*M\T~*. 

Since 1000 g. = 2.2040 Ib., ,U t - ./^j M. ! thivlr< 

* ST.- ;W.i> x ^^(i 1 -)^//^-)^ riff * 10' rf^/* 1 ^** 
or 1 h.p. = 7-1(1 wattn. 

162. Determine the relation between IIUWH and wwght in tin" 

metric system**. 

SOLUTION. In the gravitation system, where unit fom* in M Urn 

attraction between the earth and unit mum, tin* unit of I* 

g, the average value of which is *TJ.*J ft./m*.* J or !*HI cin./mv.', in 

the absolute system it i.s 1 ft./r.' J or 1 c*n./*Hu%' J . HtMtctf tlw 
the gravitation and absolute units of a(*iM*i<*ratiitn is. in tit* 1 Ilrili-wli 

dynamical equation F ...- /ww, the dintcnsiounl f<tnnula i /'" J/,1 Jl..l$ 

1 Ib. weight I Ib. wa*H x 'ILM* !t,/mn\\ 
and 1 g. weight I g. ntiws x J*Hi rn,/**n\ a . 

Tn the British system a force which given iwi iirrpiiniitkni tif I ft,/-fm*r * i ^ 
mass of 1 Ib. is called a ]NuudaK and Himilariy iti th** *tric wv^t-^ni, i IMI./*- 

which given an aeeelemtion o-f I cttu/^c,* 1 U ft I!MU*M nf I g, in *n)l*ni *t *Uiir. 

Hence the above rtdationH may nl< tw* wrltt*ii 

I lit, weight - *I*J,*J {Hmndiit. 

1 g. weight .-. IWl dynitM. 

163. In the Britinh KyMtntn y .- *1*J.*J ft,/t*. a . Kind itn viur u* ihr m. IH*- 
system in cm./ww. a . 

SonrnoN. Let >i: dintt th fi'tpiirptl viiluw of # in llir- inritu 
Then ** /y-a ... ,/ r^ 

whence ,r : II*J.2 ^- ' IIHl.f*, 

164. Find the reliitton Imtwiwit th ftottttdnl und tln tyn, 

SOLUTION. L<t ,r ijtm! Uu* fiutut^r of dynr.n tti n j*!t$n.i4l, HIPH 



. 

,i/t/,i MI mi? 

Since 1 cu. cm. of water wHgtin t g., tmd ! ft, of a |ri wi*i|(|ii IIMMI , 

,t/ i li. t 

,1/1 I K, iKKWiAJif JV ii' 

it! \ i "MI* ' 

^ imm I 4 t , Nlli 
J!i:t; / i^'i'* 



tm.U'TKU III 

STATICS 
63. Ccntw of Gravity. t 'oi*M'r n \I'M ..r iwUrW, lyi,^ 

in tiw "'"""* " <>m " Atif ! *- f 



. 

-ticU'H, V "i ' ' ' "'' '' IUHlitul " tl M - v " l " m "f ! T'? " m ' tw 
tmvnr.1 thii oHHrn- f tl.' ^rt. ''. '"'-v.'-, tvUnvrl) at u 
iufinltn awtiii..-., *..,mj,uva with th- 
., niwi iM'tnv thrir tt 



uu 

, th 
IIM.V '"' tW'M 



Tin* 



iliiii Wf 

|l r ll\| * * WH- 



, Tin' 

* 



<^Jt^. ' y'* 

< ; ,, , ,[ 



**'** 



As, 'J!J ; 



till' 



>* ii |*,'ii f iiii*n vM*torH 
Hi If tw ti"ti'niun^l tty intniiw 



HM?llt tif 
M (tuittt. 









HI lil^ Ji*lf 8 *f *!' j*4l1l^liW 
I'Wl'Jwnptl^'Hi^t' il$**t,M**' f * M! tin* Vtnr 

tr , ti', * * * V t*' M **> f ^* Mi '* m ' gl 
IM lU* ttitinr* th^ |**r 

M " '*i '*i * ( ' '* ll<fffsl l V* 1 .' 1 *' 1 . <f , 

till), Tlw*w% ^ W f U* * llir |1|lllrr l *>'* w 
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Since TF= ]Lw, this may also be written 



Thus the magnitude of the resultant W\* determined by tlw n*li- 

*v i/i j 
tion TF= 2/#'i and its lint* of action by j* 4J s^ ^ ^ Ttwft 1 i f ^ 

mains to be found the particular point at which the 
applied. For this purpose lot the system of piulblet* b 
through any angle, and determine the lino of notion of Win 
new position by the name method us ubovo. Thtt two if 

action BO determined will then inttu'Hcc't in 11 point, niltml tht 
center of gravity. From the manner in which thin jiniitl in fottmi 
it is (evident that if the entire weight tf all the ptirtit'ti 4 ?* W*I.H *^*U' 
centrated at tlm e(*nt<r of gravity, thin nmgle force wt*tilit \w 
equivalent to tlie givcn Hynteia cif forecH, no mutter in wht I|HT^ 
tion tluj system in turned. 

If tltepartiehw 7^, 7^ . * I* n do not all lie in the mttttP jilun% <i 
reference plane must he dniwn through httittmd t*f it rf*i**mrn 

line. In this cane the iujttattou JT O -T ^ ' dt*lermincn tin* iilsiiH 

i 

of a plane in which thts voctor IFmunt lie. Thi* t!if"rHiitiii uf 
three such planea> eorr,ipcnding to different jHwattPtpi of fli^ 
system of partielen, will thisn clutortniiut n {mint wliirli In th* n- 
quired center of gravity, 

64. Center of laertla, or Let w t% //i a -.. m^ tin* 

masses of the n parti<jlH just acnwidereil, Thn 



and F*= Jfc^f/, whure J/dtm<teH the totui 

Hence the rultttioan deti^miiuiig 1 the <'t<utrr of ^nivify ii^ 



written 

If . X^ M/ll'/vl' 

*>/ 2^//A .' ;: " v ' 

i wit/ 

or, since// is conHtnnt, 
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THEORY AND PUArTU'K OP MK<*HANK'S 



in 



The point determined from thene ivlationH hy taking the VHtt*ni 
of particles in two or mure positions is raited flu* cg&ter of inertia, 

or center of mass, Siner Uuw reltittmtH are tM{uivah*ut to tlumo 
given in the preeedmg ttrltrle, it in evident Hint the eenter of 
mass in hlontinil with thi tHMttor of 



05. Center of Gravity of Solids. -A nulul Iwnly tuny h r 
Hidoz*tHl aw uuult* up of nu 
material poiutn, rigidly v 
coiittr of mtiHH* in tht*tt o 
tlm Hummation nnmt now t>t* 
pftrtii*lt*g mitt in 
if iti* tltui)to th wi 
dm its tuna*, thu iH|tiatioUH fur 
of ii iwitid art* 



ntunit*r tf lu*uvy |mrtit*l*K or 
mL UH rtit**r of gravity, ur 
pnuuHitly an abovt% i*xrpt that 

ntitul ovor mi tntiitlti* iiuinli*r of 
furi? rptariHt hy mi itit*jLf ration. 
uf nit inliiiit^t!iiiil putltrli^ and 
flu* ctnitoz* of gravity 



(* 
j-iiw 

W 1 tlll, J t| ^ * % ; 

*'' | till' 

and thorn* for dttliriiitiitn^ itn oi*ntin f uf mann ii 

/* 

I 

l t / |f ->i % % 

I t/llf 

*^ 
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16S. Fi 



p* wii|**r i$f *f 

Stit,t'fttj, t*sit t) 

1H. if I* lsii*lr th* 



| 



** Ii 







!v lip 
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*t 
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66] 8TATKVS '-' 

167. Find the center of gravity of a homogeuooui* h**mi*|hw <f nnhu* * 

168. Find the canter of gravity of a homogmimmtt intmfw.fttitl i( r'V*4tt*u 
of height Ji. 

169. Find the center of gravity of a luwuHptwrti in whkh th* *!**M*tty vntiri 
directly as the distance from thti hae. 

66. Centroid. It is sometimes (leturahlt) to dotormuw tin* 

designated as the center of gravity or coiitor of 
reference to either the inasH or weight of the Ixwly* but 
with respect to its geometric form. 

For a solid body let dV danoto an olmntmt of volutuo I iti* 
density. Then since inaHH in jointly proportional to vohmtt* 
density, 



Consequently the formulas of tint prtuwciitttf artitilt* may \w wrtltmi 

P 

^.. *. *^ 



sr r = 

or, sinoo 8 is conntant throughout, 



.-. 
J l 



Since the point prtwioiwly oiillml tin* niir nf ^nivity, ur 

of mass, is now tltriuii!ct Htinply from thr j^itotuotriu if t li 

body, it is designated by thci Hptuuai naisut ce&troid. 

The oentroid of an arwa or Him may also IIP ilt*ti*riiiin^l iiitm 
these equations, although, projwrly pi*nktn.g inilln^r li- a rrjii ra 
of gravity or oeutor of mntm ait itn*n ur ii*u^tli h*A urjih.^i- 

weight nor mass* For an ariiii th rititlrtit{ in itMti*rmittmt tii ilm 
equations 

l ^f/ii 



I 
%* 
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where da denotes an elrwrnt. of urea, ami /t tin* total ureu. 
a line, the equations for di'trrminiutf thr mitrniti art! 



p. ux 



~ 

J ,// 



where <W denotes lit! element of it*ft^f!i % juttl L tlw tutu! It 
the Hue or rurvi*. 

170, Dil4riiii*' ill** r*'tri! *f ^ riivuhir iii'i* r \\ tr in Inrmn *f 

it jitihf *!}!** ill ih** *"'iit*i". 



ilJ. 1*1). llirli III Jutlar ri* 



of r 




fill, uuit tin* tun 



of 




tit* 8 



, it* ft I $i+ss i* ||, r-'l^i'.*-! ,. , v<ij4 



in Kty W, 

174 I'liltS fll ****iilll!ll f*f 

175 Fin*! flit rtiftt*tit4 *! A vftt$ *'5<v 
l'iiil lit*' i *f*lt"i! ^1 *i t'M-*iUt 

ttl* M'ltt|^|| N| 4 *'i*' t*-rl 

tin* am it$l tli i4l*tl tv ft. 
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STATIC'S 



178. Find the centroul of a 

parabolic segment for the two 
cases shown in Fig. 03. 

179. Find the centroid of a 
semi-ellipse. 





of Symmetry. 

plane or axis of sym- 
Inetry of a homogenecmn 
Holid, or of an area or line, 
always contains the eenter Wl A 

of gravity or eentroid ; for to an element of the figure on om* 
of the plane or axis of aymmetry there always convxpondH tin 

equjtl element, HVifiiu^triiiillv 
plaeed, on the oppimiti* *! 
of the plant! or axi*% nn i\\n<* 
trilled in Fig. !*!, Hcm-t' 
the motm*ntx of tftrw t\vn 
elenn*iif about tin* plunr i*r 
uxi ar qual in iiiiiniinl tmi 
<>f oppomtu Higtu Httil riHH*' 
qttentiy their nmn in /tMi, 
s the moment <*l tMrb 
of eleiiti*iiti4 In iilrnii- 

cally zero, the total moment i H!MO auiro, und liefiee lite rriitn- **f 
gravity or eentroid lien in the piano or axix of Myiiittuttry { Kij^. !*/), 

When a figure han two or more plsuuw or HXH of Hyttittti-iry. 
intorsc^ction eomph^tely de- 
termines the eentroid. or 
center of gravity (Fig. 011), 

68. Composite Figures. 
To determine the cwntroicl 

of a figure eompcwed of HOV- 
eral parts, the eentroid of 
each part may ftrnt bo de- 
termined separately. Tlicitt 
assuming tliat each figure 
(mass, weight, volume*, amu 
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THEORY AND PKAt'TU'K OF MECHANICS [nun. 



or length) is eoniTUf nift'ti at its wntruid, flu* controid uf tho 
entire figuro may lu* fuund hy applying the theorem uf momenta 
as expressed by th formula* in Art. Ut>. 





4 % 

Ft**. W 



TCI illiwtriiti? thin siH'thoti, ht it lw ri<c|tiiiv<l In ftm! tlm rim- 
ul uf tl* rrnn st+rtiiiu of ait I iH*utit % IIH nhoivit in Fig, |I7, 
tho %itn* IUIH mi iixis ot Miutiiotry V*V, th tw 

tut mttat*w!it*rt* in tliln lim\ T fintl itM ]*o*tiit 
it}* flit* lt|fiin Itili* thru* ri*t*t*iti^li n* IIM niiown by ihi. ctottml 

lilies The t*i*iitr*iii uf tbtM i-i*riti!glt% riifiKittprwt 
tw at tltmr i***ntt*t,'4 at, f* t >\ UIMH% 4i*iiiil!iiK tin* uf 

rtHttnitgli* by 4, /! ^ # * r*%)w*rti%'i4i, flu* (umttiuu tif tin* 
of tlw riitlnt w iftviiii t<i 



4Jt|IIi 
KMI t \;tttt{10, 

in Fi|f W, 



4 * n/ // . ll t 
J i II , r- 




**' 

14 



riit 



Fill, UH 



t*f ifit* 



In 
i If ing 



69] STATIOB t.'U 

midway between the piano faces in an axis of nvtittitt'tn ami 
hence the center of gravity lien somewhere on it. It* jM**ni.u 
on this line may be found by determining the wntnmi til thr 
plane face of the figure. Taking momenta about iiiiy tii\ ?ui} a 
tangent perpendicular to the line of centers, 



oi % , since z%=* It and 0^ = /i e, where e* donoteft tho euott!ttrit'it.y r 
distance between centers, 



PROBLEMS 

180. Find the oontflr of gravity of tht fruntum of n right wirrtilitr nnnr, 

181. Find tha con tar of gravity of tin* frit* turn <*f * tight |iyraiiut with 

square base. 

69. Experimental Determination of Center of Gravity, Whm 
a body is supported at one point, an, for tmtimplt.% wttm 
by a string, then in order that tltci bwiy tuny bi* tn 
the supporting force and that duo to the wwight of tin* l*t!\ itiii^i 
be equal In atuouut, oppoHtte in direction, uml iic*,i atmuj th *.uu* 
line. Hence the point of wipporfc and tlm (witter of tfrautx mt^ 
lie in the Hauie verti<;al. Thin given a tneutm for ti(*tvnuiiuu^ tin- 
center of gravity ex]H)riinentally For if a body in Miij*jiiir4 ,it 
one point and a vertical drawn through thin jn$titt, tin* rhi-i nf 
gravity mut lit! Moinowitere in this vttrttcal. If tftrit it in itt| 
ported at some other point, not in thiw lims 11111} u m*w inii*\tl 
drawn, the oenter of gravity niUHt alo lit* in thw H*niititi irifi* i 
The intersection of t-hwe two linen, tttorofores *li*ti*rniiiii tip- n-n 
ter of gravity. 

To find the centroid of a plane nn*n, if tttiiv flr^i In- t u > -i 
apiece of cardboard of uniform thittkniw*, am) rut uut ^'^ii. i, 1 ,.- 
boundary. Then balance it on a knifo ulgis umt marK fit* inn- 4 
support. By balancing it in two diflWtntt }Hmitittti* th' r 4it , % % 
gravity of the lamina (and oonHoqmmUy l!u* t^ntmitt *f ilj ji!u.- 
area) will tlius be datormiueti by the intrMi*rtitin nf t J.r <,-.< 
ao determined. 



132 



THEORY AND I'KACTK'K OK MKCHANK'H [rn AI . 



70. Graphical Determination of the Centroid. - \Vlun a plane 
figure has an im^uhir out lino, I hi* ci*nfrt*td cannot Iu tlt'tttrinhuttl 

ttiuilytirully IU*WIUMI* tho 
iHjtiaf itniH of flu* hountlury 
uiv unknown. In thin 
rtiHt\ ho\vn'ii\ the octuu. 
tions for ti^tprinininj^ tho 




< ; otimit<r itii irir 
Ttittu, wurh H tin* rail 

*'tiiii hlioxvii iti Fi,, tHI. 



Fin, 



lit* on thr uttH of 
nirtry, whirh will IIP tiiki*ti 
fur flit* }^H\$H Takt* ativ 

./ill IIH n lwtHi% iiitt ilniw imy oilier jiiiill^S linr r 1 /^ at an 
arbitrary <ltsiiiiit"i / from it, TltPtt trutSMfornt tlm bmtntiitry uf tint 

iiH*ii*it by iiiwtiiM tif tfii! rtv 



in to th* x ritiii'iliiiiiii* nf fvory {iitt I 1 of tin* tuiumtury 
ti!Iitl liy it iliJliiijr* i/ fr$n tit** ki* hnr uni finitimt ly 
II) t*iliiig A liiifliririil itniii}*fr uf |mnut- /* of tlm 
for **iirh / i'iii{iiiliii|f llii^ t Hrmij^titltiiif j 8 *, f i ntnt 
btmmtary i* oltt;tittt*<U tn fit** iluitml tim* in I'nf, t f 

Kit*m llir ri*iiifif*n finn futility i|t^lurr*t, fhfy i*iftriltimfiMt thiMru- 

triiift tit tiy tin* 

I /</<i 

t ^ * 
f *i * 

J '- 

a uf fly IW mi uf 

* tint i**)ri***iMfi fi lh*- t*rniriit 



.TM . 

J "'* 
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Since from the equation for transformation of tin* huuiuhin 
xy = lx f > this may be written 

/ 1 jr'dy 

% - 



The integral in the nnnuvrator, howovor, in Uti *f th* 

transformed section, nay A f , while the donoummtor w llw 
J. of the original section. Homu* 

M' 
y *. ^.. 

By measuring these two arras A and /t f l\v K*UIJH tf it pliiiiiiiit'trr, 
or otherwise^ tlio centroid may thiw In* tu.sily di*tonnintHl. 

71. Application to finding Areas and Volumes. 

I. The eentroid of a plane curve in dutt<nnuuul liy tin* rrliiin 



Now HUppone that thin curve IB rwvolvod about HI* H\IH stt iN 
plane, and let /I dtuiotu the uroa of tin* Murfaco if r<*vifhttnt$ < 
generated. Then the anm of an infinit^Hiinul /otn* nf thi **iiii'inr 

of radius rr in tlie. (*.inuuiiforonco of its IIIIHI* iSwjr, iiiiillipln^i l*i 
it length J/. Ilencse tho artm of thn entire mirfamt in 



Eliminating the integral lmtwtuu thin <*xpr<*HHuui niitt mn^ fur 

the eentroid, th rtmult in 

-4. -31 2 7Ttf' / 

which may he axprttssw! by thti foUowitt^ tltt*nrt<m : * 

Area of fiurftttw uf Itwolutiim, Tin 1 ttmt */\i ?' rvr^. 

lution^ generated Inf fwvMnt/ a plttm* ntnw <*/n/ n in iff 

p^m^% 13 equal to the. produtf nf the tvmjth <*f flit- .-nrfv ln tdf n'r 

eumfereme of the tnrch dtMritwd % i> friirrmV/, 



* Due to Pappuit, who lifttl urici tnuitht at nitmtt fh. n,4 

century, 
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II. This e,untroiil of a plane urea is given by the relation 



The volume* of thu soliti of revolution K*ni?rntwi % revolving thin 
uroa uhout an axis in its plum* is #iv**n by 



flcm't*, fliuwwtin# tin* intt*j*rul between them* two expression** 



\vhu?h iiuiy Uo Hliiiinl iii4 fttHowH :* 

f' :l ii/rt/i!f iff A/iil iif Kcvulutitm* fir ifi 
Ititifitt* fffttrrtttt'tt ft i/ rrrttlnntf tt plans ttrni tthuttt n in/jr //i iV* 
pttittt'i i* rtjuitl fti f/ir finnturt t*f thi* iirni /*// M* 1 rirrwj/i/fTfWY n/* //^ 
i*in*/* f tlMrrtt**'*! % i/n tvntwiil, 

IH. <*oitMiii*r it trtintnilnl rigftt |irtiii, or *\lifuU*r, uitct ltf /t 
clwiod* flu* uri'ii of flu* fipfnT h,4M\ ;itit /I tlw uriM of tin* IOWIT 



" 




X 



N 



ivti(in) up iuto ;i i*iju;i 

% KSO tii*ii iM >^ iimt 



th* fl^tin* into 



through 

ffm !WIHI% M i ns to 



tlt%lttr4 into |i rtjtu 



Fin 



t4i*ffii*fiLtri pi'ifttfiN; th*ii it 4 vnltiiiip mill 

rio, IIi*iirt ti$itfmwift|f |}||i mntiinr i,f tttvii*Iiiii t # tn4f*l!iiili'H\ 
tif tin* eiitin* i*r rUlliflrt* In 



or, inr0 flli iftf thin In* written* 

I* fill* "%^ tf ^ I /> 



* f^ifli 1,^7, fllrsl insist in J^nil 
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J xd<i 

ince :r = *' , the roa 



Therefore, since :r () = *' , the roault is, finally, 

A 



Expressed in words, 

The volume of a truncated right prmm or ci/lintfor in r f #|ti*i/ t" fV 

area of the right section multiplied fn/ the iiixftttnv iif f/ f vtv r ^f 
gravity of the truncated ha&efnnn tftis right 



PROBLEMS 

182. Find tho area and volume of a sphere by mwuiri of thtnwtfi* 1 II, 

183. Find the area and volunw of a punth<loi<l of r*n f tilllii$ by f 
theorems I and II. 

184. Find tho control*! of a w*nnt*m*ulttr arr from thi*oiviii I, giv^fi 
th(*, area of a sphere. 

185. Find the vohune of an elltpHmd of revolution by thi*nn*!f! I L 

186. Find the nnrfaee and volume of an anchor ring, t*r Uirun t gt*ti**r4tfii by 
revolving a tu'rolo about an external axtM. 

187. Find tho volumi* of the ring #tmrattui by rtwiilving nu JI)MI 

an external axi. 

72. Properties of the Center of Gravity. ("-onHtlir H rijjitl 

of raaBB .AK and Int j% //, z donott) tint ttoortUnutt\<* uf J{M r-rittt^r nf 
gravity, and ti^, v r v r tho componoutM of ttui vuiority **f ttun 

center. Then Y , . 

w* //// .. i 

v * /# * ^^ ^* .** " 

<cC If/ i ft 

and also from tho dtifhuiiini of tht rtntttir of 



Consequently 



, 
" 



and similarly 

"' 
or, clearing of fraction^ 



13(5 THEORY AX!) 1KA<TH'K OK MKrliANK'S (riup. m 

Since the ri^ht members of these equations represent the eompo, 
nents of the total linear momentum of the body, tlw following 
theorem may lie stated : 

The Ihit'ttr nHnnsntiirn *' t f i ri*/i>l htnti/ i t'tjitttt Itt th? mum of the 
hthtij multi'i*!!*''! /'// '''*' er'AwiVy <#f iV wifiv */' */mrif//. 

Now let A*, K, /f denote the euinposumt<s of the foreo iietlni 
upon any element <f tJu* body of mass w, Th**n by Newton s law; 
the motion of this part tele is determined by tin* rq 



X -.- ' i iv ^ J* 833 , < "*'*> % '"'> . * '^> f 

I// ff tiff 

where iv 'V *', h*m*te tht> rtitiip(nt*ntH of the vehieify *f tfi* par- 

tiele. f(*oiiipare Art. 4H f C'luipf^r II.) Summing up fur tha 
entire body, we 1m vr thereftiv 



iitu! repliiriitg the ijiiiinlity in rarh pai'etthi 4t *iH In it.n viilint ili 
taiitett ahnvt't niiiti*ly i," 11 '* ' *V |f * l< * l *- w< * have 

v.v ^.v,,, ,,'i;, v,. ,,.;;, v x .*, 

Tln*refri\ wiis<*r "\ ''*, s * irpi*'ieiit the fnuiptmrtitH **f the 

iteerietufioil f th* frill*'!* *f tflMiill *f thi* tifit}) f flu* fo 



w tff.ti'ti/ -)f 4 rt/t* nij i* fif n 

t hunt/It //*** futift" **? f/ir li^l^ *r*ii *^'iHVitfritfr*l jf iff *Yfrf wf 

ittf tilt thr r/frfiml/tifrt * ti'/fr i*liV*| til fliM f*<*int, 



fiei$r*$ti* *nfttphf\ iin 1 * *liii*iiitii"* *f riifiil 

tht\v |rvi fir mi) lipififiii nf IniiiH^ilitiJi tlr 

ttiiiy fm In In* riift'i*filirttfit nt tin* rpiitrr 4 gr*i%ily 

illitl the wiiilisiit tif Iliirt pittlll iilnlir in* riin^iijrrinl, 



7S* tmd of In rimj<ti*r I if 

tlilt f tWliur l^rliif'*, *MeU 1H* th?pUiVtlt**iltH 

ur fins lift ir{irr,?itl*ft ^imjitiiraliy hy tho 
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closing side of the vector triangle or polygon fornutt on t !**? 
vectors as sides. This closing side of the vector polygon is ral!**l 
the resultant of the given system of vectors. 

When a body of mass m receives an acceleration, it Itttpiiw* tluil 
it is acted upon by a force F, given by the fumlamtmtal relation 
f= ma. Therefore if a body receive** ncveral uwwInrntioitH, 
a v a^ a%, it must be acted upon by an equal number of 
F v JP 2 , F# each of which bears the ratio m to Uw 
acceleration; namely, 

>^i =33 ^2 ~~ ^8 3H ; 

Since the resultant of these vector aerclerutionH may bt* found by 
means of a vector polygon, as explained in Chapter I, Uw row- 

sponding forces may also In* so 
combined, since they are reHpoc- 
tively parallel and proportional 
to the corresponding a<*ri*hra- 
tions and. eouHiujuc^ntlj the twt> 
polygons are similar ( Fig, 101). 
By reversing this proeeHK> a 
force F may bo reHolved into any Flll< !<l1 

number of components, t' v F# F# in urbitrary (lirorttuihs tin* unh 
condition beiiiff that the furcw Fund itn t*utnjti!uniin f'tmit * 




y>^ - 



VitWPIiHl H^lilfi 




It !H friitjm 


nitly ronvmiriii in 


apply thin p 


rtiiiuptp by 


/I 


ing a fort't* 


tiit 


N/ 


piiriilhd to u 


Si*t if I'l^rfiilitftlliif" 


x 


*' UXi'H. lit tlli* 


4 run** tin* rr|iii|i'ii 


/l\ 


<*otiinoni^iit*4 


L I* * 1 1 1 V 1 I 


a / / \ 


* J _^ X 


ui- siiiijtii i f$' jj ii 


^y^ 


m ^ mM ~^--- ji*(*ttoiiH of t 


M< ^tVtMl t" !*' MM 


x* 


jsS*** thit n\i.s ( Fii 


r. i^i 1 '*, 


PIO. ic*a ^ ' 4 *' n rt mi 


tllbl't* if itff*|i.'.f rtfi 


ttt In* nitwiili*! 


**l, llii in 


ient method of prtK*cluro. Kurb forr* m 


tVMtilvwi |r-r- : 



tangular eomponcntn X, F, ^ unii tit** mim nf 
taken, say, 
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AI*. in 



of Uio 



Tho resultant /' of the sum* *V *' *V <' ! >" '- 

entire given By stem of f...v,-s. Its mmuTU-ul vul.u, in t-vhloutly 



MHO, if , # 7 '' 1 
Ki- !-> lts 



K ll!S th " r4 ' sultallt *' 1Iiakl<H With th 
is givrti by 

' ' 



180 T* "H ..l "I'l-i'" 
couple.' Th, ..... ,.'.,t i,f -,,.!. 

WWF 



/ 




wy 
190. I*r^ 



. 1'Alw* ** ** f 

i |Mml,*lu* O l^tpl UK*- A Isi 

thntit/h 4 rt|**t*4riiliii' IM IM f^ 



0ttttt 



til 



| trJ* 4 * li 

|4w|ti'll4i *if ffp* I 4 "** 

rt* *l^ ta* Ili N r^WAi * < 

flit !>*> llw* 

191. |Wf Utrtl 4HV t.l M; 

14 |WllAiIit til A I 

ftiftv mill 14 rii|4* r 



what i, . r.tlnl 
|-r."".- - " ..... {'"- .l 

r*'!i tlit'lii. JWi Ililil tin* 

^ ut any jmiut whttb<vi'r 



ttt t!ti 




WH* llir f^ti* t in II tub* 4 **M *^ ^t^* 1 
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192. Show that when threw ooplanar foreeH w lit u|uUiiriMi, Ut-> muni 

meet in a point-, and that <*ach force in proportional to the nine f tii <! ;*;<" 
between the other two (LamiVi tlworom). 

193. What is the magnitude of the couple required to tniit*tf**r n fmvn f 
10 Ib. to a point 4 ft. from itn line of action ? 

194. What Ls the resultant of a couple of 1U ft.-U. mitl n fpim t*f 
4 11). V 

195. In moving a force to a point fi ft, dintattt, a ccnipli* tf *lli fl.*Ih, 
introduced. What wan the magnitude of the force? 

74. Conditions of Equilibrium. When it body at'ted upon It? 
two or more*, forces is at. rest or in uniform motion re-hitivi' to 
system of coordinate axes, it is said to ho in equilibrium, ami flu* 
forces acting on it are said to equilibrate. The eondittoti tliiit ii 
body shall bo in equilibrium is that its resultant uree 
shall bo zero. From the relation F -- rntt* however, if tbt n 
ant acceleration a is /ero, the reHultant foreo /* must itlo br 
Hence the condition for etjuilibrium iigniiit tranHlatton in 



or, if F is the resultant of a system of ftmum F r /!,, 
condition becomes 



It is usually convenient to raaolvti om:h of thti givi'it forrtv^ ini* 

compouontH ..X F, Z pariillel to the cioordinnttt Mw^ |(|i|y 

ing this condition, in which ctuio the ain^lii iumditUtit fur 
librium just given brcmkn up- into the throe* Hcpumto 



These conditions apply only to tlut iH|iiiliiirium *f th^ neuter 
of gravity of a body. It in ponniblis h<n%"ifvrt\ ftir tli,< r^ntn- ,,{ 
gravity to be in equilibrium, and yet for tin* hotly tu mtiiti^ 
this point, a occurs for oxamplo, in tli ruw uf a fly 
ing about a fixed axii*. Hmico in order that it Imily may iihu i 
in equilibrium an rogttrdn rotation, a further tutnttitiiui l^ urrr- 
sary; namely, that Its aiigulur acc^litratioa Mh;ili uUi. br /^n., 
From the fundamental relation 7W, if < .. n t thr tm-mu 
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moment, or torque, 7' must aU> be /er<. Urneo thr mndition for 
equilibrium against rotation is y* _, . 

or, if 7' is the resultant of several moments 7\, 7! r ... 7 r st> this 
condition becomes 

v T - <J. 

*^ r 1 r- ' 
t 

Tlunso two conditions, 
for equilibrium against translation X ^* -^ f * 

for equilibrium against rotation ^ T *, 

(*in.Htitul.t* tho basis if flit* i*ntir* f4iiijt*ri of Mtatie^. Ty|ieal 
illuHtmttons of ilitiir njijiliriili *ir^ giv'it in \vbal lultiiw?*, 



lit IS* til 'II*. l 
llf*Vt*Ii*4 (M lilt M 

wt*!i% thitl tit** ^ 



! |M | j 




4*f lit flp' |*4li f ill fjir !' itut't W 

ft tli jMii.t *l I Is*' -t. I/ a i|in*-i r, | in, 

f.iiw M*** 'ii^ii *lin*i . ni *t tip* ttf, 







i III llir |^lt#'t ^*iil**i in 

$* .1 ill, ill** !$'! **fn'i* f t!i' 

111** |4ffil II H it III II ill** l4i'|l'it 
litis ii$ti%$ii|# i% I/ i*/ , HP* |tvi 

iitt tfo< 



ftp- ,il 



t / 



r*s|f 
^*'i||lit f 



A I* nti4ii^"4 * ii* t-4i*. i* 

lint IK| i IK *i^ht I*, H 
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ill 



SOLUTION. With the given dimen- 
sions we. have by the principle of 
moments 



and Pa = l'\b -} F<\ 

whence l>a^Wb- W^fb- ....... ^ c\ 

l\ f f tl J 

Since this is independent of .r, the poni- 
tion of the load on the. platform doea 
not affect the result. 



r r ~i 





Km, 



Let the dimensions be HO proportioned that ' tttt itlsn n M/, 



Then P = - 



10 



A scale HO arranged in called a deriiual 



199. In the toggle joint press shown in Fig. 10H, the length tif tit*-' 
lever is / t = JJJ ft., and /* . 4 in. If the pull /' 100 U. t fmd U< jrtifP 

between the jaws of the prew whrn tin* tti^gir $* 
/T~X inclined at. 10" to the 

AN 




200. Find the linuit tinrr/,itiifnl ffi*p itr$-t^ 4 if y 
t<* pull a whuel llfHn, lit <lln*t4,n' riiiiviitg n 
loml tf 5(K) lh. t ovi*r nit (ibHtfii*t* 4 In, 



201. A Nttwlyartl w<*Igh II Hi, mid. Inv* It* 
uf gravity in tins nhort lirtii at a tlintattci^ *4 I $**, 

from tht* fulcrum. The itiovatitr m right ri^h 

4 Ib, Find th iro gn*duitiit*it 11111! f !** ili^i.$Mi-ii 



202. A differ 

oiu.1 itiHtdo tlu other, Tht* titilt^r WIPW 
through & ft*d bhwk, aitit Is Itiriiwl l*y wl 

$i li*vi*r. Thin wnnv in rtriMl nut niwi Ittr 

F|( ^ l(W smaller MOWW of li>** pifrh wliWt 

screw, but pre?itod front rotating. Find the mrHmmi'al iiilviiniiini^ 1*1 ^n -j> . 
differential mmw if ttw lever artn In II ft. long, th? ottt'i s m?t^ w IHPI H Uki<-A*tn i 
the inch, and the innnr wrew 10 thtvad^ t fhi* inrh. 

203. The ktd of it tttr&ight rivor ntakt*it nit nngl' with tlw JtMU,--.*i.*.*1 

Taking a croHH wwtion periwiitlieuhtr to the ffiurni^ of fh* nvr llt^ **l*-* *f u* 
valley are inclined at an anglw (i to the horktittta). Fiml tim i*lii r ii M 

trihntarien of the river make with it. 

204. In the various typtw of thrw4itr** %tlitlll4rivfi *)hivn> <, I ^ * 
determine the ratum tf the filiTwnt li*v*r urtun ?* that .i*-i* h. i ,. - i ^ 
one third of th lotiti, 
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75. Equilibrium Pttlypm. A** r\|Liiijri 4 



Hilltt of till* jMl t \jOlt f*rtlM"l on till* tfi\rll '> 'ih'M if lul'i " a*iu| 
J!it*lliit Although llt' rut>*tl il*tiu|| ^}%r'llti* Iii4i, ? Siif Uilf Hint 

tliflliltilili flf liw* fiHtitf ituti It li** lint frin iiiiiii* if^i |ni?i$l!if|i f ur 

# Irifirfil U il In ttrfi i Uiilir thi 

r* In ii4ti"lurf iittfi lii 

<*% ' li ill f ttf* iiliii iii$*l 




ittfrrliMll, nlii'lt II s I*' .ifpl | |M 
l/li4lsr 4 *U** iillnftif 4 !, ftl* I ll'fll 

tiflrrt I)H *|tiihitiiiiiii >> flu* 

l$i'rii ^i*tti*li$* T filial tlii* liiii* 
iff yti*ii iif ll$i i*^nli4iil /I, 
I* 1 1*| into il l^| a* liiu r tiiif /l*/t f , J^iiilltt 

nty '^f tli* iiii* ! |iHin f *t$ l*f*fliftn* /t f A f 
until it l*| llj ii4*l 1^ 4 rxMtU'ittt 
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I 1.1 



7 2 , acting along C f f , parallel to the eomwpondiHtf ray W ui fl 
force polygon, etc. Proceed in thin way until th<* hint jmrt 
resultant 7J 4 is obtained. Then the resultant of /* awl /* 4 wi 

give the line of action as well UH the magnitude of tin* rrHiiSliiiil 
of the original system 1\, /* a , 



. 



Tint 






A'B*O f D'E f F obtained in thin way in nailed an 
polygon. 

For a system of parallel, forces the equilibrium polygon i s ****** 
structed in the same manner an above, the tnlv dittVnw* t*it!i* 

that in this cane the force 

/"" "' " 

^^ 

i\ . 



polygon becomes a straight 
line (Fig. 111). 



K 



Win. Ill 



Since P 1 and I >n are en- 
tirely arbitrary both in mag- 
nitude and direction, the 
point 0, called the pole* may 
be chosen anywhere in the 
plane. Therefore, in con- 
structing an equilibrium 
polygon corresponding to any given nyMttim of fiwiH, HIP futv* 
polygon, ABC DM (Fig. 110 and III) i llrt drawn, llim iiity 
convenient point in ehowm and johuul to tho vi*rtifi-** ,1, /I, t\ 
D, E of the force polygon, and finally th (.iquiltbriuui jlv^n m 
constructtul by drawing iUt mlm {mmllul to tlw tt.i, **/t, 

0(7, etc., of the force diagram. HIIHKS tin* (Kimtioti of llir |*| r a 
in entirely arbitrary, thiirci arci an iniiiiiUt tiitmbrf *if 
polygons comiKpcmdiiiK to any given net of fi>n*i*M. Hit* 
and magnitude of the rMMtiltaut It, liowm'tr f in iittli*{n*infi*iil wf itui 
choice of the polo, and will be the Haitii) no iuutt*r wlwri* O m |litn*l. 

Fora 8ytm of cottrurrent fortuw <i'.*'. firiMH whirli ,i!l ji*m 
through tlio Ktuuo point) the chming of th$* fun^ |Mly^nu m tin* 
necessary and 8ftU*ii*nt condition for M|uiHl>rium, if, }iM\irn; 
the forceB are not concurnjiit, or arn {MirulloK tttU nuiiiittm} in 
necessary but not Httfficiwit, for in thin inwn tin* ^ivmt HV^IIUM ,f 
forccrn may be oquivlnt to a (soujiUs tlm rffji?t of 
be to produce rotation. To awmru i<quilibntiifi avrui*t nttiiiiKi*, 
therefore, it is also nocowary that tlw iH{utlilirituii j(.*lyi.ru 
close. 
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m 



Tho graphical and an;ilytii*ul rowlitioits for rquilihriuw arts 
this 1 1 us follows: 



Rotation 



Analytical 



V r o 



li'r |tttlygim 



It in <icmvnUiit 



78. Principle of Virtual Wrk. If n **> Mt'in omsiNfi of a >.it^lt* 
fiw juirtirh' <**.//. criitrr of ^nmty *f H*fitt hotly. Art. 7*-}) in 
ortlrr for it to ht in t'qttttihrituit, tin* rt^ttlfitttt of all tin* forrrs tt|t- 
pliiMl to it must In* wro. That in to any, if *Y, F # thuott the 

tn at* thin rt*Huitattt % th*u fi rijuilihritiiit 

A r -/ . 

* w . ,_,, ,.,...., ,. /ru*i\ lit niii^ifii*!' thin ronitttion for rtjtii- 

litiritiiti tn ii Htitnrwhiit tlttlVrruf loim* Thu** Hiif*{imi that flu* 

Ivt Sj*, S t v & tt*inli f thr fiiisijttiiiriilH of tlttH ir|4i4*'*itM*!tt. Hint 
if tliii {iiirtit4 i* tit t'tjtuhhi mm, thr roiuhtion X Y < X <> itiiiv 

\m writtnii yv , t-v | y^, .. fl , 

tlillt iH I** naV tl** Work ffHltr tl$ lit** ^i\i f !l ^litiill *il%jil4i'i* 

iii4*iif w 4it*r>i I *itti%*i*f*t'H' if th* %vi*iU ili*i$* iu 4111 'iiiuilt trhi- 
triii'V th.Hj*lin i '**ii*'t4t IH /f*ri, tht*u $11 iit'4^1 th.it th* r**)attou 

of ^*r ( AV ^* '"iM'h f*lltl %iliil'4i M j4li4ti*U , lli,lt I 1 *, A* H, 

| f ,w II, if ^ il s in iitiirli twttlh $ i i in ijiiililniiiiii, 

III flip rum* tf il *\ ijf jiri$ ir% f if IM* It jtiii'lt^li* i j + iipli^ 

III HM{l4f*t!**t\ * lf llMHI*%rl, till* ftfiitlt'li'% ,llf* 'Mli|li'tt *l 

III HSiy WUV ftl* lipiimii til' ftin* i Mii'*l$itti*'ii h) lli4l *l thi* 

lltflt*W* *i*li*if t>4, IIIIV *I$ l *j4iti** <> lit*tlt H( lifif* MJ itlfllf* |iti I |rSl**l til 

flu* HVHti*fii f**tti%* 1 * it **rri"4jMii>liiuf ttt^pUit'i'tiit'fit itf iU tl ntinF^ 
Ity ii t*f tin* yif in r> liMMiii it *ti *jil i 

llir ruiiHliMtitU iiiijiiwit u <h* ,'^t*'i, I ; M| '\- 
111 ||| iff lli* !*'irr *h**W** ^i I *,'?, Hi tli^ j *IJit 
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of application of each of the forces in constrained to move m ibr 
arc of a circle about the center 0. If, then, the lover ainun aiv **!' 
length, Zj and Z 2 and the lever is turned through an angle , the 
ends of the lever are constrained to move through arm /, attd / a , 
respectively. 

The Principle of Virtual Work, which in a genowli'/iitioii of tin* 
condition obtained above for the equilibrium of a 
tide, may be stated as follows : 

If any system of particles (or rigid hodiott), oaeh arUul mi by 
any number of forces, in in equilibrium* tho mun total of tlio 
work done by all the forces in any small virtual d&nplat'i<mt*nt of 
the system is zero.* 

The truth of thin principle wan first perceived by Stoviww at 
the clone of the sixteenth century from his investigation* mi the 
equilibrium of systems of pulleys. Thus in Kig. 1217 and 1HH, 
if the forces F and W art* in equilibrium and F in diNplaeed 
through a distance , fFwitl be constrained to move through a di. 
tanee b such that, neglecting friction, .Fa Wh* or F*t Wl* -- u ; 
that is to say, the total work dono on the system in miy 
virtual displacement in 7,0 ro. 

Galileo extended this principle Homo what by applying it to $ttt 
inclined plane. Thus suppose that a body of weight /* rewt 1*11 
a plane of inclination M and i supported by a hanging u-tigbt W 
attached to P by a string panning over a pulley at flu* tp **t* ihi- 
plane. Then in eanc tha bodiitH arc in equilibrium, if W denrtith 
a distance^ A, P will bo raisod vertically a distance k h Ntn M *ueli 
that Wh^Pk^ or IF/i ./Vr0, In thin relatittn ltiil$Iri {*$- 
ceived that the ecjuilibrtum of tho Ixulien dependmt iti only n 
their weights, but also on thoir ndative movement towuntn aiMJI 
from the center of tho earth. 

The universal applicability of the principle of virtimt w^rK 
discovered by John Bernoulli in 1717* and it fnrnml prmf f th-> 
principle was given by Lagrango in bin /lwii/i//iVn/ J/rrli,ii,-#. 
For a critical dtHCUHHiou of the principle we Maeb, AVinuv r' 
Mechanics, 2d eci, 1{M)2, Chapter IV, 

The following problem** illustrate the pruetieal appiii\utt*ii <f tho 
principle in a number of nimpkt i^anen. Tht^i* pntb|i-tir f !' *--nt'%r, 
* That IH, vanlfthtm ti ut lii*it tlw fifi Mrih-r f iA^iuhi.|v 
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win ho olvid by othrr inruns whirh may appear simpler. The 
value of a tfonural prinriph* surh as that of virtual work roiwiHte 
iu tho fact Unit it involve fronowy of thought. For fxawplw, If 
a machine was t'litiirly inrlosi'd HI* as to ! uivisHihM'xrrpt fur the 
points of application llf twu f <*'''* '* imtl V**l i f " dUphuH'immt 
of /* through at listitiH- i riittmnt a rorroMpouiiin^ *liHplurtnunt 
of Q thrnii'irh a ilistiuu^ /s \*n wouht know fntta this priiii'ijib 
that for t*|ilibnum i>f thr rntirr M-Htfin, /*! 0* irn*Hp*rtivi* cf 
how thi marliiin H roiintrurtistt. Tht* prim-iplo f virtuail work 
thus affords a ^ont'ral inHlnl whifh way ! ;i|plii'*l to nil proh- 
inm initl thi*r^for* ohviiitt"* tin* u*iHHHity of 
purtiouhir rw Mipamtnly. 



In s 



A 



-* 1 ti|i|tiirt^t| by t 
t iiti *nln u 



I'tiriMttotlt if ill**. fi;|?i!*'i!i ? 

Ji;*, "rtirii if tin* *tf 

}! li l"M' I'l tli I'ii 



Fiml by thu 
.^ii."iit!t m ||$ 

t virtu*!) iin- 

iliMliii ifi I**|g s 

l t 

ii 



iAilf i 

Mi|li lv 

I* II *-..! 



fit** 






iiii'liiiwl lit tti* 4) 111 

f liitiiil ll*ife tin* ii^itt 

lilt* 111 til** mill ^ri^ 

lif t|| e |MH**>. 

HviH Ifi*^, f*4 !)** |**IV>' I** 1 * 4l*|i4*'r4 -vt^;}*! 
If Will ifi wf *%|iiifil iitiliij, nil 4iiiif& Hi I 

I IS* t||*i i*ii|ft|i t<f ftiw r^i*l i 

JIII*|I - If'/*'* * in-* I 

iiw jn i if** t ^ A -i/i * i% 4 i i 



ir tr ?./., o 

I* I s . ; J, iiiMi 

r i < \IH 

ti . ff^v if: i*f 




# 



I 77] 



STATICS 



Then KB = BE = A"<7. Hence if P is tho pull in th cord, 

Virtual work of toft-hand cord = /* AV/ t 
Virtual work of right-hantl cord /* - f /// 
Virtual work of wmght - H f AMI. 

Therefore P x AW + /> x (HI ' x AM/, 

or, since 67/ = /v<7 cos 2 a and KM A'f / run 



Making uo of the relation 1 } COB L 1 .-. 2 tum a , thi lioctitiitHi 

IF - 12 P WH . 

207. Obtain the relation lu'fcwwu ilw f<rciM itrthtg ujw>u a twMtt 
(Fig. 114) by tneann of the Prinmpln of Virtual Work, 

208. A weight l\ f nwtH upon a plaiu* of inriinatioti t*t tho Ijtirimtitiil, rt*t 
is HUpported by a force /', making an an^lt* , with thi* plains Hy iiM^ut 1 * f lh' 
Principle of Virtual Work d<'ti*nni!i^ th rt^laiion !'t\vt'tni I* iifn! H f . 




FKI. 114 F$*i, tu 

209. In th HolwrvarH balanati, ihtiwti In Fig, 1 1, ultnw by tn^ati* t tli 
Principle of Virtual Work that th {HMtition of th w right* In UM< 

dooH not affect tlia rt^Mult of th wwigltiiig, 

fl* hy tif a 

itiftu li**twiwii /*' II" 



210, A smooth acrtiw of pitcih // pjKrt.H a wri 
7' appliml at a litanw/ from iU axi. -Kiml th* 

by the Principle of Virtual Work, 



77. Stable, Uast&ble, and Neutral Equilibrium. -- Lrt /' 
the potential anorgy pcmHOHHod by a body *ir umlm'iul jiar 
any given ponitini f ami Jf, F, Z, tint wjtijtit*jitH nf n f 
which it is displaced slightly from thin pnmtiun. Li thu 
nonts of this dinplacinnont bo cUniotitl by Bjt\ %/, Ki, Th^ 
the total work dona on tho body iinwt ti(uai tin riut 
tial energy, say $J\ wa have 






n 
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Since, tin* potential energy /* is a ftwetiou of the eoonUuates j\ //, ^ 
BPmay be expressed in terms uf its partial derivatives with respeet 
to A //, *, by means of the ealenlu* formula fora total differential; 
namely, ,. f ft f tt 

t /* "/ i , '*/ * '/ " 

d/ 1 ... .. ^ tV -t t %/ i . ^, 

* 



ing thest* two t*KpreHsitiiH for Ki\ \ve have 

-Y&r + r Sv i ^fe ^- a/ *&- +. ^ ; *% + a/ *fo. 

cir 'i/ * tl* 

In order for this *xprwwioti to Im iiiiirpriitlriit of I hi* timu'tion of 

tlw dtHjiliieeiiient, fli* eitl1irii*iiii4 of l,i% % & ttii op|Hmite ?*5tliH of 
the ii|tiJitioii tiiUHt iw (M|ual; that in, 

.. <V* r *V* y tl/* 

*\ t I , t ft ' 



n l* f tf\ n any i!tvrn 

in eijtutl to flit 1 pdftial *If!'iv.itnr iff tht* jft*ntt;tJ i H*'l*|fy hikrlt lit 
the mum* direettott, 

For II tifiti) to In* III rijtiihlii iutli, thr IT ailtiiiil forer *irltli|f tin 

it itntHt In* nn; tliiit A* "', J* ij /f <>> <u**i rHji^nji 



O, 



Bill thin i*i ttit* t%iii i iiliii riiiiiliiitiii I 1 lit* .1 11111% iiiiiiiii i*r 

a mttitfitusii. f *tiifti**{llriillyi lfi rititililiii that A iiwti ^h;!l t f in 
etjjtitlitirifiiii >H th.it it** J4*'litirtl rn i^\ ^h.i!t lw f riltn^t a itii%iiiniiti 
or li itliliiiiniiii. 

For it M^wfrftt uf jnrti*"U*H **$* Ifi^lirs flu* j*l^iiti4l **$i^r> f v of ifn* 

ii ft filiirliiili uf ill! flu* i f in*l'4tl44tli^ n| all tilt' Ju !*!** ritiii- 

lit lilt* ft)'*! Hit, if, tlir M^f fin h til njiilliiiliijyi, iM*'li 

ftttftidb |JH $11 i*l|iIlSilil$itlIli rHti*iM|trftfU tlir r^lii|'Mtit^lil 

of tin* furri* iirliliif <i|i r*ii T ii jmrfirji it$n%l lir ^rin *t h'*'<t** til** 

fiiirli.il itt*riv4ttv*H <f tin* jinfrniifS rni'i-^ *jf tlir ^ *t'm iiiffi 

In ruMrhtitt 4 H if iMrit p^itf)*!* 1 IHU^I l <?$* Hut 

trt till* tMf!l|$tiM!* th* }*tirlilii! iliri|^% of llir 

til* || Ml' 4 II* !**'*, Ill *I p 
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of equilibrium, the potential energy of any system uf jwrtiehv* *r 
bodies is either a maximum or a minimum. 

Now consider a single material particle or hotly, tr u #yHteiu of 
such particles or bodies, acted on by any number of eon*i'rvitive 
forces, and suppose that the system is in equilibrium titui i iv*t 
in the given position. Suppose, also, that it in mihjwteti lo eon- 
straints so that it can move from this position along only out* jiittli; 
as, for example, in the case of a ball renting in u jjmove. A 
mentioned above, the potential energy of any Myntuw in it function 
of all the coordinates of the system. ThuH, if the potent, in I energy 
P has a certain value, say P A , when the Hyntem is in a given eon* 
figuration A, it will in general have a different valne /*/, in iiny 
other configuration //; thai, is, when displaced slightly from it* 
original position. Now let a denote any t'oordinaie whieh tnraH- 
ures how far the configuration of tlu^ Hyntt^n lm l>iH*!t (tif|iarnl 
from the original position A. ThuH, for tin* hall ristiiH.f in * 
groove, tt may clenote how far it lui rollotl alon^* tin* #rimv' frn 
its initial position, ot<s. Thon expantting tin* potential *iii 4 ri.|v /* 
by Maclaurin'H thoon^n in tenns of it valuti whim tln hVHtttti i ? 
in the configuration /I, we have 



Assuming that A in a puHiiton of acjuilibrima for tin* HyMntt, w^ 
have from the preceding ( f1 ) 0; Thoreforo iii^cli^'tttin 

\ flU / 4 

of order higher than the Hucuind inn* is aKMtuit^d Iw In* 
the above oxproHnion houonnm 



When the system in dtHpluced slightly from A, 'iine iLii n 
position is in general not onn of equilibrium* it caun**! J.-JMM 
rest. When it hogiim to moves however, it 1*111*4 ^un |.ut* 
energy and therefore IOHU nn etjtutl atinMint of putrntMl rn-< 
since the forcoa acting on the HVHtum an* aHstumv! f** !- , **i r f 

tivo. We have tlton three mnm to niiwitter ureuifhn^ .-, "' 

is positive, negative, or zero. 
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CASE 1. If ( * f is posit i vis then /* - /% must- remain 
V <V- / i 

live throughout tlir motion : that is, \v must havr /* .- /* 4 , }tt*nutst> 
the other factor * is i'ssi*ntially positive. Sttttv /* is <hmasinjj t 

K must tlwivfotv also tU'm*a*w. il**nrt whrn ilisplarwl from itn 
position of equilibrium, tin* system movt*s Iwk towanl this 



titnu 'I*ho *|uililrium tit this raw* in *ai*l In |r Ilt*iu* 

/iif xtitfift* t'tfuilibriitw tttr fwtrntittl rnrnjij i* <i 



C'AHK II. It* { * 4 j i 

\ tl^ / i 

nhovi* /* " /\i must 

is, V ^ /V *r!it*rvf 



tvi% flint tv 



m 



p ihrou^hotit flit* tmttuu ; that 
H* /* in iliu f ri%iHi$t^ * must i 



am 

of t'tjwlibrwm ami tl 

Hit* if|iiilitirtiiiii in 

flllWf l*l|lllll^fl!llll f/^' 

(\\HK III. If f"* 



fttlW I 

til 



I lit 



|, it 



t* 



I* 



ti**pla'nil fr*m itn position 
i"* ,u\a\ Jrm this p*'.ition, 

iii*l4iMf> Hi-uto/Hr 11/1- 



II, tlirli I 1 /%; Ili.il IH In ^tu tl< 
i*iii^i*ti In* thr ihspKifrmriit* ami nitH 



III 






*r it 



If 



of 



% tl 



lilt |ii*n f *il ill ttlil' Mtt ill*' Lit*!** nipt ttill ih**w ti** friii!#'itry 

In tm\i*. It if* tln'Ii ill rifiiihltipitif, Jf-i |ttniiul *m si|f 

ill in its iiililli|ilif 4 4 i*i ill** itiBiii 

lf It JUnr M( irCi* 

in hy *!*** Itnf4n4i if'< |**t< 

If U nt s*i if** * 

cU*H lint ritiiifiitif with ill* *il t 

ill mliirtl II lw< lit H4fii 

iltlMVO Of liplsttt 

In Uu itn* * 

tlit f tin* til .ilwJiv ii 



*1 it^ rriti*r 

% jifnt ^ttit*i$ 
* lit 

H| privity 
v, lliit'i* nir lt* p*tilniw 

fiii*h m i! * rrtift*f of 

f$i' rrlit*f, 

*i in t 
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piano of reference in the greatest poHBibla. Itt thin raw, if t..< 
sphere is displaced slightly, the motion will coutimu*, i? . 

therefore in unstable equilibrium. 

If the center (if gravity in directly below tliti jfiu*mitn>* o-nt* , 
it is in its lowest possible position, ami tht* poUmtui *-*n<i,*\ j 
therefore a minimum. In thin cam* it in in Ntahh* t't{uiiibnttuu f** 
when displaced slightly, it will tend to return to its miifiii,*; 
position. 

An important consequence of the tht*on*mH of this uHirU* t* tl*> 
Principle of Leant Work, uxplainwl in Art. l*f!, Cimphr VI, 



Hm 



PROBLEM 

211. Tha annular s{ac' in a hollow riutf with 
cl(>H<Ml ( k ndH (Fig*. 1 UJ) is partJy IUI**d wifh ii*n' 
cury. VVattT is MUMI |\u"i'J iu <>ti th* 1 right Mil 
to a ccrtatu lt<*tjL(ht> vvhih th* ring 1 in h*!ti Mtatitttt 
ary. If th<^ rinj^ nHf,* <>a it- wunoth, Itn-t^J tnl*li% 
will tnotiou tu't'ur whoa it in ivlcuwti, ati<t If H 
why will it not lw {H*r 



78. Structures: External Forces. Tim 
external foroen acting upon any Htutiotutry *' 114 ! ' lf 

structure nnwt bw in equilibrium. Htmct thin* iimi In* fttum), in 
general, by applying tho tumdilioiro of t'qmlibrittm tit At i , 7 i. 

Th** roiKlitiofifciif t^|t!ihJ*i 'it., 





IllilV !M 



m v , 

vv\ s >** ' ' 

^SteasiL-. 



\j^ 



or 



lw 4 






till 



of llfifMf il 



I l*it(i*r iiirtliufi ft'ijtiiiiM i!if .i 

inifi* iin of liiwtrtiniriii i, .M i , - 
HP . - , 

tlirri*furt^ miifuint tl,i!. 

ttfliri* ttork, Iliitli fitU;*i$ u 
ii*ti*;ttifi in uh.il l**K*r%-j, 
I, Anttli/tip,tl ,l/f-f||v| t \*ii 

mination of tha axtoriml forcuw nctinjr on *i htmpjr -ani.-- . s , r . ., . 
as tha loaded jib crams nhown In Fi^ 117. Tdi , i ^n -,;.; ? * 



v 

Ktti, U7 
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CASK I. If ( ) is i^itivi\ thru /' - /\, must rtm:iin noHi- 

\ iV / i * 

tivt throughout thr motion ; that is, w< must havt* /* * /*.o IMTUUHO 
the other fart or * is rssr-ntiallv |ositiv'. 8inrt /' H tiinvuMinjf, 

K uuist tluwfotv also flrrrrjiHt 1 . Hiw* wluw *UH|htt*i<<i from itn 
jisitiiu tf t*t|uilihriiuii* tin* )*v>*tf'iu iiin-i'H hark tnwiml thin J*HI- 
ti<. Tti njuilihriuiii in thin rasr in naiil to hi* Ht*uro 

/*r tttf*!t' i^ili/i^riiini f/ir f fwtt' ntittt rn?n/tf if si 

'''<y J /*\ 

CASK 11. It'i , j i.H lu^utivts thru l*v lh* ?*itH* r*iiMuuifi*f 

\ tin- / .1 " * 

nhi\i /' /'jiiitHt li'Siiinii iif^*!.ifi\f liii'tnti'1'titif !li' jiiuiinii ; that 
is, /* - i /%. Tlnrrfoii laiirt /* t|irr*\ru*;t ^ ti ! *t turnsiHf\ 
tittil ri>HM*|U*iitI\ wlii'ii tht* **\M*'iu i-i tli^jilii****t ftu it * |MtHitttiU 
f tHjtitlihriuin antt th*i* rrh'a'*'l t it $UM\I>* ,iu^\ fi**m thi picttlimt. 
Hit* t*<|iit!itii"iti}ii in this IMHI- in raltrl titirifiilik. H* u'i /ir ng, 
utttMr Mfttiti&riHni f/i*' f***f i nt>>>t! fti??;/*/ in *i wi *uwii?, 

CiHi; III. It" / < * J ' t t ft" it /* /*; thai r* t.* <av, fhi* 
' 4 . t J i 

jiolrlifia! i*ri'^\ V* it! rii.iii^t'fl ti tin- tlri|'<4r<iamt t in4 rtffM. 
ijflriifiy tlipfi* t* It*t ff^iilr!i*'\ fu in*\- HI *4ih-i tin*"* Itnii. l'h* 
<H{iitfibriiiiii ill thtrt * ! f *Mii 
lllf furrtfy ** *^ 

At* It Mitlplr **\4tl$l{*l* *l til** i 



In* jitiii* 1 4 ill liflV titi lit** lahjn -iliiiii u/ Iriiitrfii^ 

lo imn% If In in r|iiiiiUijiiiii, Ji* jih iil^l iiij^y 

III if* ilw In lli*' 4i*itiiii^ i*I if j * rrjtfrr 

fif 1% Ji.lt4r tif *f<f*"!n> i', 

it lijr llii* iiiifliMiij tN jwil**tifi4l ii't'^i tv 

If i** nut w $i4 m*ijf>i MJ" t friiv$fy 

<lm*H tiitl ili til l4^;u*% fit?* iiit* ji^ttfiutiti 

in miiifit it In* lit !ttiii*U ml$i it if n'iifi*r wf 

;$tnVf t*r Urii if, 'i ?"MS!i<tn<' *''lil^I% 

111 lllf flu* i*iM-r^^ i** --uitii-Mth 4 iiiii?ii$iiiii % 

ittt tif lh* f ^!w*%i* 4 h*m/'itt;i! 
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plane of reference in the great eat JWHW Me. In this rusi% il li.*- 
sphere is displaced slightly, the motion will t'ontinue, un*l it - > 
therefore in unstable equilibrium. 

If the center of gravity is directly below fliti #towt*tn r*nt 
it is in its lowest possible position, and the potential rtiruft n 
therefore a minimum. In thin case it in iriMtuhli* t*ejtttiibtittfit * !? 
when displaced slightly, it will tend to return it* it* **ru*tu.t* 
position. 

An important consequence of the theorems of thin iirf it It* t>* tlir 
Principle of Least* Work, explained in Art. UU, Cltttj*trf \ t, 

PROBLEM 

211. The annular Npacv in a hollow rintj with 
dowel (U<IH (Fig. I in) in partly fitlr<l with UM' 
cury. Water is thru pourcti itt <n tlit rii;lit- jiil 
to 11 wrtuiu h*i#ht. whih* th* rtuj< i?* h*ll Atatititt- 
ary. If the! rinj^ rrstH cn u Htiuutth, Ivrt tiit>I% 
will tnotkni orrur whim it in r**)WHi*ti, an<i If nt, 
why will it not IH* j*rjM*tual? 

78* Structures: External Forces. - Thu 
external forc8 acting ujMm nuy Htationury |i|t4 lfl ' 

Htructure muwt ho in iir|uiltbriuiti. Henee the\ ni\ ! l^nn I, 

general, by applying tlm cuuicHtionN of tifjtiilihritim i*i\ m tn \ i f V i 

Thwwii- 





wuty hi* ti|t|tit*it 



*r ^mpturalh, *t ir 

mrfftttd Ii4'i tlir 



nil t"irc*iiimtiiiirt*\ 
lutter tin tltiitt r 

UHM tif ill^tMIIIIt'lil ', ,u , - 



work. Unlit in* 

in nli.ii l 



L 



u. U7 

xnination of the fixtitriml 

as the loaded jib crams Hhown in Ft_g. 117, 



flu 



,| r< . 
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vertical must AY>, supported Uy it foliar ft utul footstep ^ and 
currying a jil -^A tI*! lort *'^ !>v tin* guy /I AT, Tlu external 
forces Hi'tintf on tht rrant' an* tho Until H", tlu* rmmt^nvoight IF,, 
consisting *f hoisting online iiiut marhin^ry, nut I flu* ri*iu*tiou8 
at H an<l r r . '1*'^' niu'tin *>f tht* c'ullar //ran havr uu vt*rtical 
i'oinpoiifiit, HM th folhu 4 in insult* u I*HISI lit H*> that tin* crane 
nmv J>* fnn' t*i Hwivi'L Fir t"tiiivt*iiit*iit*\ tin* ivurtinn uf tin* finit. 
stt*j f r IIIHV IM* rrjilnt'i'tl liy its hori/ontiii ami v^rttnii t'onipniuaitH 
//and /"/ 

Applying tht* rtiinitti<iis uf injiittilirtiiiii tit ttw Htrnrtiin* us a 
wh*lt% wt* hii v i thi*rt*f*nv 

] Vrrtifiil fnrr*^ v. il, W'+ if r t 4- wtn^lti uf rnitir - f'-l), 
^ lIiiiT/.tiiiliil frTH f), // t -f // a -, 

^ MtitSliMitH ^0 ( tilki'll Sl!iltl //I, fPA, H^/! f //jf ..-.-.O. 



t!* tirjil ruiulitinu fh vt'rlinil rriirlinn i*f I IIP 

fiiiiiitt tn Iw tu|uul it* tin* putin* \vi*ijht nf tht* Mlriirtnr^ mitt i 

{tmtU, In iij{ttyitig tin* liiMl riiitiliiiiiit ifp*fiiwtf,H un* tiiktit 



mottutit wjiiiilitiit ttilli uuly *IP* tiukmuvii // t , *I*ht it!u*r 



fiin*i . 4 2 - 

Tito moin^itt f itu* tiiitiiitrnviniitit If| l t Mhintlit, whtn |uMMthits 

If! 
in* niiwti* *rjiiitl In ^ * wlu^ri* W in th lu-ttt thw rrmir* in 

tIi*HUJItt*l t*i lift, *!1it* II lit tlii'ii fpnrf l*r 'iili*ji'iii*i| In ;i 

Iti*li4ilig tipi|||i*til uf liiuli* inii* ki!t* i!i4t 4llr !** lh- !tttrt Itutt; 

i^ l*i miy f flu* iv*i'titn ll t // u mil ii*nrr Im 

limn tiu* half lli* %iilii* ili^ tt^*iti4 h,i%* if tip* *i,iiir 



1L Jlrlliriil. *!**> illti?*li4f* lliiH iiirtiiiwt, t uU^tftuT th* 

Pfrttl in f |4 i|f IN, A'^uiiM' lip? Wkf'* in thin *MM* In 

in* tin* ttf tin 4 IF, a tiini^iiii itt,i4 nt ff r iw- 

rttitnt*ii fW jtr*?*iil jiiiffwiiirfi In In* rMtfr*<fft 

twiMHiiitviit l* r /* 3 , 

nil tilt* 41 r flir ffMrtlMiiH ff, % ll r 

till! Hi ,iu?j ht*t** 4 * Hit* (iirr* 
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t.Vt 



polygon must close. The force polygon, howivt*r consist * in 
present case simply of a straight line 1 si l 4 *i, IIIH! thriv! 
does not tuifliee to determine the values of /i*j a no! it y I 1 **-*!" 
purpose an equilibrium 
polygon must be drawn. 
Thus choose any pole 
on the force diagram, and 



,,k 



tl' 
nri< 




.... ,^ 

4 ii 



I 



!' 



if, 



draw the rays 01, Q'l, 
08, etc., and then con- 
struct the corresponding 
equilibrium polygon by 
starting from any point n 
in J&i and drawing ah par- 
allel to 01; from I draw- 
ing be parallel to 0'2, etc. 
Having found the closing 
side of of the equilibrium 
polygon, draw through 
the ray 0(\ parallel to <tf\ 
thereby determining /^ as 
50 and 12 a an fM, 

If, for any reason, it in 

, . , . ,* Jt . 

desired to draw the tnjui- 

librium polygon through two 

figure, the reactions (#. thw {joint II) iint first flt*ttrui!!*<il 

above. Then a line in <Iruwn through l! piimllfil In iil\ itml 

pole Of choHcn Honunv!u>ro on thi line. Tin* rlnHittK *tiu f 

equilibrium polygon will tlmn lunHiKHurily lw piinillrl | O'il f 

q/'), and hence if the polygon HturtH nf /*, it intist rml nt/' 1 , 

212. A latldfr IH) ft, Imtfi nml wi4ghiig 
agaiuHtamnoth viTllrttl wttllmii! UK luwi*r n 
Find the nwticmM of tint u||tiHs \vhi*ii li 
vertical. 

213. A drculiir, thrmMfflKwl tiihtin I ft, tit 
pi^aload of l(H)lh. lo ii,,.h,.M fnmi OIK 
wich foot ami M. fJtH.r. Flint al tin* Nt 
th tnige* of the tablet will juiit csnum* It ti tt]i 



points, HUV #i utiil t f in 



ur 



tiMt(i**r in im*hiMni air u 



Fiii.t tJir P , 
mni | M J, 



^i,-' - 

^. A-'^Y./^ 

u ,sho*ii u H;- " i 



MM ; ' * ' 

Ht- 

:\ / \ I \i r 4 i i 

< - .,,.- i 




I IM* "" * k , t ,,ui *""* l.ud"'* 1 " 11 

% .1 ii* FW t -'" '* * lp ; i AM ft !** 

aW , Tt ..... - "" f *; Tl .'V* - "' "" *' ' ",; ,u ,a , M"^ Kv 

'" r n, -'" " j *- !>( ;;:;;:;;ul >** 






..... 4> rw /t M ^.,.. 

^P -"* 



..... ' 



4 ,*rf. 

^^^^^^^^ 

, (.,,. ;.<">>: "I""' " ,,. ..... ,l,T,.r 



" 



. 



* , , (lAt ...... n. . 

l^^l**'*^ 1 "* 1 I ^ ..I l' w lltw 

-*"- 1 " 1 ' ,,,at.^i.i..^ "r ui 

A, , fiuti .'M-MMi i;t , n ,i,-,*n>. u 

^-?r;s^rr.-^-.-' ..... - 

* Uw ' 3 
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the weight W, the tension P in the guy /I ^ nl tin' minion ..I 
the legs of the A frame. To simplify the Hulutiou the Utter nuy 
be assumed for the present equivalent to a ningU' forci* /? 




along the center line* ./l'fMtwwn th of tin* /I 

conditions of equilibrium applied to thin joint ure tli 



fraitt**. 



Vertietd fo 



Horizontal forruH I), / t H!t 



4* 



+ ^) - lining > o, 

giving two simultiuioouH (U(UUtiotiH for /I iiml /*. 

Hinee /i in l*v aHmuuptton wjiiiviilinit to tlm fititiltimnt iirtinti i4 
the nheur legn, the thrust T in twit tuuy l* found by 

foretm itlong It, Thus Tmmtt^m^ /i, whifh fiotvriiititiw f # t || 

Iww alrendy !*tn fotuid. 

Similarly tlttt ftr*i lit tin* bottom if th nlimr ti'ttditi^ tt 

make them Hjireiifl LH ? f sin i< 

At the point C f ilii* fiirH\H iieting urt* \\w upward pui! I' *u tbr 
anehorage, the huri/uiittil pull //mi it, and tbi tr^iinpiii / # m tin* 
guy. llenoe upplytn^ thn condition* uf 



(Jr<i/>hhtil Sfathttit. Tti illustrate 
Htn*HHi* from joint ri**ti f lii!t*% 
Fig. I'Jfci. 



^ fffiifittiriiJ ifalouliittt-m ! 
tti r**nf truv* .^imu-n *i 



t!* '..ti r "'* J 



"i" w M\M, * ltWs ||f 

*'**' ' *'*' " '" '''inf till! 



I 
\ 






till* .III, ll l( , l tlllt j 

nn ^it% 

miii t | l|f | tl f t 

"*si|J*i! t < J MV r 

f"iv- * at .t jMiiitt, 

" 4 " of mi^ 



in ' ^,f ,4 f n4t,*li* tif 
. U v. / tft i.luil 



h ' " X: : " , " :: 


.r~'r.: 


' 


^ H |i f ,% J,u>I iiff 


r. iv 


IV . '**! ^** 1't 110' l|r%l 


it*tl^\ **> Jf4t< f<M*l j- ***"i f,<'. t . i* 

l****i <|H* HIM;***!, in t **!. ^ ># 
lliP ,iM" f*ii'i In f*f* rt si'.,; * * 


III * / i u ^t* HMM* 


lilt* Iff f *| 4li4 1*1 I I' ^f 1 .', < II - i 


- 


// i*4iiiii* i fx'iMi, iL^^ - ill 1 i 


i//.wV.'j''Z'-iwiiV.i 


1 III* (r u ** j*hi*"U <li/ } I " ' / 

lll*ll l'fiAj>iiti f ^tfi ( \ v ?*> i, 'I* 1 * 


1! ; , ,|f 4 I U.U f^f tll* 



* li ft ^ t;lj i ir 1 1 
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Since each force polygon contains one Hide of t*itf!t <*t* tin* nt Itrr.% 
by placing these sides together they may all Iw romhiiit'it uiti *IM< 
figure, as shown in Fig. li ( F). In the prtwtmt int* **|iir*itt< 
diagrams won* drawn for each joint to illuHtrnto tht> twlhuil. In 
practice, however, but one diagram, the emuhmtHt titt% it* tr*ittii 
as it affords a saving in time and Hpare and prochirri i lustier 
and more compact appearance. Such a figure in t*a!U*tl u 

diagram. 

PROBLEMS 

218. In the crab hook nhown In 
Fig. l*J3, tiHsunio that tho load ^ ;KK> 
lh., the cot'llicit'ut of friction /.i ..">, an<t 
determhu*, the kind and utnotint of 
ntrain in UH*. nicinluTH l\l^ ,1/^und 
AH for (t HO", ft SK)\ rf H in., /* JJ 
in., and / = IS in, Sliow also Unit in 
order to hold (h weight without Clip- 
ping, tlic condition which niuht IM* 
satisfied in 



' ''V- 1 . 

J ei niu 2 i / li 




219. A Htwitu cylinder w ^<l in. in (Huuwt**?, th t*%yii |ir^i$ir U 
Ib./in.'^ the cmrik is 18 in. lung and tin* coiiu*Hmg md i* i ri^i*!* l*n.f Flu*! 
the. ntrHH in tite connecting mil, |tv*utv cttt t*rt<MH-lnail ^i*lr ( iiii * u^i>iiiii 
preHHure on crank pin whim thu mink makim an mul* if i* %uil* fii< li*n 

ssontal on t!u '* in t*n<t M f thu ntroktt. Find titw thi* itiii%iiitii !.iH ? **i}fi,.iI 
preHBitre on tho crank pin. 

220. Find the ctttttn^ force i%i*rtt*d hy tin* hliitt* of tin* <t'nnK'|w) 

Hliown in Fig. 1*J4 if this Uttctket w4ghn itJOO lh M its diiiii$4^r %%1iPit i* 

5 ft. H in,, and its citpiynty w I <u. yd, weighing UMK> Jh, 




THKOf<\ 



lit 
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. 




Tltlvuin A\D I'UAiTIt'K ttf MtU'li \\lrs 
' . -4.U i , * * , 



t* III*' 



nilh Ui- 

;** It , * 

tl!t'im><i 



, 

f 



II f I 



rTT'i 



A* li* |'.t4 ^ 'i/ f 4 * 

If 4 If 44* *)l* * i 

*rM. n b 4f >\) 

III fm| *||,i^4 n;f. J 

4flK til*- ^M/J3 lf>/^ , 

it f* i > ft | ,,i , 

1S4 ^141 j., % 

#llit*|| |^ 1^,* 

ft t *l t f4i^4 > * i 
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The weight of truss in pounds for this tyjw w glvon by lit** forum);* ^" 
/>/' 2 , where b aiul / aro expressed in fVot. Tin* weight of tin* t".f t'tiv<rim.; 
be assumed a,s l. r > lh./ft.- of roof Mirfaiv, and thcnnow loud m *<) Il*,/ll,' 4 *l I 
xontal projection. 




gnua for HHUW load witl ti, 
proportion^ to tha aom 
ol > aim. by multiplying 
ratio of the loads, 






NOTE ^FI1 oalouliiU tbn dwid hmil tmrri.nl m wl , j| fl r, ,h M t* 
truHHancl roof ocivoritiK, aiul druw t!t, diii K nti rr UiU MVH L 4 ' 



%ur <% n w j tb, Mtn 4|| ltf 
wk I!,,, K * w , KI, UW |,. M I ft f.,., . 
^l itr.w h y n t!MI|llUllf , M . f . t| '. 

9 
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In onlrr, tlm* iliinii. 11. , 
lh* itua.il* -t f f ' I** 1 ' . 



* (| 'V ' us" "!, ! will 



. At 



I ' I 



I 5 



.v ? 



III 



ir 



ri 



/ 



Ill 



#!<** 4**<tiit*n 



.* f" 



|4t Ifir. I* *| ^|| *4 

t|tr ,| + 4^| : 

fll f/i tn*^ii . .sii 

f l^i *| f i- : ^I l ***! 
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225. Analyze graphically for both dead and wind lowls tltr It*ttf tt4 
truss shown in Fig. 1M for a span of 50 ft. and quarter pitch, iV. with * n* 
of Y = l--' r > ft. The trusses arc spawd H ft. apart; tin* w*%lit of twfo trim 
may be taken as 2.f> lh./ft.- of horizontal area ; the roof tutvt*rit!K' l< It'- ^t, a 
of roof, and the snow load as 20 U>./ft. u of roof. Th whtd Inittl, lw**t! mi *i 
pressure*, of ;M) Ib./fk 54 of vertical projection, given for a nwf of tmr qtiiirt^r 
pitch an equivalent load of 2,4 lh./ft. a of roof mirfa<'*. 

Assume the loft end of the truas to be on rollers and the riglil ml flx.**l f l*ht 

total horizontal thrimt due to wind load in then carried by the right- nl*iilitit*ttl- 

In drawing the wind-load diagram Unit calculate the nwttoim /^ itiiti llf by 

the method of momenta. Having thun determined thti point *lf t-li^ ivitiiiiiwlwr 
of the diagram is eanily drawn. 

80. Structures; Method of Sections.- ....... -If a Ktwtion in 

through a structure, cutting not inon^ than two 

stresses are unknown, ilw single, condition that tho form 

drawn for tlu> foixu^s at'.ting" upon the, portion of th struct uro u 

side of the section, nuint C.IOHO, will enable* the HtrtmHtw in tluw* i 

bers to be found. Com- 

mencing at one end of a 

structure and puHsin^ a nee*.- 

tion cutting but two mem- r 

bers, the strosHot* in tlumc 

can thus be dt^termiiHuL 

Then panning a suction cut- 

ting 1 three lueinber^ one 

of which has already been 

treated, the HtnmHCH in tlio 

other two <an bn found, ete. Thiw by mean of Htt 

all of the HtreHm*H enn b detarmiiHul by Himpte fircu ji 

Analytical MrthwL To illustrate tho anatytioal iip 
this method, connider a Warrun truw* twed an 4 ilrrk 
shown in Fig. 181. Lt the dapth of trtias itntl (mnr 
each 15 ft., and th loads oarriod at the joint* of fht* ujjM 
be 7, 10, 9, and If> T., rH|motlvly. lite rt*artii'* at II iiinl */ 
are found by taking momenta around ./ami /I to ! I7| T. iirtti 
28 g 1\ respectively. 

Since ^thw form of triittK biw piiriiltel rhonU ntul a >*iw*\r wrh 
system, It IB not to begin ui uny jiiirtiriiliir pmr^ Intt 

section may be taken iiriywiierif, |irovhiwint ruts fmih rn, n K Mftt | 
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/'/**' !' i it '!*' t* 

** , | * - --- |H*rt)'*}l iif I lif nt f itrt tifv nn titti* H|it* of 

l!if nM*ti*n % ih** t'\i<Uiti folrrs ;uti(ltf 

n this |nrf)*u wtll ! tu *|uihltrimu 



I u 

i^ 

,4 



V \ 



I/ 4 I*'*' 4 



u**nt, if niU'4 M|tuh(ftat flit* i*\ti*riml 
i-iM M* t'if>" at /I att*t ' ', I'lial i > In ^v % 

from tfti* ntii{ili*i4 of ii|ttili))i'}utu 



ll 



r !IM*it!r!if't ^i 



tin 



> *f*-M,ii^ ijt* -v %, 
^ ai /** ( iiiJ r* aMiii /i /* ! 
Jii tlir it*"'** ; that : ^ iii mitt 
Stmilurtv t* fit** Mi **-'* // in ///'t.il*- t! 

f &*. ttp*ii i*il*r -i H. 

** llpltif*tit'* i!tHiil ihj-* ,i 

I/ * 1- ** IT, * *. f ll /i 7 

* I'. 

Htiirt* tin* %riin'4il t /I siiHfiil ,tl 

^ It) tti^ 



I* ,ni4 

t ami Ii 



H of 

tin* 






t f 

filflti^ 

llf Iff JM 

till* i^Jt 

l^*t l f |* l f r i* ft y* |f 4ii^ 



f. It tm- 

| !''* f 



i^^i.ill t* IP^.I 

'f l* ,| v ni'l| J* |t|f 
li 

v M| JMP r% 

m i<*i{iii$>'4 i 1'ij^, 



'ialt<ii4iW ftf 

lit** 
H4.iv In* *il* 

i tin' 
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draw the force polygon for these forces, choose any polr O a in I 
construct the corresponding equilibrium polygon tthnie, Now in 
the force diagram, drop a perpendicular O/i- from the |oh* f> on tin* 
resultant ,/. This is called tho pole distance of /**, mid will IIP 
denoted by ..//. Also, in the equilibrium diagram draw throng!* 
the given point li a lino parallel to /i, making the ifittiiwjit jry mi 
the equilibrium polygon. Then the triangle OAK hi tht* friM 
diagram is similar to the triangle #/// in the ecjuilibrituu dmgrnifi, 
and hence r:x//= //:-4A*, 

or /r ..... -..- // x ./'//. 

Rut 7ir is the monuuit of tlu^ restiltant A* about /I and in rijiinl tu 
the sum of the moments of all the given forces about. thtH {mint. 

Tin 4 f<llo\ving moment tlni>- 
rm may therefore bi ?ifiiff*il : 

7%** H 




arid OAQ 



tif ttHl/ HIM ft" m 

rtlwut ii i/iven fi**iiit 
f^ etfual fat the pt*le tli*tain'r **/' 
their resultant multiplied % 
the interrupt made % the equilibrium 
t/ttn tw a line dntien thrttut/h the 
point parallel to the resultant. 

The moment of a part of ilw #\\ 

w*t of forcca ubottt any piiitt miiv n. 
bo fouita by thin theorem. For 
pie, lot it 1m required to find llii* mo- 
ment of />, and 7* a utwmt //. llir 
rtwultunt of /Y /> 3 is given in amount 
by /iC/iuid nets thruiigb tht^ jtnt j\ -. 
Hhown. Htnn-c draw throu^ti // *i linr- 
puridlcl to thin ptirtiitl riisnitunt, lunl^ 
ing the? intercept mn on the I'ljiiililmiiiii 
IHilygon. Thini since tht triangle* 
similar, wo hnvi* 

r # : mn = // f ; /f*. 



or 



which is the expression required by ttm 



HMi THKOKY AND I'iUrTK'K f iF MK'HAM*S j*i ur , m 

Fora Kystt'tn of {tara!!**! toivr.n tin* JM!<* th*tant'i* // H ron.stunt 
un<i hnur fltt* Mjnililriuia polygon in .sjnular i ih* tnotm'nt 
dia^ntin for tho fn*t\s t.*n I'itlt* 1 !* sitt* *l an\ i.fi\fit jint. Tlu'h*. 

taken with M'.sjurt It* lliin JMJH|. is M|ttat t* tin* runntaitt {tutt* ili H . 

'v // muhipliiul liy l!w intrrvjti m. ' fc -* - 



hy tin' i-iiiili 



oJi *n a viTtU'i 
uj*jly ihU iito 



in 



*i* 



I |! \ 



,P\ 



! 

I 

f 4 

i ,.--* ' , 



'*,' 



|w!iil uj 



n 



I, 



I lit It I hi' rtiitililiuii ||; 
4s itiijt 



> >. 

* 
I 



t*y uhftvr iltii 

II - III/ fill, 



1*1 
1 

*4 fin* in $fi fiinii4 

M iv- in ///'., 

and ttt in /ir ', r$<tif*.f H| 



in v 



-. W' * ill 



lir! 
i in ! 



1 1 



1 , 14 



.1! ^ u 



i 80] 



STATICS 



By observing 1 the signs of the moments, tho strossos in .4 A*. //' ', 
and JSF am found to be compressive, and in AF trnsiU*. 

In the present case, from symmetry, tlu* Htresst* in the* rt*tiiiiniiit*; 
members of the truss art* the same us in those* already fnttml. I*W 
unsymmetrieal loading it would bo newssary to upply tin* ubuvr 
method to each individual nuunbtu*. 

PROBLEMS 

226. Dotennine analytically the 
HtreHHes in the membera (7^ />A f t 
and AV ft of the curved chord Pratt. 
truss Hhown in Fig. l15 t anHuniing 
the load at each panel point to ho 
50,000 11). 

227. Calculate analytically the 
stresses in Urn membern of the jib 

crane shown in Fig. VM\ wh<*n lifting a load of 'JH 1\ 
as given in tho fi^uro. 




dijii**iiHiinis 



^ 





ti in Fig, IJH ( 
cully t'li*' Mtn*MN in /'*//, 

In th fViiU tni** in 

Fig, !!? ttt** ttitti*'MHiimi 
nn nM fnitiiw* : S|inti lAtt ft., 
-' H> ft,, iH 



givufi by lh* 



THKOKY AXI> I'K, 



F MKt *H v\lt 'X | r ,, M , 



!|||IV | |f , ^ , 

Mu! /' (v^,/ !**** 



81. Flexible Cords. "<*ia*ilt'r u rt\ifih* rinl % fa^triinl m t! 
mils ami Mi|'jMrtim* wtngiit^ at \arimtH jitiiitlM *f IN Irui/jj, 

in Ft-, i;:s. At !i y 

if 





Illiti tlir trh^tnlM m t| ir 8| .^ 



''* in 



ria ! 



U iff 



f 



rui.H a 



l.\ l*r i|< !o;nn-i in J. 



tin* 



lilt* initial t* j inuutl jvMintt *t 

4iiil / in ,1/J 9 isiii O, f 



tilt* iiitfi/iffit.il ri|ii|nt|p $|f t| | |n 
li*li'*lt*iin in r.trJi of tvju|<, 

|i* |fir|i*f*|i* tin fii| 

1L t^JlWrtjlirfilil 4! ?* 

IM I !l*i|fel|l* |ri4**5liSI III I II it 

Mlt!i*IWivt* llf f||M f^iiil, ,| 

f Fa^, lfti t ilp'ii 



i* 



r 



tli V \ rr 
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Eliminating 7^ and 37 B>1 between tineas two rvliitions, tltt* ivlutim 
between the inclinations of swuwssivo w.gnuwtH in ftutwl it* ! 



PROBLEMS 

230. The rule used by the makers of cablewityn for finding tn* iii ti* 

cable, is to calculate a factor - OII< * ! a H MJIrtll ,and multiply tht Itttitl, *t* 

twice t he wig 

mimed to be at the middle, by thi fae.tor. Show how this foriitttiti i* iiltayiil 
and how nearly it in correct. 

231. It isuHual U> allow a sa^ in acabh* etjual to otu t\v<iitiith of lit** ^|siii, 
What does the, numerical factor in the preceding prlUnt h-i*rti!ii* in ttih i-ii ? % 
and how doen the tension in the cable compare \viih th luad? 








Ftti, HI 

232. Find the relation lx*twi*mi Fund tr, and thu total pull 
supports in the Hyti*m of pulley nhowtt hi Fig. Mo, 

233. Find tin* relation between /** and IF, in tit** compound 
tackle shown in Fig, 141. 

234. Find th ntWN* in howling Hm and bom tin** iu th* 
quarry derrick howti in Fig. 141 aKMtututtK tit** rffWti\n 
length of mant and Itoom fr* in* aih 1*0 ft,, load l"i T,, atid 
boom IncHued at 45 U t tin* horizontal. 

235. In a Wettton Uiifenntttat Pulley two Hhi*avt^ ( i*f radii 
a and h, im\ faHtmitnl t<igtlti*n and by ntcariK i!" a roiitiiiiiHii'* 
cord passing around loi.h and also anuttd a ftiuVitMt* pitU.-v, 
support a weight If, Find thi* r*latio twu**fii /' and II"; 

neglecting friction (Fig, 14*2). 



MI* Hit* iif*j* 
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230, In H Wilton Iwtrpiiflil I'ulHi th*- ttuiwl^'* MI fh- 

il* UtT bliH'fi HIV H ill, ,Hti t' . ^'t'i ^ r Il^if^tHM) ^h.l!|1;i^ 



m 




M! ^* II* *f* |^l^r I *-V A **! ^ M*'l< |*',pw^rt'Pf 

IV lrS*i*r4ft k>-i4**<*. A 

iif 'I to* ill* tiw | IH* ^* 
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238. Find the mechanical advantage in 
the differential wheel and axle shown in 
Fig. M-( if the radius of the large drum 
is R, of the small drum /% and of the 
crunk c. 



NOTK. Tho ropo w wound in opptwito 
diroetioiiH around the two axlott, HO that, it 
unwinds from ono and windw up on tho othor ; i jw 

at the naino tiino. , t . 

r HI, i -ft 

82. Uniform Horizontal Load : Parabola. - * When ti flexible writ 
supports a load which is uniformly distributed over tho hori/ontut 
projection of the cord, an, for example, tho cable of a NiisjiotsHtott 
bridge, which supports a load distributed uniformly per foot of 
roadway, the curve assumed by tho cord is a parabola. 

Thin is evident geometrically. For consider a portion of tho 
cord ()//, Fig. 145, () being the lowest point of tho cortL Thon 

the external forron noting in 
tho cord are tho tonnioUH // 
and 7 r at tho iwdn of tho jmrt 
ootiHidorod, itnct tho woi^httf 
tho load, itcling at tho oontor 
of O(J, For throo fnrot*H In 
bo in equilibrium, hi\vovi*i\ 
they niUHt meet in n point . 
Hence the tatt^oiit T to I fit* 
cord at J$ PHKHOH through tho 

, 
I All 




Fia. Ufl 



middle of Oil Howovor, it in u property of th 

the Btibtangent in hiKoctod at tho vertex, in which <mo Oti 

=s DO. Conuequantly tho curve aHHumoci by the cord is a 

This result may also bo doduood by applying tho t*tm<tittun.i i 
equilibrium. Thus from 



Horizontal 



% // 



Vertical for<jen m 0, iix < 7 f in , 



.>. 0, 



where w denotes tho load per unit horr/cmtai 

fore, by division, 



Thr 



tan 
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ami si an- from tin* %tnv wr also hiivt* 

'-/ 



by iHjuutmir thr.st* valuta if t;iui, 



which is ili ftjiiiittoti <f n piiruUthi rviVrmt ! tin* vi*rtt*\ O 



m 



tin* bint injiijitiun it IH t'vtttt?tii llnti it ihr u|t|uirt.H itnt cm 

livtl % tin* il lit tlii^ rriilt^r in ^ivm |i\ 



itlffit l thi 1 rnl ftir ji ^iv'i* ji*m iitii x&yt \* fniujtl )iy 

tin* riiiriittiM ftiriiiiilti fur tin* tfit^fili nf any iii'i\ f4iittt i lv 

" v * ,/, j 

to ltl jtliil y - J^. Iii llit* jinmrii! t-iiw "^ * lrr 

* "^ " 



ll till*|*r4lr*f in! 4 1 



' .*////, ./ ^ //' 



II *i . tin** r^jiii*iifc|tiii fin 

H f| 
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PROBLEMS 

239. The International Railway Suspension Bridge 1 built tit 

in 1854-55 was the first railway suspension bridge ever construct!**!. Tit** lUta 
wore as follows: Length of main span 800 ft., height of townr* iiftv* fluor 
80 ft, number of cables 4, eaeh composed of" ;W40 wirt*x .MH in. in liuiw<l*'r. 
Combined strength of oabhm 12,000 T., jmnnanent load on nmin rahU*** ItMifi 
T. Find the maxiiniun tension in the cables due to thin load. 

240. A small suspension bridge of 80-ft. span carries a total uniform 

of 35 T. Tim sag of the cables is f> ft. Calculate the Htrem rn tti *?itl*l*^ ni 
the center and at the towers. 

83. Heavy Cord: Catenary. -(Vmmdor a htiavy ilex thin oortl 
supporting only its own weight. Ltt A douoto thti lowtmi point 
of the cord, J$ any othor point, K tho length of A/t* und w tint 
weight of the cord per foot of length (Kig. M(). Tlu*n if // unit 
T denote the tensionH in the cord at A and //, rt!Hpt*c*tivt*l}% flu* 
conditions of oquilibriiun give 
the equations 



W9* 

whence 

tan $ = 

Also since 
tan <i 

VIA 

the differential equation of the curve is 

<ly 




Flit. Uii 



wit 

1 // 



Let y ' ; ; then 
expression, 



, and 



hy lilTriitiiitiit^ 



snce 



w 
1 It 

+ 



V 



v ! " 1 



Writing this aquation in tlu% form 



// 
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it inU'jjraU's into 



Tiikr foiMrii;in a jint ^iit uilistiinrr njtial It* lirluw tl 

ii 

nf tlio rurvr. Tin* mnstant |l | iiiuv lln^ii t* (tt'ttTiuiurfl fn 

t / , </v .A . 

cuiitlitioii^ // - '* ( /.*\ / -- U I \vhriv ,r l>. Hi'iirr r, aO 
\ t/r / < " ' 

wriliiJif flit* in|iintitiii in tin* t*\|4tm<!i!iul finni it liirtiiiti\4 

/' f v I * ,/^ -/'"', 
whwmu 1 , tvHi)f fr y, tt 



iH|iiiitiiiii % tip' ti'Hiiit 

// ", 
v U * 



Fllf j*UfJM*i*H f i%ilrilLilHtii if i'i 
K*|* (!i f **) 4ll4 (1<h lit f*iw* *4 lii 

It't ' **. Thru **imif 
tf 



Jt r r " 
llf. filitl f J) Itrrutm' 



II 

lilt* *$f i*'Vi'r;il nflirr n4ilifil 

r* Kir'ii, liy tin* %4liii i >i 4 f ' <'t >f| 

ill' 
In (i!H) (*!*) liir ni|,f p%j*it-M;n^n ttr 

II te " 
fl %^ ^ | t (33) 
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Squaring Eq. (30) and (32) and subtracting out* from th 
other, the result is //2 



Adding Eq. (80) and (32), 



// M 
' 



i // . //*/ // -4-. if i 

whence #= IOJLC - (*M) 

Squaring Eq. (27) and adding, tho result in 7^= //^-f-iA 3 * or HIWW 
from (88) J7 a + wV = wfy 2 , m _ 

If the sag is small as eompaivd with tin* Hpau, th ntti'imry itt 
approximately parabolic, and tlw simpler eqttatioiiH of th |in- 
ceding article may therefore ho uml to giv- an )tpproxitttat<< Holu- 
tion ; namely, ^ ., 

PROBLEMS 

241. A rojKi wt'ighiiig | lli./ft. and HtM) ft, bug hiuigw fmtti tw i|t|itirti* ti*i 
on the same lw*l, tht* pull at tluH* pt>lntn Iwlng ffO Ih, and JK) U*., n<ft|tt'itiv*iy 
(Fig. 147). Find th wtj^ and thn " " 

SOLUTION. (I) From (Ua 

(II) From (.1:1), 
and *,/ + r a rr, //,/->. 

= 200. From thf*a thrtM< 
tionn find ^i, * y and r*. 

(III) From (JW), 



ri* ti**twi**n >ii{|iiirtM, 

fnuw whirh limt Vl ! . 




and - *j - t? log ^ J ^ ^ t from 
which find js t and *r r r 

(IV) The rtmultit a.i tluni 

found from 

span w j?i .f ^ a , 
mg = ft - r . Ftll , uy 

242. Given thtt flpan v weight jwr f<t, and t4*ii!ti at th< fK 
that they ara on thn mimti Iiwi*!, ftnd an t*xprt*winii fur tin* Nag, 
SOLUTION. Let P cknoto th end pull and. 2 tlw M^an. Th,m / r y i* fP l 



;. 



v^ 
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lit 



If til*' sag i'i NUt.lIlflp* r.!rf*ar> IU<I) lr .i-H-minr.i In In- |W ttU.lir. J n || t J H 

t'jiNtS ttim* /* is thr iv.sulunt >f tin* hi wont;*! !*'!rjiii I/ ,iul lh* Utjul iivi, wit 
havw us an jjru:uw;i!' r\|<ivvtim <- !! *.iy; 



243, \ nj" t.t i i**!'" *tm- w 'tnlM I It'. /ft I-ti*t..n t ilituiu* %$lt* 
ITilM* ll, .lint ' i ',ii-K il .*tni 1^, I>ntai4'( I rf i% ,n 'i^ft i ,j t*tll\'* 
,'liMl tt. Kini fit** *''.; t" |f '* i* J*nl 
2-14, In fli* i S *lti" i*t* s lun^ii, . i.ni >i i ij- I* i, r nun. !*, A t| r , t .irrt'4 

flit' Ml.ltf . itl C\1J*|||JI4*/ III f ' ,lllt!lil f.'lIS ii^fftai}.* |n|hV i (( ill,ui 4( , r( | ..f n *J 

Hh.inl r*vl 1 lit* >*! t'i4 i ;n *u *ii.ii-f i ,,*! tt's, ( ht.'/ !.,* ;|, ff, Tntal 

**!*', If t| *4!4 ||*f* ft , ut>; il %!* |M'>1. |'lMJ f!* 9 ili,i%itiiilit 'fjr* ||| fliriMfiJn 

245. 11i" iMi''tt.i% M! I|M N-A K*^ -I t"ri < u i* , tf,,- \,. A Itnrr at 

i t|*lfiW \4'trit '* ?%* MUlfl *',*!> I 'h '.* tl* III *Il,*JII !."! % in| U^Jvjl! 

III4 t!I II* II, Wtlll il 4 *'*l *Jtll *'t '.'***"/ !? |! **!!, ifr* In ,'!,ii|,| J, M | f| |J |f> 

HiHiifti til ** iit$t^r i** ft tim tii* 4} J !i it , HIJ frMui.i! 1 iti4 . h ii*tlrt'tittii 
iltii* ti llt mrl^hl 4 Jit" All ' ,il ,'% tfttt i fh fit* U i| ;t-.'trn ttji a tMfntltif a 
f im- l**itl H! !| !' 

I linn lr**I I* f it*-*- 1 ? i| * ri^iiiii^ MI*** Ifj fi ii^ii 3 i *tJ.' |i| it*i| 
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STATICS 177 

(liven the following data : Counterweights eaeh WU00 Ik, iwliniiti*u !* 
shear legs 45 when cable is unloaded, horizontal projection of etihlt'vuiv in tin* 
position 525 ft., weight of cable (U12 Ib./ft. Find the tension tutd *l'tlrtit 
for the cable, and stresses in the shear legs when cable is unltuuleil, ititti hi III** 
tension and deiledion wluMi carry inj;' a gross load of 10,000 lb. nt tit** iiitiii*. 

248. Solve the preceding problem for a cable weighing $.7i lb,/fl. H|*ui 
1200 ft, and gross load of 8000 lb. at middle.. Counterweight S T. 

249. Solve Frob. ti-17 for a cable weighing H.71 Ib./ft., span IHMI ft, initl 
gross load of 12,000 lb. at center. Counterweight *Jtr> T. 
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17*J 



by F and the corresponding normal pressure by JV", the r 
of friction /JL is deiined by the ratio 

F 



To illnstratis suppose that a block of weight IKiH placed tin mi 

inclined plane, and that the plane is then gradually tipped j 

until the block just begins to slide 

(Kig. 149). The weight W may 

bo resolved into a normal compo- 

nent JiV and a tangential compo- 

nent jF. The latter is equal and 

opposite to the friction, and when 

the block begins to slide, it becomes ^ ' 

equal in amount to the limiting 

friction. Hence, the coeilieient of friction IK u 




From Kig. 14 ( J, = tan $, where 



uhovr. 
is the intdinution of tin* 



plane. Hence, /A =8 tan $. 

The angle $ in therefore called the angle of friction or of 

repose. The body will not slide if the. inclination of the jlunr i,f* 
less than the friction angle; if the inelination is just tHjtuil tu the 
friction angle, it will be just on the point of moving; nnd if thr 
inclination is greater thun the frietion ungls tin* body will IH nr 
colorated, tho aecuUi^ratiitg force* in this cast* being rqtttil to t!$* 
difforoiUMj 1)1*4 ween the tangontiul c-ompoiient of the wtngiii mill 
the limiting friction. 

250. A weight of 4(M) lln n*iiK <m hnrr/<itiil jhin* ni|lmn litiii/mittil 
force* of 90 Ib. to ovvruoinM fricttitiu. What IN flu* vu!ti of tin* t<o*th k u-tit *f 



251. A weight of 40 Ik in juwt mi{jrtil liy friction on tin indium! f4nt 
of itiolinatiou IS* 1 with tit* h*riy,cntftl. How nmrh U tin* frti*tt*i? 

^252. A body rotting on n hnrissontAl ;iiutit nM)utn*H a fnrr* prjtiftl lit *tit 
third Ite own wwght to ov*rrom frwaicm. If tii i!nii' IM Kmtiiutlly ttH*-.l, .i 
what angle will th body Imgiti t<> tiil*? 

253. On an tnclinmi |ilani! It fa fotuiit tliiif u toi|y in )IH? huppnn.-,! .y 
horizontal forctM^ual to twci thiniN fin* w*igh! of tltt II^ Ftit.I ttir r,.,.ffi. 
cient of friction. 
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The distinction between statics and kinetic friction \vu* liix! 
pointed out by Coulomb (IT&J-IHOO), and the lawn of Htutir frif- 
tion were also stated by him and confirnied by tlm txjHriw*'nt* 
of Morin at Metz, in 1837-5JH. The- low value of UK* rorfliru'iit of 
steel on ice, well known to every one who has uned it pair of kait'H 
or a sled, is especially remarkable, and it in HUj#<wUul by Kojji 
that a search be made among" the crystals for some tmbtttiuict) of 
similar properties. 

PROBLEMS 

255. A train of total weight 150 T, attain H a j>eed of 40 mL/ttr, from n*t 
in one minute. If the cotim><icnt of adhesion in .17, find the newwiary weijfttt 
on the drivers. 

256. A brake nhoe i,s pressed against a wheel with a forre if 4 T If tin* 
coefficient of, friction is .ii5, Hud the h. |>. absorbed by tin 4 brake when the ear 
is traveling at IU) mi./hr. 

257. A brakt^ on a rotating pulley 4 ft, in diatn<ft*r atul rcwolvittK tit a >*JM^I| 
of 150 r. |>. in. eonBist.s of a wtationary bantl pu.HHtn^ ov*r it* If th* tPtiHUu tit 
the tight Kido of the ban<i in 150 Ib. and in the li!k id JW) ib M Hiul lltr h. j, 
abnorbtHi by tho brakf. 

258. A locomotive ban a total wtnght on tht^ drivi*r of 44 T. und flu* fi^tll- 
cuuit of adhesion lH*tuitni whccln and rail* in ,15. What in th* gn*}it***t |niw 
bar pull it can ixtrtV Als> how long will it tako UUH tngmr ft* arri4i*nii* ti 
train of 200 T. to 40 wi./hr. from wHt if thi total rtixtjuu< attitmitt t* 



259. A ladder 20 ft. lonjf and wdghing 00 lb, wHt* at att iuigl tif air wtfli 
th horizontal against a rough vertical wall, the coefficient of fdi'titw lnti|f M 
at each end. How far can a matt weighing 150 lb. mount the iuttditr In^iitri'. ii 
will nlipV 

260. The inclination of a plane to the horizontal In mr*ani tli**ri*filt*Ifi$sf t$f 
friction in .5. How much longer will it take a body to lide d<mtt thin |*Iiiii^ 
than if it wan |Hirfectly nmooth V 

261. A drawer in a bureau in of length / tuicl the eoeffSH*t*t if frtetiun i- /*, 

Show that the drawer cun bn pnlled out by one handle if the di>itiuiri t*f titti 

handle from the center doe not eiceed v - 

'-> 

86. Friction of Lubricated Surfaces. From i)xt>ftritmmtjt iiiiwlf^ 
by Tower/ (Joodmim,f I')ttnmr4 Tburntmt, itinl oth^rH mi hihri- 



^., WHS, p. 092 j IS4 t p. 310 ; IBBfl, 
t .AVil/. A^i/*, Apr, 7 and M, IKHH. 
t Klrctrvtrchn. Zeit*rhr.< lHtH, p, HO. 
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rated hearings at \ariuttx *jn*ds, pressures and temperatures, it 
was found that fur wriMubriejOed beanmr* the laus of friction 
were almost e\aeily i In* r\ers* *f thoMi* tur statir frii'tion 
To\vtr has shu\vn that in a Hooded iw%iriii*,[ thTi* i.^ u t nirtalHo 
(Contact !'! \V(Mn flu* .surtari*-*. Hit* tririion in fit!-* M.H is tht*r^-' 
fore iiuit'pi'ndent of" thf !!tiili*i'iiil t uhirh tiio Ufartit^ 1=* inadtt 
and ilrprnds instritd on tin* visrositv of lit*' tuttrieant, and lnro 

thiiu for motion, dt f t* fii- fa't iii.it tin? UtttriiMitt i,n tjiti*iY.t<d out 
when tin* Itiniriiiif is allourd to .^laiid for uuy !riii*!li M f time, 



tin* frit'liHii *fnt!ii,t!iy i|tM'M*ii^r* with tin* Itinr, uh^riMH with 
ttihfimtrti '4irf*ir"4 tin* Itili IIMII! gr*iIii4lli MIMC* uiii^ uj. y 
wjiliHV.rtl ouf, anti ln'iirp litt l'rirl!*it utrri*u.**i" wit It tin* tittti*, 
Ftir tHMU^tii^ut 1 *' of i-ttiiijuii i'iit f flu* hi\i.M M!' tuftt>*!i for ilrv atnl 

*'* <U*0 J.JtVi'It iSI ]*Hrattrl ^ht!tur4 ut ihr fullo\vit}tr 
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surfaces forms a certain angle with the normal, which assumes it* 
greatest value when the Friction is a maximum. Thin maximum 
angle is called the angle of friction, and will he denoted by $. Th* 
tangent of this angle is the coefficient of friction /A; thitt IN* 

fj. = tan <jf>. 

All lines making the angle $ with the normal lit! on the surfatw of 
a circular cone called the friction cone. By the use of the friction 
angle and friction cone, many problems in equilibrium are tiiort* 
easily solved than they could bo otherwise, since the condition for 
equilibrium is simply that the resultant, pressure at the surface of con- 
tact must lie within, or, at most, on the surface of, the friction cow*. 

The use of the friction cone is best explained by applying it to 
a few simple*, problems. 

In Fig. lf>0 let AH represent a beam or ladder renting on rough 
supports at A and .//, and let IK" denote its weight, or tin* resultant 
of all the weights acting on it. 
Draw the normals A(? and Hl> 
to the surfaces in contact, and 
on either side of these normals 
lay off the friction angles <^ and 
<f>%. The four lines HO drawn then 
form a quadrilateral, as shown 
by the shaded area in the figure. 
If, then, the resultant weight W 
cuts this quadrilateral, the lad- 
der will bo in equilibrium ; for 
in this ease, a point may be 
chosen on the line of tietimt of If and within the <|tmitriiutml, 
and by joining OA awl OH the rcaetiotin ut A and /I an* |tiT- 
mined in such, a way thai ttiuth lien within UH friction mnr. 

Whenever tha rtwultant JFcutK tlM(|imclnlatemU<ijuililtnutu 1% 
possible in an infinite number of ways, depending i*tt tlr rliinr^ 
of the point 0. Which of all the jMnwthlo roniUtitniH nf 
rium actually exist*, it in impossihlo to dctcrttaiii% winci* tlik flr(ii*fi(h 
on how the ladder wan placed in poitioit, whether rcvtilvml tirumt 
B until it rested at A, or imtad llrntajfaiiiHt tin* wall ami th*-a ^lii*vnl 
up to A. 
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shown in the figure. If, then, .'t\ in combined with /' into n siiii^Ii* 
resultant, and similarly .\ is combined with IV\ thoso t\vt rrstilt- 
ants must ho equal and have the naimi line of action, /'/>. Tlir 
value of # 7 necessary to cause motion may, therefore, he found ty 
first laying 1 off TFto scale, and knowing 1 the direetioiiH of /* f | and f */> 
forming- a force triangle on these throe. Having 1 thiw dt^tenuiiii'i! 
01) in amount and direction, and knowing 1 the directions of F s 
and F, their amounts may he found by meunn of iittother fttiw 
triangle, as sliown in the figure. 

In the solution of the following problems it is only neeeHnry to 
observe that when motion occurs, the reaction of the plntu* will 
make an angle $ with the normal to tin*, plane 1 .* 



PROBLEMS 

262. Show that the maximum inelination whieh ran be givn it, piatte *i* 
that a body on it, shall remain at- rent is when <f> t 

263. Show that the horizontal pull /* muHwtary toxtart a body of weight IT 
up a plane of inclination u wgivrn by 

/* . W tan ( -f ^). 

264. Show that the hori/ontal ptmit m*eary to Htarttho. Udv *liwti tin* 

plane is given by ; , , U|| ( ^ ., ^ 

265. Show that the foree parallel to the pliwie required to **tar( the Uly tip 
the plane is given by 



' (sin 



266. Find the leiwt foree urns 
Kary to tart a body up it plane 
of indiiial iou a. 

SOLUTION. Lay off Aft to 
woalt^ to reprertt W (Fig, irJJ), 
When motion occurs, the reiytltn />, 
/^ must* form an angle ^ with the 
normal to the plane, and henee 
an angle a + $ with the vorttaal. 
By laying off Jic nt an angle 
with /I /I and thn /^/> at an 
an^]< ^ with Il<\ the dirt*et!n 
of /^ IB detenu ini'd. The <ibing 
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* Several til the prt>b!t*nw In thin urtirlti are given by 
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Hi<bFtf tin* frv tnswi;!*' '^ th*-u i-a-4 wln-n it i-*.|r.i*u li, 
to /!/>. Ht'inv, from th* n>.;ht in.uiv;}" !/*'/', 

/ ' II -in i i * *|l 

If till' IH!V IVH|V, MII it )iMru'.*lf*li I'll!!*', * ** IJ tlin *< ill** l.Mf fnfrr r*t- 
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1ST 



SOLUTION. Draw a normal to the wall at A ami lay tIT the fnHtntt ;MI;!- /> 
on either Hide of this normal. Then if C7> prolong! iat4r.seef.H II* within flu- 
area so formed, the bar will be in equilibrium. 

271. A prism rests on a horizontal surface. If a hori/ontal forro H f*j4t*i 
to the prism near the base, it, will cause it. to slide; if applied higher up, U tij 
over. Find the condition in each casts. 



F 












\ 




< 


,W \ 


Ki<i. 157 




Kic*. ir,H 

SOLUTION. Prolong /<' nntil it internets H*, untl from thin point draw liw* 
friction anj^le <^ (Fi^, 157). If tin* sitle of this un^te intersects the bti.-*, Ui* 
prism will sli<le; if it falls outside the base, it will tip over, 

272. A clamp consists of an arm with a eiretdtu" hole in ** etui tlii'*i*lt 
which pannes a fixed bar ( Kitf. KK). If a loud W m applied to the pp**?<fjt^ ml 
of the arm, what is the condition that the chimp Nhall not slide in the liir"' 

BoLcrnoN. When the load W m applied^ renctiaiw an* introductni 11! ,1 jiml 
II, and htmcc friction is developed. Draw the normals at ,1 and /I and Uy nil 
thc^ friction angl*H tn both Hides of each. Then if W enU the hsid*nt UI-MI r*itt 
mem to both angles, the clamp will rcmtdit fixed, sin*-** by joining au\ pnuf in 
W within the sliaded area with A and /l f r!ttction ar olttaiiteci which li* Juill> 
within thc< frictitHt antfleH. 

88. Friction Circle. ("oriMidar a cylindrioai pivot or journal 
rtwtiutf in a In^tring wliioh in Hoimnvhat looso HO that i'tiitiiiri IIP* 
twoon thu two In praatiimlly alonjf a Una ( Fig*, 15S>), Hit* 
in much oxag^oratud in tlm iigun* to 
the point in qutmtion* 

If the reaction of tlui pivot on th<* bear- 
ing through tha tumtt*r ()* the pivot 
Is in equilibrium and there in no friction. 
Conversely, if there it* no friction and thn 
pivot IB in equilibrium, the* reaction of flu* 
bearing must patut thmugli itn center. AH 
aoon, however, am relative motion orrun* 
betwaon pivot and l>earin^ fri<tiin IK <1- KIH 




IH8 



THKOKY AM) J'HA<TirK <F Mf*; *ll \\ tc S |, , y% lv 
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let IF denote the load on the hearing and 7* thr fnrrr m 
to overcome friction and just produce motion ^Fig. !*'* )* 
Ji denote the resultant of P and IF, and 
resolve this resultant into normal and tan- 
gential components. Then if j\T denotes the 
normal component, the. tangential compo- 
nent or friction will be /^V". Consequently 
we have 



A a 



and hence 




FID, 





Fid, 



N 



Alt< 1 ~<t>. 

The perpendicular distance of the resultant 
ft from the. center is therefore O/> rsin <^, 
and henct 1 ! if a circle is drawn about O as ren- 
ter with, radius r sin $, the reaction H will be tangent to this rirrh*. 

In mechanisms there frnjurntly 
occur intermediate rods itr 
with pins or eyen at oarh cmd, i 
neeting them with other 
parts (Fig. ItJI). Fntm what pre- 
cedes it is evident that tlm tmnnfcsr of force by mirh a link nittnt 
take placo along <m of the four tan gen in which ran be dmivtt 
to the two friction circles, 
Which of those four tangents 
represents the line of action 
of the force may bo deter- 
mined by tlits relative motion 
at the two emit* of tht* link. 

To illustrate how thin in 
done, consider a linkage of 
three membera, an shown in 
Fig. 185, Let f denote the c{ 
driving force acting on tlui 
link AS and Q the ronistaucu) 
acting on the Jink GIL First 

draw the friction mroles for the four joints. Then <M*itMili*r 
link BO. For motion in the direction ititlhmted, t! llin* uf *iriti 




| 
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of the foiv<* traiisiniUrl h\ this link uill l t,ui;fini 'Ktrrnullv tn 
thf friction rirrlr at IL and infrrnalh ill t\ ,i> sho\\ n in j| m 
figure. 

A simple uav to rhrrli th< eonvetn*'** of thi* *tutt'iiit<;tt j s | u 
rewemher that fririjtiji fniib to ti<.*riva*<* flu* ftliriritrv of a 
iwrhaiiisnu uhtrh in the ptvii'iit n*,si iiiraiis that it iiifn-tsrs thn 
h'V*T arm *f tin* ivMHtaKH'r. 'I'htis, for lh* ti|j*i* Iuii % ,J/| % |,y 
takintr iiiMitit-nlH .iboitt 1 it in tn itlrjii th.tt Ilir arm uf Ihr iv^nf*., 



aiH-f s iH'TtM'iiM I MI li*' t*it< . 

tin* tUl k !;i*Ilt tfl! ffii* Irtt ul flit* tYtrt ,u}| ' 4 ti-Jr % \\3tlir -ailii! tf)\ for 

tin* lo\\tr link th f li-vrr .11 in of thr i!n\jn; I'OA * i fiorira'.rit hy 

* tan t*'iil on lin- u ,!*! of tii^ tij-5:on r< !r ,ii r f , 

ilt'tf th* ^i4iifiMii, ijiilf* tint tKr Inil f /I i , J M ,),l J, t 
it) thii'r* fot *; u,iyif H flj ln\uur!o;^ /*, tlm n. 

iiilsoii W if llir hfiJ. //^ f iiiti f! ( ' t*.t^t)Mn *a J '!!,* i',! ,f ttiiiuf 
th,Ht* ivi kiiuwii in jto'.jt4.$i ant thiTtton t *nt4 |K>- tiunl lutint 

|t!i%!4 tliriiiiifli liirii (to, ijf Hi uif-i tfi'lif^ii iiii4 if,- i iti-fi-mf | tj |j tl , 
frtrtiMii nir;r it .1, Hrji.-i*. j*M;*m^ I* itniii i! ts^.-t IM-I i thr line 

lif Uiliitii It 1 o| lt*\ anil Iiuiij ?] | jai'hf njf ifaf^ t'**tioii 1)1411 a 
iHIl^i'iil tn ftl^ IliiliMii i'a f -%. i: 4 f 4 > s }..* u in 8 b ,.'. :tr f *J ) |H 
tti*i*i1iliii** tin* him *| .1* n.*ii of fii*' t*M*U'M l/ t .'I th^ j^it J t 
KtiMumj^ tin* ilttntcMtf 4 t!i ir ihin, |,I.T-* ui4 i. -.n 
mnMf /*, thf utiira <M-I iii4^ l- t| f 



lii ]tfoi<in*fS!i^ llr hlir t-f *rh ill u! 

//, thi lliis* tif 4f li.iii til ili>, Imi |||* , ut ,| f ?Ml|| || 48|| j, M4|( | |t j 
*ivHi*|$ iil4lU!l;f 4 I M*;;< Uf < lip Imlom *'il*-r a /^ till* 



I ||M* MJf // f;, 4|f , || 4 .* fife 

I ilf f s l iii.i^ tlwil Iwi |,U*'t fli!i| $ ?, 

for It 1^ iimt ^ 

Till* i2itf>tt4t<- flir Jl|4*l 

111*111*11 tit'--]s 






Wt t}i hl*t.*tf<-4 ll*1*W 8" |-; 4 * |,f* f * I 1,1. ^.,4,,,. 4,^ Mll'W 

ftjjtj,* | -4 , A || tt|< |,^lrt ^I 4 !>^,M I ,,,,!,.,, 4| , ,, , 4 fr(|A|| 

fur tin* rm< | ^ i, ft , , K ^ %<tl|f r> ^ fl4 , ^^ ^ fsf< , J g ||4 wfi/<| |J|>4 

nn iim rin ( ii^ 
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till 




Pinti tttnetioii 

joint ttmt itultvate YWWH < 

Ftti. IfMI 

I 1 .-- A rlfar undrftitamiinK of thix typfnU proWmn i fHNiwUiti lit 
progrow in htuclyinw thi frraphinU uult f wrrhnnihiu in wltlrli fricUtw i 
into atuMiunt. Having onn mttHt<rtul thin proll'iit, tht nttlutiott of nih^r |irit!lniii% ? 

largely a quwttlon of dt tail. 

274. Pig. KI7 nhowH a croKHhwid iind roiuu'*tifig rod. Draw th* frn-iiMU 
eiretei to wal* and determine graphically tin- rrbittoii of th piston |<ir^tin- I* 
to the wtiiHtamw <l, UMII^ flu* data n'ivii In th tuldn arfotnpanvtn^ flip mi, 

275, Dniw UN* Pitl.dmr^h rivitir nh(twn in Fig, KIH to dttnbiM HP .f 

thi tlirtHitiotw <f thf varioUH rt*iwlioni4 and thutlly draw it rocnp)t<ti< IHIV^ j.Hh-- 
gem for all rtuicttotiH. 

89. Pivot Frlctioa* A. pivot. i oftfii HO phirnl thut thi- thrtthi 

is applitul xiormal to th <n<U ir, ttitdwuyii, UH in tho niw* **r tltr 
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footstep of a vertical .shaft. 
To determine the frietioual 
moment, and the horsepower 
absorbed by friction in such 
a bearing, consider first a 
frustrated conical pivot, as 
this case includes all the 
others. 

Let Fig. 169 represent a 
frustrated conical pivot, and 
W denote the axial load, 
Resolve W into two 
ponents 
the half angle of the cone, 




com- 
each normal to the bearing surface 



1 . Then if c* <U*noUH 



W 

V J sin < 



Also, if r l and r a denote the radii of the frustum, the tinm of 
half the bearing surface in 



*J sin 



Therefore since each of the two components /'acts over half of 
the entire bearing surface^ the unit pressure p on the (waring i 

p w 



It is noteworthy that this unit pressure is ituliipemttntt of flu* 
angle of the cone, and w equal to the total thrust dividtnl by thr 
horizontal projectioti of the bciaring area. 

For an eleinantiiry ring of raditm r and width dl, llw tnt.il 
normal pressure is *2 irrdlp. The fricticjn on UUH niititiiiir 
strip, or ring, in thi value multiplird by thti ifii*iliriiiil uf 
friction /A, Therefore multiplying the nHiilt by tho rn*ltti?4 t\ 
or distance of the f fictional force from the center, tin* mnuintt 
of friction is 2 Tr/trVWjp. Inserting 1 the value of /i givrn H|OV\ 
and integrating over the entire Hurfncis th tutnl frirtimml 
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moment 7 r 5s fountl tn 
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Hollow Flat Pivot or Collar Bearing. In thin nisi' 
(Fig. 172). Hence 

m ^ 



Cylindrical Journal. In 
the ease of a shaft or jour- 
nal revolving in a plain 
bearing, the frietional force 
is everywhere tangential to 
the cylinder, and is of 
amount If = /-&TF, where W 
denotes tho total load on 
the bearing. If the shaft IB VY*-* 

of r ft. radius and makes N 1|L * 

rotations per minute, the work done in one rotation IH 
ft. -Ib., and tlie power absorbed by friction is 



h. p. absorbed 

* 





' rfl > 

h (1. 


k 

f 
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PROBLEMS 

276. Find tho h. p. required fora shaft 1) in. iiulianwtar, wrying n ln*l *f 
15 T., and running at NO r. {>, in., aMxuming that tlm tHmfru?itnit of friction U ,l>, 

277. Find tha h. p. almt*rbHl by a fwitwttip l)taring, H in, in i!fit*it*it*r t iti.rrf- 
ing a load of H T. and running at a SJ.KWC! of loO r, p. in. if t*I*tt cfM*flt*lt*iit f 
friction IM .02. 

278. ANHumiug th tit ilut norgy alworhi^I (or witMi-tn!) lwtwt***n tin* 1*111! tf ii 
flat pivot HIM! it Imaring In proportional at. tmtth point to tin* |wt uni 

jointly, ihow that tho total i*ni*rgy alMorUul by th hrarin^ in 
whtre <*> <lc*not(M tim ungtilar v^Uwity in radiunH HI- Himni, 



279. A jourttiil IM II in* long, II in* in cHam^t<*r, atii wtrri<*j a tout! of 4 T, a! 

a speed of 00 r. p. m. IF th mttffhntmt of frictiott In .0*2, wlmt It. p. i* 
and what in tha otKcimicy of tho bearing? 



90. Screw Friction; Square- threaded Screw, A Mc-n 
or helix IB simply an inolincxi pliuui wriippi*cl anuuti it 
Let A denote the pitch of thet arcnv ; i to Hay, th ( 
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point on the threat! risen in om* eom|tlett* revolution if the seivw 
(Fig, 17*1). Consider first a .sijuaiv-threaileil .sei-ru, uiul take fur 

|, '" ''' ^ ] aineter of the threat!* (i.f, 

I,IM* of threat! atil nut- 
'4ti f threat! >, A ^uiuiiiv- 

t'tl**f a tuiliti\\ inrliiii.it 



\ 



heiv^ht /i. Henee tin* fuivw 

I * roll - ; ' S I* - ifliliiltf f i|if, 

If fit!* ftilH'l* is iljt{ilii*it l*\ ttttMtt* f it \V$'e|ieh !' Imi'I" iif Sl^itlflll I 

(Fill* 174 i* tin* f*ivr F riM|uirtnt tn vi\\w tin* !nal If" in ifivnt 

llV Fl., /*'' Wlirll.-- 



HW 

* 



Ntii. In .ittthiiMii t< i 

tlMll ll flit* lht'iMln, th 

mi fl* f*i'i* f <U- unt 
ntlliir i$yh 






tiUf tb* iiPMli |.itiil* !<* * 

11VMH**1 rl f| t!l* |*pllH 

iff liifriill f i l*tuli*r >' 

n if in i 









1* 

JT rf ? Ill 



*WAr. F*l* fi i^tii.n fJo" tin 1 in i iitan* 

fit *<* flit tfiriMtl-i , in %i^t h i 4wi 



tltlli 



if i 
/' # 

*> f 
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V '-threaded Screw. For a triangular, or V-nhapotl, thread tin* 
normal pressure W 1 is greater than W, us shown in the fotvt* tri- 
angle in Fig. 175, the relation 
being jf g 




For the Whitworth thread 0=f>f>, ^X <^ " % 
and for the Sellers thread 0=* (10. *\^ <. * c k r 

As an average value we may 
therefore assume 

!F = 1.H r, Ktu - 175 

in which case 7'= JFtan (<* -t 1-M $). and hmro 
F,= ''tan( + 1.14 $). 

V-thwaded Bolt and Nut. For a V-thraubd bolt and nut \v 
have, by the name reasoning as above* ,7 > ^ Wtan(i- -Jl-l ^>, 
whence / 

.^aa '^ tan( + ii.04 6). 
M / 

PROBLEMS 

280. A Hquar-thrw<l<i bolt ban 10 throaclM to tbe iucb, in*i ltntiit't*n' 
of tbrcadH l.f> iu n avragc outMido <iiam*ti*r of nut JJ in., tuKuio tUaitt^ttT of h|n 
in waHhor \\w\uv nnt 1.75 in. What pull can Iw <xrttI cm tht* nt tf a .'1-0, 
wrench in ordt'r that th^ straw in tiw bolt ball not t<xtMHul 4(t t (KH) lit,? 
Coefficient of friction anHutii*ci an .15. 

SoMvnox. ProhlcmH in t*rt^w friction may bit Kolvtul by tht* tntttifnt givwt 
abovo, or by applying tljc prinaipki of work. Tbi abtivt* probltnn will U* #*th**^l 
by both methods for th* wik<* of compariHon. 

Oonmder llrwt th work douit by all tlw fmvtm involved in in* ri'vulutiou 4 
th screw. Tbn if /'*d<innti<M th forc upptitul at tin* nd of tlw wrrnrh, tim 
work done in one revolution in 

wtrk of wnnth SK F x *JirlfL 
Sirica the total load SH timiti*d to 40,0(MI lb, t 

work <!orm on threadtt - -!O f (KH) x .lf x TT x 1.5. 
Similarly 

work done on of nnt 4<),(MK) x .15 x w x *J.:i7r, 

^d work of lifting ^ 4(>,tMH) x L 
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Th <u|imtiou of work tht*ivf'n< U'r.uv* 



<Hh*rwiN<\ from th' fnrtwil;* tt!*t;tit*<'ii nhnv* f*r th< fi'$-fiin tf ^ ,jttar. 
thn'mlctl *rrow with nut, mtmch, 

r "^t.iiit** t 2-^4), 

WP luivi* in tl* j*rmnit ra** inn ".,' Eii4 Uu^t ,Kt, wli^iiiw n . f;r llllt | 
^- H-* IW\ A!M If 4*MHK lh, */ 1,-fi in,, iiiiil I art in. Sti 

|Mi %'llltli^ ill til* 11 f*t'll4lllt till' rrntllt I'* 

F a-.'* Hi. 



1. A *nvw tl ti*aii iiiiiiiip|*r *J| In IMP* I thrt*Al- u> llip tiu-h, -\ : niii 
itt^ tho vi*fttrtitt * : *f fiii*tifi a* -OH, inilt'tilat^ it* fiJii-im*"). 

A l-itiJlt IIII.H X Irs lltp ini'ituf $iir, l iiii|iaiip i 'lri .114 in, A**tim* 

ing tilt* *!* frit'titiii tt .JA, itftl ttm l*rit* if in'^'j%ii| i, t r*tt*t tti 

!cil til a T. 

A *i|iiiSP*4iii'pal^4 %*t'-n%- iia% It Ilnp ; i4^ l lh* ti$-i$ **f iiit^in *iiiitiM 4 U*r 
L* 1 in. Wliitt fii*' rtlf if **'rl %%Ji^ *u-I^l MII lit- ,i |4ir|iii i*i |n (Mb* 1 ? 

81, tfti lit nit stutfltmi*!* llin 

wurk iitlo lti* iiifir'Siitir i* ]Miily ^|n i titf'tl in Mfrtvutmni.? fri. 

tiwtit i llitrpftr* % gri*itin' fliiiit fni$s itu liyi^liini!, 

f Si t*i tlrltttfit lia 

ar iiil|iiif 

"% * 

Hiiin* ih* iii*iii*jiiiiitil*r ill J* *?.*!* i' 4h%ii|ft tfi^iitrr tiutt flu* 

iiii$$t*i4f>fi\ flu* rflt^i^iiri tif ii h.iiu^fu t'i s ihiiii^ !*M' lli.m nitiii, 
J*t*t tht* |iii it Hi4i'iiiii* 4 tt* 1 tl**ii*ili^i h% lf i*t" 

til *% s tviti!tff In fl f r% iiil4iti4 iiMiti tin* 

!** fl^i Thru 

If , MV4 % 

tin* i*flinrii*^ r n 

ff |f 

& w* /<> ' 

w w, i it; 

tlw in n*irf iti} 'in flu* Hfiifiiiiii 

fill* HUlt llir tifitfliut U*rnUU*H 
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the resistance. Since friction always acts in opposition to motion, 
the condition for equilibrium now becomes 



The efficiency of the reversed mechanism is called the 
efficiency. Its value is w* W W > 

^ =_-_/.'_*. 

The reversed efficiency must also be lean than unity, and booomtm 
negative when the frictional resistance of the machine is grimier 
than the xiseful work done. In this case the machine! will bti nwlf- 
sustaining ; that is to say, it will not run backward. Screw 
jacks and differential pulleys are examples of such Bolf-HUHtainiitK 
mechanisms. The leant frictional roHintaneo required to make a 
machine self-sustaining 1 in when 



Substituting this relation in the exproHKion for efficiency of for- 
ward motion, it becomes m 



Hence the efficiency of a gelf-gUBtaimng mcchaniHin can never 
exceed 50 por cant. 

92. Efficiency of Various Machine Elements. Inclined Plane. 

The efficiency of an inclined plane may ba found nt own* fmm tin? 
definition 

^ >0 '- 






input total work intruding friction 



The most general in whtw the forcu* in inclined at an augltt 

to the plan. In thin cane, from Prob* ii<>8, 



If friction is neglected, ^ and 1 T IF H "JL2. 

a OH 9 



,. 
* 



200 THEORY ANI> rUA<TU % K <>F MWHANK 'S 

If the fow Fartn {uinillrl tt th plant', & - < uu<{ 



su m* A , tf 

', (r"rtv in 

SUM i ! *|i I 



If tlii* fo 



Hill t'Hnf i? ill i tiUl 



ru.H K ,NUM t I </M t.Ul( 



Ftif i| M'lVW fill* *UftMj,*i* 

tttil i* I| Iliill if llir 

Un L* j j 

f * f *V/!Mr*' 

I *,*l^} 

If llit^ M*rim f in r*'\f*r*ti)lf* i#, tf tli^ < 

tM ill till* flu* iililiiiiiiilli^ td rni sliivri $ * 

S'i 

At M , 

^r f (ft, ri|*l 

tllil II f 



Wedge. A \vti#r is ^iinplv a tiuuhir itirliutut jihujf, aunt tin 

t*Hii'ii'!irv in tli^rrfnrr 

I *t it 

f* :-^* 

til III fl f- l|l) 
Tho rwViTHtnl i*t!ii'ii f lti'l if ,1 \%'i'iti*in th.lt M, \viirji if H lirini 

drtiwut in 

l*IIll H tf* I 

#", 

l.lli If 

Thf rflirinirr n| n Hi|iMtT<t!i 

Ht*riw in I iii* Hfii iif <IM fur an uirjiin'ii jiLiins ii.itiifl'i , 

t.iiiti ., - . . 

*' : - I ^t|iifirr-flii*rif*ii 

liiiiiti i t|i i 
Kt*r II thr'.ui ami Ihtu'it riLu, A^mnnn^ th> ,i 





f f 
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V-threaded Screw. Referring to Art. 90, the uttieieni'y of a 
V-threaded screw is found to bo 






tan a 



tan( + 1.14$) 

and for a V-threaded bolt and nut, 

__ tan <* _ 

tan( 4- i2.r>4 $) 



(V -threaded cwn' K 



(V-tfireadtd bolt and nnt ). 



The following table given approximate* values of tha flummtut?H 

of screws for various inclinations or pitches. 



INCLINATION of TUUKAD, 
(TAN a, - /,"") 



10" 



l'>rtfU'.N'V IN Prtt <'!. NT /* ,!*" 



1 t'u .us 



n 

14 
17 
til 

4H 



V Th 



in 

L'tl 



Toothed Gearing. The t?flicioncy of goarK doponclrt on tht< finiHh 
and form of tooth, lubrication, etc. The following ttfiipiritmt 
formulan ar due to (ioodman, and are very elo8ly approximates 

For one pair of machine-cut toothed gwu'H, including the frir- 
tion of tlni axle, 

i nw ' , j pt*r cuvnt, 



I* as 



where n in the number of teeth in the mnalier whocL 

For rough, uniimHhod gearn 



AM) - ~\ per cent. 



For a train of geare, the eflicicsncy of the whole train l *tjuiil ti 

the product of the afticieneieB of the e\witl pairn. 
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Ilia following taitlf t'ivt's approMitwtt* vuhu's of tlu* imuhun- 
icul vtlicit'iu'irM of various warhin** tlt*iiit 4 iitH ;iml jriim movers. 



Stii!|l* !iv*r two |iit Johitii 



IHn 4it *li ttii 
|*i|ir*4*'l h^ 

ivitMti i%^il*r , 



^riifi 
iii*#i 

*t #'IM'fA* 



mi tf/t 



il| HI! 



S3, ,1 rf4iI1l|.f ttfirrS fUlll 

ii^iMatu'r t iiis" I-* !}> iri'^|*t 

uf ulrf si l^JIn, 1'l% t 

ill ^litlili).* ff}<Uf*M 

IH) IW ftn* A%li* ftirii^i* iiMi'*f 44*'* H *i44-*l hi t!w 
ir*i?it4i$i"i% $1 s ii-tiiilH sit *'Mtiij*tmtfi 

tlt^ 

II t^ III llili fr,irfl*itt uf f!|t* lunillli/ 

tfaft of flit* :tll itir fwiilif n1 -,*MM I f till* 

fill* A I* ti* fh* ^L*fJ l'i*ifri In littViS 

li tll iit'U* 
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drawn for the axle, as indicated in Fig. 176. The vertical eom- 
ponent of the reaction F is equal to the load on the wheel IF, und 
the horizontal component is the axle 
friction. Calling this horizontal com- 
ponent //, we have 




W rf R 

TT JiV J.V 

Since If is inversely proportional to 
the radius of the wheel It, the advan- 
tage obtained by using large wheels in 

obvious. Also, if the wheels of a truck arc not all of the twnte 
.size, it in evident that most of the load should bo carried over the 
larger wheels. 

Consider next the rolling resistance Iwtwocn wheel ami road-* 
bed. When a wheel rolls on yielding material, it forms a rut. 

If the roadbed is inelastic, an in 
the case of dirt and macadam 
road#, this rut romaim* after tho 
wheel has pat-mod. If the 
way is oom posed of an 
material like wood, usplmit, or 
steel rails, the material in ft im- 
pressed in front of the wherl, 
but regains itH form morn or 
Ufss completely after thu wliwi 
has panned, HO that no rut in 
formed. In cither ease the resistance experienced i aijiiivitltmi 
to constantly mounting an obstacle in front of th wheeL Let // 
denote the horizontal pull necessary to overcome thin resist unr*, 
and IT the load on the wheel. Then taking momtmtH sihutit 4 % 

Fig.m, iiat^h)^ w* 

or, neglecting A in comparison with ./Z, 

ir W* . t 

Jo. -~, approxinmttuy. 

'This formula is only approximate at boHt, imte it uMHumi*H flint 
the resultant reaction of the wheel and this ground tttmiigii 
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A, whiwas, in fut-t, It passes through tin' <'i'!ifir of gravity of tlu* 
t'omprt*ssttl arm AHt '. Th* inrowpli 4 trns* of t!u* tljitii on thin 
subject, ho\vt*v**r, ilors not warrant tht* <irrivution of a ntoro rig- 
orous formula at juvsont. 

Values tf * * tor ns in this formula Iwv^ lif*ini fiijiiriraltv 
itt*tin*!uiiit'il as fnlliM*; 



ttp r-s i'i i-^ii |j , . .1 MM 

flj **' Ml * v;*"*l r.Ki*l r <i jh*ili , tr* 

1 I *!' J 'J *l*Jij ill . , iff 

tit**' ti4 siiM'I ,.,,,, . n| 

l til*': j IlHIii , |H 



^i f i lip* v^lu*' uf it fr %%ii^t! nit 'ifift unit ^-i .or> in it 

niiit **m Ii4f4 i*uil*i a* J HI, HM jil'Mi ffiiiiiti fi$4l t*n harl, *trv 
nmilH %ilii uhi*<'J' IJ in. f'i'Hiil 4ii4 "! in, I^MI, ami t-ithf-r l|iii, 

tf *I*iI4. Uf% tlllt til*' tIMrftMM 114'i III Hi T, I III Ulna! |i|nt*k 

jii%i*ii$riit flip tr.iritMi mitls 1 1 -at. tijv>* \vii-i L f n J|, T nnt with 
ll-ili, tiiv*i. iJH tl, T. 

Atvuritiiin in llit*f f t,f furt ion v.irii-* lu* in f l^ f 

fltr ! wit! fi*r if* t lni*iii%if IIIK K*r i*i4!i^ni Anp'i4*iti %iii' ! i*t||t*g 
tfli* lni*1i*ii iti'n^%in In v<*li'titi< 4%l^ fiiiiiMfi n h'-Mit <l tti 

*1| Hi r. (MI tlmirv ii,iff*ii f i fiuiii ;i| | M |i H* 1\ Tlttt 
tftfail ffiiiiiHii nil iii4r4l4ii$ firftl% t**r vth*'H' * f i^ sn, in 
fiiifpt ti )* * r 7 Hi. , T, ; <.*r wiit-rS' *1i in, m 
<li Ik / T.; HIP! f*r tfi tu* in l4<tui<ff*r, Il lin ^ l\ 

JH ttftd Brh "I^nr44M it !t|H' ur lirll 

it r)ttii4ri* f iil Hiti-ii *i* n MI ir** 

Ltf flu* jtiiJ! fin fiiii iii | f t .ifiti |^ i Kuy, ITU |* 

lilt* irt ft* F! Ml**'*! r%**ivit F| 

fri>*tiMU t* riM'h**l 5ifil 4 



* i to rAit^l H-* ' 9 .^ff|r^"i|i M f f ufll^ ff'ii^ 

oil," t H, *jn* ti i* |54 tH''iir,c 

f ^ 
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Draw any two consecutive radii OA and Oft. Thon if the 
tension at any point A is denoted by J T , tho ttmnion at u 



neighboring point./? will be 
be formed on the three foreign 
J? T , F+dF, and the reaction Ji, 
the latter being tangent to the 
friction circle drawn about 0, 
i.e. M forniH an angle $ with 
the normal JW. Expressing 
dff In circular measure, we 
have from the force triangle, 
JV = Fd0. Hence the friction 
dFon the segment /!/? bt^conuss 



Writing this uxprusxiou in tho form 



d.t\ Now let a fow triangh* 
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/' r ' w ' 

and integrating* over the (entire arc of contact 0, we have 



whence 



thin in tortUH of the inverse, or exponential* functioti* 
this relation may also \H\ written 



formula can b changed to a form morn mnvt'iiient for 
computation by changing from the Napierian to the rouiwon NV- 
tern of logarithmH, and writing 0**$ TTM, whero n in the numiuM* nf 
laps which the belt, or rope, maken around the Cylinder, Mitkiiig 

these substitution^ w have Icg 10 f log, sa ,4B4 pfc x Sirii, r 



ThiB formula may nbo IKI umid for eahntlating tin" frirtinii of 
belts on pulleys. In order tluit th belt Hhall not slip OH thu 
pulley^ F 2 cannot the value given by the almvo fnriiiiilii, 
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The diffuri'mu' betwt^n t\ and t\ is, thfu, tin* driving fttivtu 
on thr rm'UiuiVnwt' <>l tin* pullrv. 

Thorn urr als< In gvitrru! usi< tuhhs uud ompiriral formulas 
giving flu* approximate transmitt ing JM\V*T tif sin^lr iiutl tluuhhi 
ltiatJur bt*lts % hast't! <n at*utal twiiItH ittaiiiir<{ iit jiractifa! opera* 
tion. It has thus hivu fittimt that mut^r liviniig^ rtiiiitititijiH ^ 
single h*Hthi*r IHI! runutu^ 1 ut *UH> ft./iuift. \vill tmttHmit I h. p. ftir 
i*nt'h iiirli **f wittth, aiiil that 11 l*ublt Imith^r !i4f nuuuti^ 4110 
ft, /inin. will al^> traiiHimit i h,j*. |*rr iii**li of width, lh*Ki vuhuH 
Innug hast*d in I Hi)" nn* *f ctutti^t* Kroi th**Hi< rt^iiltii tin* foih>\v 






ill 



ir width f til ii 

i* Hpri^it in fi 
4: riiitinnit 



, iti 



''.?. f 

If, 



tfl 

,1,1 
1;* 



i ItH^ tliitfi Htf, f 1414^1111! tim? j*u**r ! tip* h*lt $* rr. 
rttiti \4M*v ttitli t|$i* jfr if niil.t* I *i^ nhuuku t^ tTiMtit 
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To illustrate the UBO of the formula and tables, let it be required 
to determine how many horsepower can be transmitted by a 7- in. 
light double leather belt on a 48-iu. pulley at BOO r. p. in. with 
an arc of contact of 150. 

Here the speed in ft./min. is v = 4 TT 800. Hence, 

i t iQnQi 4 TT 300x7 r ,, <* 
h. p. for 180 lap = - w - - - = (M.O. 

Reducing this value to 150 arc of contact by multiplying by 
91 per cent as given above, we have finally 

h. p. for 150 lap 08.8 x .91 57.6, 

The centrifugal force developed by a belt running at high Hpeed 
materially increases its tension. For the low speeds which ordi- 
narily occur this addition to the tension in negligible, but for very 
high speeds it must be taken into account. 

Thus, for a speed of a mile a minute, the centrifugal forrr 
developed adds about 100 percent to the tension. The method 
of taking this into account in explained in the following paragraph 
on rope drives, 

Rope Drives. In rope drives the friction is increased by uHing 
a grooved pulley with a groove smaller 'than the roju% u.s shown 
in Fig. 179, so that the rope cannot bottom \ 

in the groove. The normal pressure is thereby v* 

increased in the ratio -,, and consequently 

Bin- ^ 

the friction is also increased in tlie same ratio* 

The angle 6 m usually about 45, for which 

-TS32.6. The friction may then be coin- 
sin - 

2 ri1 * ti; * 

puted as for an ordinary belt by simply using 2,0 p, for tint ri*fl}. 
cient of friction instead t*f /i. 

For a rope on a cast-iron sheave, .8, und hen<*< iJ.r* /* TH. 
(Donsequentlyt for a lap of 180 we have 6a*ir and *" - llji, 
whence 
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The working sttvnj^th in potmtis for hmtp npr mu\ | w tiiki*ii 
100 iR wht'iv i/ is tin* iiiatnrt*?r of thv npi in iiulu>M, wltir 
<ujuiv;tlint ft> ttNint^ a fat-tor of MitVty if alumt SO. N UW |L 
hor,si*pt>\vf*r trausuuttt'ii by a r*p ilrivi* is 



m i 

til ilii'lii^H, \vliii.Jj J 8 ! 



'iv i* is !lw HJM^IM! in ft. miti. 



thn iilii m * 



ta in thin ftiniiula, iiainrlv, I* IHU *f^ uiul /', .^ 'a w 1n>. 

* I ' * % * * " " lllivl! 



rju* n 

in it 



In tlti9 ttttti' tif ii rii|iii nr ilrivn rtinniii^ at nj*ml, Hit! 

uflWttVK tfttHiuit IH liifitini'tiifil iiy thr ri^iilrifiigiiS f*irn\ T!i geit- 
.*rviwi fur 



III tllitiMW l f lilill Jft- rMtriiiti Ir4 ^ 4 r M tMl |*IVV4I!1,* l 

tr Jwlt .mil fnilln j*j i^f M f |, , url j l( H, l|rt , t f ^ 

till* 111 III,* r.jm ur l*rl! Iir.-r-at I fu r.jmhlu.lf^ llir, lAilJ 



t}* ,j iL, |,;i;i^i, rMuv.jiirtitlv tint 

itfiifi|'|4il F 



t*r ft tf II M /^ 



i 



f ** uf Mtu* fmil nf M j lt , fr 

I* x, %|$l*i*it Hi If, ir% f 

// <>* ft, '>,, 
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For a rope drive it has been found by experiment that the ad- 
hesion of the rope to the sheave is suflieient to prevent slippage 
when the initial tension on the driving side is twice that on tint 
slack wide; that is, if F denotes the effective tension, namely, 



when the adhesive tension is !> F. CoitHoquently the lotel eftuc- 
tivo tunsiuu becomes 



or, /<=jf</<u - '/') 

u . t force x snood 

Since h, p. = 1,-. 

4 ,** ** i k 7 



we have th(M*efor(5 



where F.^ = muxinuun allowable tension. 

For a constant tension the power transmitted in cvidnitly 
directly proportional to the speed, whereas the wntrifutful forn 
decreases the effective tension in proportion to the nqmuv of tin* 
speed. There in a speed therefore at which the power tnuiNitiitltni 
is a maximum, and nuch that an ituu f oami in Hpwd buyuiid thin 
vahu^ is accompanied by u decrease in powci\ Tltin in ilhtHtrutt^t 
by the diagram in Fig. 180, the data from which thu itiiigmiit WIIH 
plotUul being given in tho following table. 

This table wan calculated from the formula for horw*po\vnr ju?*i 
derived^ taking for thu valuns of the oonHtatttH tins ituntttricut 
values in actual oomuunHtial UHC ; namely, 

wtiight per foot ^ w sa ,;!t if\ 
breaking strength * 7000 tl\ 

maximum allowable tfmnion f\ A |( { * { ^ B> *jon t fl, 
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PROBLEMS 

284. What size of double, belt will bo roqumul to trannmlt approxiiiwtrly 
280 h.p. with a flywheel 10 ft. iu diameter running at l*JO r. p.m., u*Mtw* 
ing tho. tire of contact to bo 1H()V 

285. A pulley 5 ft in diameter transmits 25 h.p. at MO r, p. m. tint tap 
being 150 and the coefficient of friction A Find the tension itt tlw Ml. 

HINT. Let 7'i and 7a denote the tenHimw in the two !de of the httlt. Tltt*ts 
from the h. p. transmitted, the, ni'/e of the pulley and the Hpeed, we may flitd T\ 

'/a. Likewise from the lap and the coefficient, of friction we muy find ^,* Holvilii 
these. two equations simultaneously, 7\ and 7 an* obtained, 

286. !U) h.p. is I wing transmittml by a bolt running at -KMKI ft./miu. 
Assuming the. inaxinuun working stress in the bolt an MO ll./hi. a , hciw widu 
must it be if it in J in. thick V 

287. A rope <lrivo carrying 4 JO ropH in M ft^. In diameter awl trauHtnitn fiWI 

h. p. at 100 r. p. in. Taking /^ J$ and the angle of contact 180; Find th* 
tenniona on both Hides of the pulley. 

288. A rope in wrapped three, times around a pot and HUpports a weight of 
200 lb. If the coofliciont of friction in .U, find thu lotwt force tttWHMtiry It* 
raine tho weight, and alt> tho forco required to just ptwettt. it frtmi t^Iipptiig 
down. 

289. A chain in wrapped twice around an Iron drum, und n pull of I Oft tU* 
junt Hupporta 50 T. Finil tho otwfitaiout of friotioti. 

290. A barrel of flour woighitig 1IH1 Ib, in upjw)rt4d by a roj |mi*Htiig IV*T 
a round beam. How groat a pull will it taka to raw it and to lowrr it, th< 

coefficient of friction being aHMuniml m ,5 ? 



291. How many turim tntiKt IHS taken around th drum of an i4ilri 
stan in order to exert a pull of 2| T. on a loaded freight atif If a man 
a pull of 1(H) Ib. on tho other end of tho rope? At*niu th ootttttahitit if 
friction an JJ. 

95. Rigidity of Ropes. No rope in porfcsctly flt)xibl^ hut (}T*m 
more or leHH ronUtaiutc to bending. Thm rcHiHtaiuu) to hi*ii(iitt^ in 

greater the tnoro sharply thw rope in bent ; that in, tht* Hiiuiltrr iin 
radius of curvature. In the case of wire ropt* thi rt^Miiitutuut in 
partly elastic ; that into nay, tho ropo tttnclg to ntnughtpti itwlf 
after being bant, so that tho work clone in bantling it in nut en- 
tirely lost. For hemp rope, however* the reniHtunri' in rhiofly 
plastic, and the work done in bonding it in hint in friction l*twH*ti 
the fibers. 



* / y 
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If e = 1, then JF= nJF. Ilonoo the efficiency ' of the o 
tackle is 



Since the flexibility of ropes decreases an their aixo incmtm^ 
there is a limit to the size which can ho efficiently used for rtijits 
driving. Thin maximum diametor in about ^ in* Kor ordinary 
rope drives, 1| in. rope is commonly used. The diameter of the 
smallest pulley over which the rope passes must then be at leant Stl 
times the diameter of the rope.* 

PROBLEMS 

292. A rope 1 in. in diameter passes over a sheave *J ft. in tlitunt*ti*r titular n 
tension of H(H) Ib, What- fon- is nor.t'ssary to ovtMTomo tht 8tifftitsH of th* rnjn* V 

293. IIovv inui'h lar^tM* w<ivhi tht* nhfavc, havt 1 to hi* it rtulun* tin* foiv* 
iuu'.<^HHary txi overcome tin* rigidity of tht^ ro|m in Uw prt'^nling (irntiifttt ly 
50 per <Mut V 

294. A tack In of two Mocks, <*ach coutiuuiuK thnn 8lu*avc*s H in, ht iliiunt*- 
ter, lias a j-ttu ro{H* running thnntgh it. What pull will IM* rcquiri**! tit rni* 11 
weight of on ion ? 

96. Antifriction Wheels. A device for reducing u\I< frit'tinu 
consistH in mounting the axle on antifriction wheola, UM shown in 



* RojH'H UH<*1 for ptiwir trtitiHiuitwion tiro nuulo of fitrtwtf Ht^locttml ttMiip. Itiiitii 
hc,itif( Htrongiw tluin KttMHian ht<i|> 

A yarn in a tllM*r laltl irti hantitnl, and iiHtraiui cotmiMU of yarn* biid It^ft imndiuL 
A hawH(r luw throt* HtranciM laid right humtad, iinci a cubh* cotwiHtu tf tlirtv 
laid left handfd. 

To ktM'p rti|H in ft fU*xiblo condition th host. drcHMin^ lit t ( iiMtfr oil. Ft*r in+w 
cotton ropH tallow and wax may bi iw(d, 

Thi' approximati^ w i l|fhu of ropt8 in trrnmof tludr dhunt'ti*r art* it** fnlltiwr* j 
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tact to three or four produced a higher frietional msist-aw** with- 
out materially increasing the carrying capacity. Start* fuilurt* 
occurs by crushing, it was found desirables, however, to curve tin* 
race, as this resulted in a large increase in carrying capacity with 
a very slight increase in frictional resistance. It- in customary f.u 
make the transverse radius of the cups, or ball racen, from 1| to 1 1 
the radius of the balls, 





Fit*, im 

The size of ball to be iu*ed in any given cane i determined 
the load and the cnwhing wtrcmgth of the balb. The Htr 
of the balls depone IH of courm) on the inateriul IUH! snutlmd f 
manufacture. It ban hoen found by oxporiuiont thut thu crtiMltin^ 
load L in pouttdH for one bait in given approxtmntrty liy flu* 
formula 

L 8^400 M 

where 2) denoten the diamoter of tin* bull in inuhcH. Thr 
load to be uned in denigning may bti obtaimui by dividing tlm 



no: 
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crushing load L given by this formula by a factor of safety* vary- 
ing from 120 for speeds not exceeding 50 r. p. m. to 77f for spin^U 
of 2000 r. p. m. 

In a thrust ball bearing, one type of which in shown in Fig* 
182, the load on each ball is the total load divided by the number 
of balls. In a journal bearing the balls directly under the loud 
are most heavily loaded, Professor Htreibeek having found thut 
about one fifth of the balls carry practically ull the loud* Tho 
heaviest load ,P on any one ball is thus given by the formula 



where W denotes the total load on tin* bearing and JVtlus number 
of balls, Conversely, if P denotes the ttttf? load for one bull, the* 
safe working load fFfor the hearing is given by 



Professor Spooner of London, England, has found that tliti 
actual working load on a ball bearing varies inversely UH tlttt 
square root of the product of speed and load. He also Found that 
a practical rule for proportioning the load for diiVuront HptuMls in 

to decrease the load inversely as the cube of the spcutd. 

In Fig. 18t{ a type of ball bearing is shown designed for tlw 
main bearings of passenger cars in railway Hwvioct. llm iniitn* 
bearing here shcnvn is so designed as to take up th mnl tht'tiMl, 
In general, the thrust capacity of bearings of this typn t nbotit, 
one (juarttsr of their radial capacity for light and medium lowl* % 
and erne tenth of thuir radial capacity for heavy loads, 

When bearings of this type arc subjected to shocks, us in nut- 
way service, they should bo dtssigncd from *2 to 2| UUWH 
than for uniform loads, 



Th following cxamittn Itltistratei tlia mothm! of <li*^rtiiinitig i/t. f l 
required for i^ight-whi'iiltHl mm ; 

Weight of oar without paHwmgttrH ... ......... -1'1,-MHi 11* 

Weight of i>uHHt!ntf**r, i*ar crowtbul, lf>(> lh, M Hli ,,..,,. II,IKM* lit, 
Weight of car crowdoci ......,.....,.,, /MIKI H*. 
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For heavy service a roller bearing in frequently iwetl instead of 
a ball bearing, as it offers a considerably greater resistance to 
crushing for a bearing of the same size and weight. Out 4 type of 
roller bearing 1 is shown in Fig. 18f>, The conical shape of thin 
type of bearing not only permits of adjustment for wear, hut also 
enables the bearing to take a certain amount of end thrust in 
addition tx> the radial load. 

The coefficient of friction for roller bearings is very small tutd 
can be made less than 0.008 by proper design and lubrication. 
The safe load w per inch of total effective length of roller, assum- 
ing that one third of the rollers support the load, may be taken us 



where ./) denotes the mean diameter of the roller in inches. For 
a shaft of given diameter, the proper size of the rollers and the 
safe total load may bo determined from the following empirical 

formuhw: 



for shaft diameters up to about (J in., to the nearest sixteenth of 
an inch; and 



A 
where /> .a mean diameter of roller in inches, 

/> 4 =8 diameter of shaft, or bora of sleeve, in inches, 
< - length of roller in inches, 
JV.-s number of rollers (not less than (1), 
W ** total safe load in pounds, 

AS' .ss surface speed of convex-bearing 1 nurfaoe or tt 
in ft./min. 

PROBtEMS 

295. A 8-in. shaft In carried hy a roller Iwarintf fitted with 'JO hrird .Hti**i 
half-inch rollers, each 4} lit. long, and wvolvtw at MO r. j>, in. What limtl mn 

it carry with safety r ^ 

296. A ball bearing supports a total load of MHO Jh., ini IM fitted with two 

seta of t20 half-inch balk. Find approxlmatt^ly the maximum load u imy tin*' 
of thc^ halls, and the factor of safety. 

297. Twenty-four }-iu. balls just fill a ram*, therw Indng no I*JIK* mid no 
clearance. Find the dlanmter of the cind of th**ir t$nitrrs. 
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case of friction transmission the untoothed pitch surfaces of the 
mating wheels are employed, positiveness of relative motion boiuij 
either undesirable or non-essential. The driving power of tin* 
wheels depends on the coefficient of friction between them, and 
hence their actual driving capacity becomes a function of the 
pressure with which they are hold in contact. 

It has been found that a paper driver nutting with tin iron 
follower forms one of the best combinations for durability ami 
driving power. The 
paper friction is always 
used as the driver to 
prevent Hat places being 
worn in either wheel in 
case of slippage. A pair 
of miter frictions is 
shown in Fig. 1H<>. It 
has boon found by ex- 
periment that for paper 
and iron frictions the 
most eflicient working 
pressure is about lf>0 ll>* 
per inch width of facts 
and that at this pressure 
a slippage of about 2 per 
cent occurs while driv- 
ing loads corresponding to a eoeflieient of friction of 0/JL 
these experimental numerical values, the power tratiKiuitttftl In 
given by the formula 

i ITiO //'x 0/2 K ir<fti 



where 




^ 


n 




TT 


a 
a 


'V 




which reduces to 

lu p. .OOO-JJW 

w** width of faces in inr.lu'H ( Fig* 1H7), 

(I =s mean diameter in inches, 

w w uiuuher of revolutions tT minute. 



One of the chief iul vantages of paper and iron frictions in tlmt 
they can bo used at tuuoh higher spmls than arc pnicthrahii* fur 






\\i> I'HuTirK m* MK<'H\\J< S (r| 



in tin* jiitrh iiiji* i.s .A.-I--^;\I', iiiit tin* Mann* is frttr H f' n 
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tent in automobiles. For a paper cone the horsepower may he 
calculated by the formula given above. The half angle of the 
cone must not be less than the angle of repose for the materials 
in contact, for if less than this amount, the cone will wedge and 
require a reversed force to pull it out.* For a coefficient of fric- 
tion p = 0.15 the half angle of the cone is = H,] f ; for p 0/20, 
<9= 11|, and for ^=0.25, 0= 14. An average of about 10 in uned 
in practice, although sometimes an angle as large as 14 in used, 

The design of a cone clutch is based on the following analysis. 

In Fig. 189 let P denote the normal pressure on the facet of 
the clutch, ^ the coefficient of friction, T the torque or moment 
which the clutch is transmitting, H 
the mean radius, and F the compres- 
sion in the spring holding the clutch 
in place. Then 

and F*a P(u cos 6 + sin $), 



or, by eliminating / > , 




6). 



For leather on cant iron assume 

IM = ().2f>, which corresponds to a yMt m * 

half angle of 0= 15. For cast iron on cast iron assume p*n 0. I7f 

or = 10. If //'denotes the number of horsepower being trans- 

xnitted at a speed of AT revolutions par minute, then 

*> *.A/>7* < ; ' J 0^5 // 

'A'"" 



or T 

' ' " 



, we have 



Hence from the first formula above, !P . 

p T_ MM&jff 
"ii"^jR)>S 

Substituting /A 0.25 (leather on cast iron)* thin 

2521 00 II 



Gong, Tram. Am, /foe. Met-h, JSnyn^ Vt>L ia f Ni thut 
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clutch shown in Fig. 190 there are four frictitmai Hiirfart's in 
contact when the clutch is in use. In automobile construction tho 
number of friction rings, or disks, used is very largo, a many us 




Fi<i. I1U. Multiple Friction I)inka 

70 friction surfaces being used in the bent clutches. The object 
of using such a large number of friction surfaces is to deereane 

the intensity of the pressure, thus obtaining a clutch that will 

not " seize," but take hold gradually. 



PROBLEMS 

298. A motor con< clutch (taathur ou cant iron) trauHmitH UO h. p. at IHH* 
r. p. m., the moan diamutor of tho clutch hoin# 10 in. What should IM* UN* 
strength of t,h< Hprinn, and what to a tmitahlo braadth for Urn hmihi 
allowing a working prtwHurc of 8 Ih./iu. 51 ? 



SOLUTION. 



jy ,,, **' 



x ao 
IKK) x 10 



7 x *JO 

900 x 10 x 10 x"8 



1.74 in, i nay l| In, 



299, A motor runuintf at KK)0 r, p. in. tnumtnito 10 h. p. through ti in*m* 

clutch whosa lathr i 2 in. in hrttadth, thi working ntrnt^th of th |*riiig 
being 110 Ib. What Hhtnild Im th moan <Uamctt*r of tlw clutch if tl 

ra Is not to axttiml 7 Ib./tn, 51 ? 



300, In thtt pajMn* arul iron friction tranHtnUftion Mhowit iti Fi|*. l^v, ralM 
late th horwipower tratmmitted for thti dim^tmioitH and Hpwd* hiwit itt th 
following tabl. 
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The most efficient form of oil lubrication Is the forced feed, 
whereby a certain fixed amount of the oil is automatically sup- 
plied at regular intervals under pressure. In thin way it is 
possible to maintain a constant film of oil of any desired thick- 
ness between the bearing surfaces. Forced lubrication may bo 
said to be essential to such exacting conditions and high spued** 
as found in the footstep bearings of vortical steam turbines, 
and similar motors. With forced circulation of oil a pressure 
of one ton per square inch on the pivot of a 5-in. shaft has been 
found workable.* 

100. Area of Bearings. The safe working pressure on plain 
bearings depends largely upon the temperature at which they 
are maintained and the viscosity of the lubricant used. If the 
temperature of the bearing is raised sufficiently, the viscosity 
of the lubricant is so decreased that it in squeezed out. When 
.this takes place and the metal surfaces come in contact, they 
will in general appear to weld themselves together, small pieees 
being torn out of both surfaces. This adhesion of the hearing 
surfaces is called seizing. The load at which sei'/.ing oeeurs de- 
pends upon the material, finish, and temperature of the bearing 
surfaces, but chiefly upon the viscosity of the lubricant. If thin 
can be maintained by cooling the bearings, they will Httind an 
enormous pressure without Injury. Goodman cites a hearing 
with pad lubrication that was kept running for weekn under a 
load of '2 T./in. a at a surface speed of 2JJQ ft./mia., the Uun- 
perature being kept down to 110 F. by circulating water through 
the axle. 

The first item to be observed in designing bearings in pre- 
cision and stiffness of the loaded parts. Abnormal wear is fre- 
quently due to a mitffil, or to springing of parts, whereby the 
pressure is localized and becomes very intense over a small 

*For detailed information on lubrication tht following rt'fiwmwM may Iw mm- 
suited : 

Btaurhamp Toww, /*wr. Imt. AT. K. (Great Britain), 1H8A. 

(tebonw HwynolclH, I'hiL 1Yan*. 

John Goodman, MerkantM Appllml to Knyr., (*hu{iUr 7, 

Hele-Shaw, dtintor torture* on AV/nt/, 

W. F. M. (kwH 9 4 * A Study in Uraphitu,' 1 Jownph Dixon 



Knin \\t> ru\"n<'M or \u;t 
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largely converted into heat. Thus let 



W= total load on bearing, 
fM = coefficient of friction, 

u c i ' r. / TrdN" 

o = surraee speed in it. /nun. = , 

JV= number of revolutioius per minute, 
d = diameter of bearing in inchea-, 
A = nominal or projected area of bearing BurfiitHi in 
square inches. 



Then the work done per minute in ft.-lb. in pWfit, and the heat 
generated per minute in British thermal units i 

n , ,1 /iHW tLWirdN u 4 . . 

Heat generated = r = >* ntv Ii. t, u./nun. 
Mo 1 J X (I H 



Hence if r <Umot.ua the rate of cooling of the bearing, or 
number of heat unitn conducted away per minute, the required 
nominal area of the hearing becomes 



A 

^ 



^ 

n x 778 r 



According to Goodman, the following may bo anHumad an avwugt* 
values of /A and r.* 



Mi:rnoi> 

<'AT(ON 



OF 



Bath 
Pad 



O.OPJ 



Siphon I 0.(H20 



<*<Ntt|TI(NM OF Itl'NNINU 



Kxitnwcl to <uul air (car 
Marino and ntationary t* 
In hot 



<K7r tu 1 ' (in 
o,| to(Ki 0,1 



Actcording to Thttrnton, the* liability of a journal to limiting in 

not affected by changing the diameter, but LH diiiuja.shrd by in- 



* Goodman, Mtwhanir* A}*j>Unl tn 
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small land engines U(l~ii<Ki 

marine engines , 4CXMHM) 

fast land engines 500-BOO 

slow land engines WMMHK) 

Crank plus torp(Ml<) boutH _ HflO-lOOO 

locomotives 1LMHM800 

shearing machines iOOO 

gas engines ,150-400 

Gudgeon pins, gas engines HOCK- 1000 

Crosshead neck journals KOO ^100 

pasHenger 190 

Locomotive axle boxes freight 200 

tender SOO^IHO 

freight steamers ..... *JOO J5 

pasH<nger HtoattterH . . . . Uiifi -*100 

Main crank shaft bearings \ ironclads L^O I50 

small eruiBere . . . . % . ,1,"CMOO 

steam tugw, etc 400 -.ViO 

Flywheel shaft bearingH lf0-ir>0 

Kccontrlo Hiiwvra { Ht*t'W.V ii K ii (to 

I marme engines ........ 70 140 

( *"" ! IMlUl 8t "" - (m 

[ cant-iron xtt^m , fo 

Eccentric strapH 70 Mo 

wrought-iron rihaft on gun metal step .... *J(HI -Too 

I r ivote cant-iron haft cm gun metid tp 

wnmght-iron Hhaft on lignum vitt , . , . 

Collar-thruHt bearings for projwller hafte 

Slides I (ulst "* 011 OM ^ a ^^^^ metal 

1 cant, iron on ctsiHt iron . * 40-100 

Steel or iron shaft on lignum vitei . . 

Fatuw of link block** ! 220 U5 

PillH of link bltHtkH , 
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the external impressed forces, the problem can bo solved by apply ~ 
ing the ordinary conditions for static equilibrium. Thin impor- 
tant result is called (TAlemberfs Principle, and IB usually oxprossiui 
in the form 



A more general expression of d'Alombert's Principle is obtaimul 
by resolving the impressed force F into components Jf, F, Z* 
parallel to a system of rectangular axes, and also resolving tho 

acceleration ( ^ into components-, < -^, -'-?, parallel to tho 

Jf l ///'2 f jfl ,/*2 J 

U-6 <*( lliO (.4)1*' 

same axes. Then since the above relation holds for each pair of 
components separately, we have, the three relations 

Now lot 8* denote any small displacement of tho particle, and 

Bx, %, Bz the rectangular components of St. Then multiplying 
the three relations above by &r, 8y, &, respectively, and adding, 
they may bo combined into one, namely, 



For a system of n particles, this expression may bo applied to each 
"particle separately and their sum taken, in which oaso the 
lent of d'Alombort's Principle becomes 



*" 



In this general form the principle will bt* applied in tin* wxt 
chapter ; as, for example, in deducing the law of the eonKwvatiou 
of anergy. 

The practical importance of the principle, UH mentiotu*U abovt*, 
consists in the fact that by introducing the kinetic reactions it 
dynamical problem may bo solved by simply applying tin* condi- 
tions of static equilibrium, as illustrated by the examples in thin 
and the following articlon. 
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301, A nmu ttri^hutK' t-' u ^*- ^*'"l' 5 * .n* *** 4t|- %%iin*!i 'ifarti f u tii.. wl|( | 
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306. A rope passes over a smooth pulley. A maw weighing 100 lh.han* :if 
one end of the rope and a weight of 180 Ib. at the other. Find tin* uniform 
acceleration with which the man must pull himself up the rop in order to just 
balance the weight at the other end. 

307. A man who can only lift 175 Ib. can lift a barrel of flour weighing 
100 Ib. from the floor of an elevator when it is descending with a certain 
acceleration. What is the acceleration? 

308. Two weights W l and W% are connected by a string passing owr it 
smooth pulley. (Such an arrangement is called an Atwood's machine.) The 
whole apparatus is then placed on an elevator which 

starts to de.Hcend with an acceleration . Find the ten- 
sion in the string. 

309. In the preceding problem find the tension in 
the string when the elevator starts to ascend with the 
same acceleration. 

310. In an Atwood's machine one end of the string 
carries a weight W\ and the other end carries a pulley 
of weight W% over which passes another string, having 

weights W\\ and \V,\ at its ends. Find the tentdoni in 

both strings (Fig. IM). pi. 

NOTB. Th second pulley In this problem ha* ft motion ilmllar to that in th< 
preceding problem. 

102. Centrifugal aad Centripetal Force. Whan a body mov*H 
in a curved path, its motion ut any instant in the Harm* a if it wan 
moving in a circle! tangent to the path at this point in question, and 
of radius equal to the radius of curvature of the path at thin point* 
If v denotes the speed at any instant, the actual motion can there- 
fore be represented by a uniform circular motion of npiicid v. x 

It was shown in Art. 10, however, that for uniform circular 
motion, the body is accelerated toward the contor, the amount of 

t^ 
tho acceleration being a where r demotes the radius of thn 

circle, or in the path is not circular, its radius of wirvutun* ut 
the point in quoHtiou. By Newton's law, tho external fiir 

necessary to product! thin acceleration is 




This is called the ceatrlpetal force, since it is directed toward lhi 

center. By d'Alembert's principle the kinotic nmction /* wliit*li 



THKOKY ASP rKAiTirK oK MK< 'HASH'S II-HAI*. r 

utrs tins fiivr i s 

/ '"' Hva , 

r ^ff 

tun! is r;illr*l thr centrifugal force sinrr ii arts in tta* oppoMtto 

tlttwtmfi t tin* iwpIVHsnl |Wrr ; 1 hill JS iiWHV fnmi thr ft*litt!\ 

For i\itiii[l% it" ii HiMiii* H t'ast*-n"*l *it tht **nl t n xtrin^ sitttl 
thru HWiini: in .1 rttvlt% flu* pull t tn' tum; nt th* Mtom? IM ni.tli.Hl 
ilit* t***ntrip*liil fir*\ an*t th* 4 *ju*i! ui*l nppunUi pull t*f flu* string 
on thr JwtuK tin* 'i*ntn(u M! ^* *vrr. \*%yjt ii n tnun in ruttnilittf; 
it nirvi% tl* pi*vim* ^t' tin iut> i-iil ,i ^IIIM! tho thin^oni ttf this 

Hurt* of tin* \vh?'i*l rt*ihif4*M *i^usi'4 th* uf*"r 1*111 i % * thr ivntTifu^Hl 

fiirrr, 111 thMMsr ! JLi!i*!*il \ lli*lj**n iirtltiil tit** *ltllflit* lilt-lilt*- 
timi t'^rrtt't! 1*\ th** nun *n i pl*it>*'t t'* thr i***ntript tit forrt% iiitt} 

tilt* llttnirtiiiii r\rltril {n thr |LlIl t !l thr i flip i 



;||I \ W|** f^ *.M,^ 4 I'M | !f J *> I %,,%* ^' f ' ft'!^?,rH M | 

4! .i II fi*ti4 tit /i*r % t* */ i * ,., ' l < ^ '" Ii s n Ii/*' lift i^iii 1* 

it {}HiutK' ,ii' i *^ n^.' **^ f * * ' >i .*> * * 'i*j' i%*^ ,\* .-I wi''fp* 

tiitri i I;* It* ttf^M *' *' *<*** I ' **. ki <',"* *t i *.;,- %t ! sv %; |< i > 
312. A ***<l l ij J ** -,11,%^^ ; ** i, lf >,| i | rli*n s *i *-i ii 1 
tf| ( mf t*l rri^t^f r4 th ' 4i *** i t .. M* I ' i. '* 'l*.i< Mh>/i ,i- 

i-l f | t< i^ 1 '* *^*" 1 ** * ^ Us*;; 4 I* , -i4'i 1 4*i*> *4 $w 



Ui* t> ^t' I' ^ fl **t t* f' ' , . ' . * f HA*ii *.^ p ^ .f'rff'i,;* i*t< 

*l tli*^ Ibi^/inn; I' *it ^i|ii|<f f i-n w It. i^ tlA ^/Ji*^* M4t 1* ll I 1 

fc|**4 sii M4 Jn#i^ '^ ; ***t 

11 n *,.,-- . * ,, 

*y' 

l|^f,4|H I|T 1^1*.*% ^ I 1^' * M| S 4 v r , ft J^*,J | Af Ilir* !^/| j? 

I* I'/ Of* *'|)<4fi<<t* I" 1 * ' ' M '^ 

Il$i# i I 1 ' 'ih Ii lli* - i* ! * * ^ f ! ** ' f '* " i Hiitirtl 

hy * # % y* in rU*. v, * I*- r * I ;* ' * 
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Hence in a centrifugal railway, in order to loop the loop tha Hjnwd on <*ut<*riiU 
the loop, neglecting friction, must he greater than fchat obtained by ntfuiiug 
down an incline of height equal to 5 r, or 2| times the diameter of the loop 

314. At what angle should a circular automobile Headway one mile in 
circumference be banked for a speed of (JO mi./hr. hi order thai there hall bt 
no tendency to HkidV 

315. Find the velocity of projection in order that a bullet shot horizontally 
may travel round the earth continuously. 

316. The center of a crank pin weighing 15 Ib. in 8 in. from fclw cnnfctir of 
the shaft. Find the centrifugal force developed at a speed of 150 r, p. in. 

103. Application to Engine Governors, Railway Curves, etc* If 
a body in swung in a horizontal circle at the end of a rod or 
string, one end of which in fast- 
ened at a point vertically above 
the center of the circle, art nhown 
in Fig. 11). 1, the arrangement in 
called a conical pendulum. A prac- 
tical example of a conical pendu- 
lum is the ordinary Watt governor 
used on wteam enginen. 

Let W denote the weight of the 
body/ I the length of the sus- 
pension, T the tennion in it, r the 
radius of the horizontal circle, v the speed with which the drrb 
in described, (/the centrifugal force developed at thin Hpmui, /* tlw 
vertical height of the pendulum, and a the half angle of the 
(Fig, 194). Then 




Fw. 



~, 
h 



and frorn the force triangle 

tan a s 



T if 

Hence -SB ....... ,, from which 

h t/r 



Since 



, tlie 



* The word * body n i in this chapter to danotft 
i.e. a llnita mass concentrated at a ttinglo jx>int. 



miituriat 



23S THKHKY \M> i'KM "I'll 1 *; OF MWIUMi'S inur. r 

for h til tt'I'MN of lli* J aiU'UliU' VrlnriJ \ ItfH'tiliirM 



* -V 

i*r 



of *> rouuMl jMMilubia ihMvior* *ii'prntU nitty ou Its 
ntv, ,iii4 in wl'H<ml'at Ml it* l<av*tli *tt wnhi. 



t ^liil^p **lilfrf*i|ril JV tnrrtffiifWt' ! tft^ 'J if 



tii\ hitit** from fli' i!wivi%fti -* VY' 



t'M|i it?4H4rt nlUMV n: J U i i |** | |i *'. } ili* ! 4 | ,\ I 

ii% sit iti' r t.v* < i **.*** i 'tn.Lu i 41**% In FU^I 

1*1 fli* rlillifli'f il I ' 411 I ill**' *'nK* 'I ft.* 

i ill* U'*lt, *iii tii- t *j H 4 i i5i<l, } f ^i f 
|ti tir ill 1'iMiIt^ir.ini, l!ij } m^^iiii in rtf f,i,* ^: 



MM$ro\i r, til ll$* *,i ? * M! i f t'*i *; * tuJi if *L ft jv''*'* v* |i* ss^iiit* 
i' HH| ii4*iin^i! 1*1 III** f4iftf 4 iL^- t, i. k, ** A J\ Li- ,i *,i? *t il * Hftit 

lilil^li ii! ruii** <fl<*>'4 M^^.^M fir *. if- ^ i,i! in | |}|it 
**t tin* ^'tlf'l* Hlf*5% |f 4i*4 , '/ ^/?- M> I ! *;"i! %?* - 

ItfiP'f I** .twtff %f4^4i 4 * i'.4 *", .'I f|,h! a i*, !l^ l/ilil** iff 
$% ill' Iii4#'4 ill 'fill* >%n iij4 * f f lit** tt i * st 4* 41 !*i l** 

t *!|*' I**nli!l,|i4t o< *;,, '4141*!,* ii^4 ** ". h U 

fi^rrt* it tit** t4*l<fMM ^jf*^l 4l 51!^ ', it.i 1 |,i,n' } ,,*, M4 i| i)^' nr**\ 
Ti 4 j4<**"<i;{vr w i M$ if^ f *i$ f 4 ,i nu4 f 1 !^ ./^** it !**,i *j **'4> 

il 1*1 I* |4HI jM^ffr. ! . '.",4 ! f Ml* H fi ,1' 4r 

il *j ?** i ij* 

To ill*- *jf Pi* fft'i * f 1 ,^ 4 ?\** f i I *4i *^/J 1^* 

til If Hi 4| g|%f|i ffrij f* , J 1 f l* .- ?'* f^ir i 
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curve in feet and G- the gauge of the track in inches (standard 
gauge = 4 ft. 8| in.). Then if a denotes the inclination of tho 
track to the horizontal, from 
Fig. 105 (), 

O tfi 
( -~ yf~ nr 

and from Fig. 195 (<?) 
sin cc = -, 

where // denotes the differ- 
ence in level of the rails in 
inches, or superelevation of 
the outer rail, an it is called. 
Since a is always small, sin a is approximately equal to tan 

Under this assumption ^/ p 

__, 

whence It = -~ 

For standard gauge, namely <? "4 ft* 8| in,, this becomes 

//-I 766-- 
r 

PROBLEMS 

317. What xnuHt IMJ th up<*rolvat5on of th outer rail of a railway ci 
of 4 ft. BJ in. gaugci for a BJHHI of 50 xni./hr. on a tnu*v of H(K) ft* radiuN in 
ordor that tht^ro nhall \M no Midi thruttt bt.wtwn tho raiU and whorl 



318. Thft H\i|H^rt!tlovatiou of th outtir rail for a gan^i* of *t ft. HJ in, \# **j in, 
for a HJKHU! of 45 mi./hr. What 1 the radiun of th. curvt* V 

319. What is the propr pmwl for a curv of 0(M) ft. radiiiH If thi* gitiigi* in 

4 ft 8| n, and the ufm*bvatkm of th ouU*r rail in 1 J in.? 

320. The revolving ball of a oonioal pnuluhun weighs 10 UK What w tttt* 

speed for a height of 12 in, ? 

321. Find th chatign in height of a conical pendulum making UHI r, p.m. 

when the B\m\d inaraamts 1 per cent. 

322. At what gjMwd will a locomotiv* 1 ? gohiK round a lvi'l rurvt^ <if MIHI ff., 

radius exert a nide thrunt equal k> I i*r emit of tin own weight? 
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104. Harmonic Motion. Consider a material particle which IB 
Hubjeetcd to a force directly proportional to its distance from a 
fixed point; that is, the impressed foivo is negative and directly 

proportional to the displacement. AH shown in Art. *JtJ, the m . 
tion is then a harmonic vibration, backward and forward through 

the point in question, 

Let // denote tin* displacement, meamire/d from the fixed point as 
origin. Since by Newton's luw the acceleration is proportional to 
the inipreHHed force, we have 



If, tlieiu the fiu'tor of proprtt.iutliiy in denuted iiy/ the differen- 
tial! equation of motion b 



Tlti! efitintiint fartitr/tu this cqtmtiou is tin* value of ttu* it 

or t'liiHtie forci* when tin* partirlo is nf n uuit"H ftiHtiiitei* fnuu t!te 

cirigiii, i*t% wtteit y ^ I, and the IIIIIIIIH in ptvt}\**d to indicnti* 

that till* foriMS ulWHVH OJJII,MIS tile liititii.ilt. 

Tim gttriil miliitittit if n iilTerentiiit fnjtintiott of thin ftn in 
known to in* j t . f> , 

J/ " *l '>l!l Mt | / l'O.*l Hlf* 

wlier* 1 A mid /* ar* roii'ituut'* uf ititr;frati>n, aint w IM mirit m to 

itiilV$i*fiiitI rqu,ititn. TKu 1 *, ditterc^ 
, tin* 5 rHfnt drm,iti\<* 1-4 tMtiutl ft* f* 



t*tiftt|fltiitlif lltr ftt'Hfffiitl Iifiin<titiiti i*r}IIilttil f 

it to lliiii 



M 



To tltl ill it Iiiur* i*tiiiii*iiii*lil fwritf, ltt 

Jiwfi*{inr /I ^ f fiu r* wtttw r and r an* ti% n*w 

titv. In !n* tli4t*rii$iip*iL MikiiHC thtn 



will <Wf * f *>!!> r **!"* ftll 1 

nit f 1*1 m ^ t | g 
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Since the greatest value of the cosine is unity, the maximum iai 
of y is r. This constant r is therefore called tin* 
the motion. The other constant, c, in called I fit* 

If it is assumed that the displacement is y,ero when flu* um* 
zero, then substituting i/ = 0, f-0 in tin* ulimt* iMputtMi* 
simultaneous values, the result is r cos ( < ) ^ <l, or *w* % * / * 
cos ( - e) = 0, whence = ^. In this 



cos f ~ J as cum f 2[ - atf J =3 ni 



3 nn 



and the equation of motion becomes simply 

tj i:- / sin ci>/. 

Harmonic motion is therefore rhurueteri/iMl by tin* f>t?t that lit* 1 
displac.ement is a sine or twsino ftuu^tion of thi* tiiui* (**isi|niii^ 
Art. 2(.5). Every periodic phenomenon in iiitiuri! tmty IHI rrprr 
sentotl by a series of nine or ttosino tertiw 0f this form, from tlir 
coordinatOH of a planet or KateHtit* to the most rompl*** vihf*iliun 
of water, air, or cthtn\ as repri*w*ntiitt. by titlns, ruliiMx rip|tr% 
breakers, sounds, radiation^ liimitKiun or uther\vi.Ht\ triumph) 
with or without wires, earthcptaktm, tompernlttr^ rhiiiigi"^ -!*", 

Since the sine (or conine) through the Hrut nnrr 

in each revolution, that 5s* for an iitigtilur clinn^ of Jw, 51 mil 
resume the name series of vuhum lifter nn iitl*rvnt tif in 

which the angle wt lum hummmnl by *2ir. IfiMin* if J* 
the period, that is to twy, the tntrirvid of time whteh 
the time when the particle t in any given pimittuu to 
it is again found in thU iKwttiotu tluu /^n .^ *2 IT, or 



Since oDBavj, thin uuiv nko IM* wrlttitit 
w 



Moreover from tha aquation //i '^J , . /i/ r | mv ,- w ^^ tt -j 

" 4 " " 



irrf , 
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a denotes the ueeelorution ( {f- llenee the expression for the 
period may also bo written 



^ :i/ %> /tiispiuooniont 
* a ^ ueecleration 



To find tilt* veloeity at any instant different tate y with renpect 
to the time. Theil , 




this 



By j 

vtl*rit \\ j 

fur hununfiir itititicm t< ttw 
wtiU* u ii llfiti 1 UHHI% UH ititli 
in Fi^, JlMi t tli* vuriottH rharuo- 
tt'fiHtii'.'i of tin* iijitftfttt iii*!H*litiit'Iy 



1'ttOfttlCKK 



Th* i'i4tti *f ait riu*i4 iiiiii*'^ ;f;iii r 1, iti, w 1| ft, Jong. Nig- 

l^*iliig lilt* iltii|Mii>" 4 li** 'in'i UH; tt. that i ? *. n.^iiini!tn llir tmiiion tn I* 
H|i|ifiiXiiitit**If haim*ji$', fill*! tU' jv!io v'i-* t\ #111*! j*Ht*si |itv*mir** w|pt|$ tin* 



In fin* |*t*t!i|i*ii$, fir |iiiMii 

tin* |ttitm hiA ^ tit, li'*f lii j 

of itn 

A 01$ lilt* ftil*|st *f % 

i ^iv**n %*flinil ii**fi^i*i^ %il*iitl$^i 

fVfliill iy| *^f< Wltilt tH lll^ | *M. >4t*^ ft$f'ill 

wf tl$* in iiiiliff lit** rigit 11^11 n^i J* 

thi |*n? 

A r k l*% 4 ) 

ptt In * tmr, 4 in I u* i 

^ ll, tl$*' . 
in. '!4<M 



/ 'A 
^ 
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stroke is in., .e. the racliiiH of the crank circit* to 4\ in. *' '*' a^**!"* 
force on the plunger and its Hptwd in ft./w. whtni it In U in. lnw tM "'*"" 
327. In the. preceding problem find tho maximum tt*Hwl*r*titttf ltrr ,.i* U*.> 

plunger and its maximum HJRHHI 

105. Elastic Vibrations. The name "harmonic," I*' 

elastic or natural vibration**, in duo to thwr occurrnntH* in 
ing musical Hounds. Such vibration** ur of common lit 

nature becaxwe of the fact that in any HynUmt whtrh in 
from a position of rest, forcon aro calltwl into pluy whtrh tit 

general on the magnittulo of tht* cliHp!nc'tititt. For 
suppose that a certain diHplacwmont <h*jH^n<! on u 
say y. In the cane of elastic botlit*H, tht* fort:< tltti 

displacement will then be a uniform continuoUH function of i/ f*t 
Expanding thin function by Mariuursn'H ttt<ntriMit wt 



Assuming that the elantic* force in jwtro whms th w 

zero (i.e. that the body wn tirigimilly ut rt*Ht) tin? in 

the developtnont diHsipiwarK, ami 



For a small (linplacinnont y, thu titniw in // J //\ **ir l< 
lected in oomparinon with that in y. lli*nt?<t hini't* l* f |^) i* 4 
oonHtant, say 6* tha iix|iri!iiciii far the imprtsMmni fmw 

simply j- - f,v 

and the motion is ther^fort^ harmonic*. 

The simplest itusthod of npri*si*nttnj{ :t Itiinttciiiic i li- 

compounding it with a uniform rwtiiintw mtaitm. i*. tit 

the device used in nalf-i*i?giu*rtiig ttwlriiiin*iit f >urh tti-* tbr ti^i 
cator of a steam ii|(iiii\ in which tin* |**ijtt*r i^ %iii'ir4 t<* tn-*', * 
horizontally, while tlw tracing point II;IH n \T!I iS ii.t...j, j/,, 
portional to the force t*xert<*<L Whrn tlii** mHtMii n .ij.j.h- i t - * 
harmonic vibratum, the result in u Mnttmiirt, 4** 'ilit^m in I / r*, 
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Tim equation of surh a hannonie eurve is evidently 
if . r ens ( Mf nu' ), 

where ,r and // arc* the hori/.ontal and vertieal eonrdinates of u 

piint tf the eurve. \Vlun 
.r IN eonstant, the i*tjuation 
is identieal with the integral 
its Art. HM % ant! reprenentB 
a sintph* hanntuiie rise ami 
full with tin* time at th 

rttl, ttW .. 4 1.. t 1,. , I,. * 

lliir plaee m 111 






When ^ is eonstimt, it ^iven nit inHtaututieotiM i^hiiir^ at the whulti 



n 



i nf iin i*t|tuil wuve movinj^ in the upfitmiituiireelion in 



If them two wiiveH nri* 8ttpi*rpMHeil t an in tin* M i .f uf 4 vtbriififtf 
Mtrilig lixet} Hi the einln, where tueh wuve when if riNirhf*H fin* eml 
of tfm MtrinK t n*vet*Het 111 ttireetiun tttt4 reilt-eteit h,irk % ilm r. 

milting wnvii !tii fi*r I!M fijiiiitinii 



in/) f r ei**t(nf 
iilitt atllt|ihfyilij^ thin reittirt*** t 



nu, 



The pniiitH *f tin* string for whirh r^* 1 * mr it i**sit4tit 

hy flit* vilirnlti*!!, nitfl ar rullnl fit strtu^tti 

mirti uwtt*H itiii}' lw* iii*ltJi"i4ih hy Htoppintf tti* vihration 

t*f tilt! *il ii ri'finiii hi titir}iiii|,f it lufhth ttitfi th* 

tlltgff. 9 flw leiiiflli ttf ua\i* ! ! * thi'p'liv i h,ui>**<! and nnwe- 

qttiMltly ltl0 Jiilrlt 14 iiili^Til, flu* ii'^tllltli^ iHit* tiring tefhnteaily 

IlltiWII ili II 

l -. - .... ^^^ 



106. l and 11i 

iniiii0rtini jtiiiriini! iiil*ntri*i nf }ohiM having h.iMM*nir nii4toiu 

far ill *luntttt kl$r tin* ll*illii$i|* fit'*v IH piitjun 

tli |iri|itri*il iil*^4i** IfttH i, ttii'i ftii 

Art UVIT A iin^f , 
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For example, consider a light, stiff bourn, ami l*t A dmiir 

deflection at the center under a loud IF at ivst at thi** junt ! l : 

199). For .simplicity, the weight W is nssuuu'd f !* t*tf>^ 

comparison with the weight 

of the beam, so that the latter ls if 

may be neglected. If the ** 

load \V is suddenly applied 

to the beam, or dropped on 

it, the deflection will he 

greater than /*, and since it 

cannot retain this deflection under a static load IF, thu tiraiu 

vibrato up and down until the energy if the impart is di**lrMy*<d 

by molecular fric.t ion and other resist ant'es. Krtis Art. I'M llif 

equation of motion is 



where/* denotes thr value of the clastic fiitv tit n lliiif% tlrtf^fp 
from the position of no load, or Uimtruittwi pusitiun. tf fl^ 
the unit load is taken as 1 Ib* ami th unit tttHtu$i(*r u 1 II, / 
the load in pounds per foot tf diptiiriim*iil, i,r, 



r- 



The period of vibration is tlicn 



Iff JIT 

or since m - and f , thin IHU*CUIII*H simttv 

// * A " 



// iii:ci*!i?nitifii 

where the acceleration in thw c*we in that ititt* in 

Art. 26). The beam Uutrofori) vilirntfH in ttu* : m m 

simple pendulum of length h. (Hi*i* An. *JH, ) 

Ihe same law applu.!H to tlic ton^ituiiifial vihnttiMir-t M| , 4 | 10 | , ;V ^ 
well an to its tramtvomft vtbrntitnw. For f^*niiijii % n*iifidoi ., i rr i, . 
cal rod supported at itn tippur rtid iiitit IIUVIIIK ait i-r hr^l lS i 
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the lower end upon whieh a sliding weight falls, as shown in Kj, r> 
200. If //. denotes tin* deflection of the rod when the weight W ; H 

at rest, tin* impaet of its fall 

7 will eailse it to deflect am 

amount greater than //, and 
sinee it eannot retain thin 
detleetiun, it will vihrate lon*> 
tuduwllv. It* the stress doty 
not. PHHH the elastic* limit of 
the material, flit* motion will 
therefore In* harmonie, and U 
period will 1\ nn iilmve, 
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( ; Mtaitir din|iliiri*nii'i!t 
'aeeeltM'UtitM tlue to 



/i 
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roHult apflirH to u Hjiriiig of uny fnrtu. l**ir (*xati$|tli*, 

tliti griwhiittiiittH mi ii Hjrtii|| hiilitrit*!! art* at tMjuiil di.Hinun\H apart, 
which inilieiittiH tJiiit the f.*rr* IH |ro|uu*ti(*iui! In flu* stivteh or 
tlkptiieiitiiftiti. If, then, n hetii'iil jirtn^ httvtrh\n h in. tuihr a 
Icwwt of IF' tli, tin* i4j*riin| in diriphiet*tl frmit itn [timitiutt nf i*t|iti-, 
llbrlmit rpiwiifiwl, si will rxtTttto u vilimtiun *f 



A flat tprtuif, Htirh *>* n 



in 



Hi 



**f tin* 
ulnivi*. It 

Ii imly I** 

ticitt? till* iti'tlittitiiil uf ftp* 

uitilir a ittiwl, 

an tliti nf in 

tit tinlft' l lii^f 
tt 



tJ'M, 



mt 



t* tin* 
tor i 



w In Ii will thtwdtiv vtlutli mill 



4tijlii'iil nr 



I 



f 



%liil*itliifl 
ihrll it 

mil* jitriml ii#i 



a nf I f iJn uf t !tt* 
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vibration depends on the amount of tho tUsUirhuwts u* in tho r*-r 
of a simple pendulum. 

Torsional vibrationn are also of the HatiuMiaturo m tho nlvo, 
but as their chief mechanical applioation U in fiiiiitiiif !' 

inertia, their consideration will bo rosorvod for tin* itoxt 
where this subject is discussed (Art. l-U), 

PROBLEMS 

328. A light Bpiral spring *hmgatt*M | in. uml*r a wru;lif. f 'Jj H*., I Hi. 
under a woight of 5 lb., to. How many ruwpU'ti* uwilIiitunM |**r 
it make with a 0-lb. wnight attuchtMi? 

at its contr. Find th jHricl <f vibration of thf spring wh*n M* ttit<lr*t. 

330. Tho holical spring of .an antoni(bil* .**tuu'k iilMH*r iti'ltin-tt* 1 in. ti3l-t 

a load of HOO lb. How many vibrationM pi*r luittut* 1 wilt it iiiiik^ iilifii Ii*,,!*!--'*! 
with l")l)0 Ib.V 

331. A vortical ti rod of a briilgt* <Ii*t!f*r|,f4 | in, ttml<ni whiH*} J*A*| ^ JM |' 
If the train panscs ov<*r th* brilg* at. high |w*t*tl, fimi llif |M"i-tMii *f vl*t *ti^i l 

this rod. 

107. Composltioa of ColUnear t'ntt.Htiii'r thw 

composition of two harmouiu vibratiotm in tho miim^ iiin% ^tini 
by the equatiotw 



y l OB T! <!4IH ( IW/ -f- fj), J/ a a r^ 1*014 ( M/ I- t; f | 



where tho amplitude iind (iltiuu^M uro dtfTt*ri*iit, hut thi nr^ 

*! 

the same; namely, /* -^ " Tho miuutiun of tint 
is then m 

Expanding and mmpHfytn^ thin tiijifitawliiiu it ht<i*ittti*.* 

y a (f| cos | + r g tu.m j) OH / (T| niti *j -f - /,. iii r i win !,. 

To simplify this still further, intrmiucw two itw || miij 

JB, defined by the niatiorm 

T| C*OH * t f' /* a '0 |^ ,7, // ru A*, 

r a in j -f r a *iti t u - /(f MU A*. 
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, Then the expression for // heeomes 



// -- // < 'i s E eos 



i* sin Kn 1 1 1 Mf - 



The resultant motion is therefore also a har- 
monie vibration, of amplitude II and phase A*. 

Hit* values of /a* and A* may he found from 
the equations defining 1 them, Thns hv sqim 
and adding, niiirt* ,Htn* J K 4 ..... eo.s tt A* ; I, \vi ha 




A* V f /' eos 



r sn 



A||itin, hy division of 

It iiiid A* It drops out und the left 

\\ henee A* -M tun""* * * ** ^ H M 2. 

r t eoHrj i- r 3 ett.H t a 

) \ ) Hy etnitjiiirififi the t*t]tmtu>n fur y with 

./ X K ,X f* 1 ^ //| and // r the pt*i*iiiii uf the {'exultant vihni- 
\ & * ^ 4ll|t * H tdivitutsiy etjitiit to lltiii uf itH etttttpu. 




ft 



* 7r 



g 106. And < >in uf the ex- 

)i uf tiii' ruuipu.Hittuii uf eitlitneiir lintliitiiiit! 

^ intttiiH H that fililiiMlinl liv the uei*;m title**. 

,1 Ilrfe flu* Mill iiliii IIPIHII if itrttli^f 'irpuratclv 

V * f it g fc I . * i 

* itiiI fttii i tli' iw*i**iii f Miiet* tit iipiiiit ill Jiitttrx. 
*rit* tirfttitSty *eetirriiu? HI** then the ivHttit* 

i lint itf flir*n* ln* rrtTi'. '*rtiHH M lirti I In* 

*" \/ s* *ltlil liptitil llfl* III e*ii|iifii f inn, i^ it! tie\v liiiw*Ii f 

-- ^/ * . . i' it *i s i * i 

j?' f f r* L *i* tti i*}ijifi*fititfi ;i't .it full itio*ii the whuli* til 

^ V 1 is flit* uf flu* ?!,' *iul itiiiiir ii4*-4, ;IIP| we 

S *%^N, liiiv** ii'lijti itfp* i%i!S f d bpnm* tiilr**, When tin* 
STV^ 




flu* iitit, it i^ J$i|th Ii4^ ** rej.;;**'*!* Ifnt 

ill*t4tl$ tint Ili'tlUil liilr tiring r|il*il IM the t'V**iW 

uf I In" MVtr ttit* MiLir Ii4i% fn I hi* 
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and third quartern high tide is earlier tliun if tlm to ih* m'H 
alone, and in the seeond and fourth qtwrttTH it in latt'f, flu* jhr- 
nomenon being 1 known an the priming and lugging f *!*' ti4r:**, 

A similar phenomenon is sometimes olwervtnl on nn ori*nn lwM**l 
when two sets of waves of slightly different permit run 
the result being that every ninth or tenth wuvtJ is of utttistm! 
This is shown graphically in Fig. liO'J, the full line* 
the component waves, and the broken litit! tlair resuttutti* 

109. Composition of Harmonic Motions at Right -C'lfii. 

sider two harmonic motions of the same period /* f or frmjuttury 
in directions at right. anghs. Th^ jua( itn.M of motion thi'U 

x i- TJ eos (a)/ 4- Cj ), // - = r ;| ri m ( w/ f i a >, 

To obtain tlui (H|uaticm of the jmth of th<i rcMnltiint inottMU *i 
which theses ar<^ t-he c.otnponrntH, cihninattf f hotwwn flit*.**! 1 mjii.i 
tions* From the first 



\ (OH 



r 
r i 



Inserting this value if atf in tin? 

/ sa cum eon ' -- f , 4. f y 
^ L r, J | 



i*jmt!titi llw 



i COB COH" 



t'OH 



Let con" 1 -- be cUmotiui by tf. 11i<*u f 

r i 
as indicated in Fig. SJOil, 



v ' 



-a. 



and conHquently tha alwwo 
becomes 



Clr 
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'HAP. V 



Transposing and squaring in order to got rid of the radical* this 
simplifies into 

./'- , /r - ./// / , . ., , x 

f " n ~- ; ens t.t a Cj ) - sur (t' 3 Cj), 

which repnsents an ellipse* with seauaxes r l and r a , us shown in 
Kijf. -<>-J. The resultamt motion in this ea.se is e-allml elliptic 
harmonic. 

If the dilTereaee in phuse, c,j C| is /ero, the etjujitinn In 



or 



V'^-"' 



whieji represents a pair f t*inaeidtiat Hlrai^fhi Iint*s; naaiely, ta 
of tilts cliiijifoaals of flu* riH'ftiitgle eircnuiwrriliiiti^ the ellipse shown 

in Fig. % Jf)4. The liitttittit in this ctw 
. is therefore rerliiliirar utirt stntple \\\w* 




Sintiliirly, if tin* iliilVreitre in plmg^ 
in ISO", lluii in % a c t ir % the tjua- 
littlt of the {tilth hreukn up into thii 
jmir of cmacult'itt Htrui^ht liuim 



If tin* iiii{ililiittr IIP* fit** 



iUfl 



*fnv 1,4 



l f if f| 



lilit 



if 11*11 ilii' put It tn*rtiinr% I lift t'ii'rtt! 



wii uitiform rirtnilur muf inn. 

Wlien tin* jtt*fifiiit4 t*f tin* riiiiijitttit+iif iitntittip* mv iiniriy i*si not 
iitii i*tjiiitl t ilt0 pli*i^i* t*f tnii* iiiirtimi im tin* otlwr, 

mtcl llti* piittt rciiititiniMHly flirtiu^ti fit** fortst* uf ill 

In tin* ff*riit||li* rii4iti"f**i mi a r t uiiil -r 3 li 
Tin? in |}iin win* in 11 uf H|4m! f utiii'h tfitii*i!i^ in 

uf tii0 uf *ti(iuti% 
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When the periods of tho componont motion* urt* uun(ital, th<* 
equation of the path is not, in Amoral, altfohraie. Only 
the ratio of tho periods (or froquowsioH) is u ratitmul nuwlwr will 

the path bo reentrant and algebraic. 

To illustrate tho latter, coiiHidor tho mmplo 
period is twice the other, and lot tho phiwo (Uffiwww l*o 
by e. Then the equations of tho component motion** iirti 



x = 



4- c), 



Since cos 2<yf=l ^ sin a <w^ tho lattor 



may ix* 



1 jt **. -" '/ '1 j, '/ t ^*'* 

whence sur orf =s -[ ' , eu,s j wi* =- ^^ -* 

Expanding tho expression for .r, and insifrttnjf tho valuon *>f 

and COB o)f just obtained, thr nult is 

^ ^ rjO'cJH / con Htn ^ itii c) 



which reduo<K to 



Rationalising thin oxpr^HHioiu it !uM!nnu*H tin O4|tiutiimnf flu* 
order, ropraHenting a *urvtt oatli^l a Ii*ntiii* f iifit viht*h $tMi*ttif*U* 4 
figure 8 a gliown on tho 

left in Fig. 205, If c f , 

this curve becomon a pairuh- 
ola, as shown on thu right. 
One of the intormtnliatu 
positions is also Hhown in 
the figure* 

The curvoR shown iirci known m 

liave important application* in ut*<mnUoM. Thry nmy l **! 
mechanically by moan* of a pimtn *f kn\vn i .1 



I**!** 



-n, lifl ,i 
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burn's pendulum. This consists simply of three threads, arranged 
as shown in Fig. -WJ, two of the threat Is being fastened to sup- 
ports at A and //, and joined at (* to the third, which carries a 

t raring point* or dropper, at tin 
lower end ./> For a nmall din- 
turbance in tin* plant* of the paper, 
the point /> will evidently move 
like the bob of a simple pendulum 
of length f 'A that is, it will execute 
an approximately harmonic vihra- 

- r f '/> 

tion of period ir\f ; whereas 

'' 
for a tlisturbance perpendicular to 

tin* plant* of the paper, the period 

\J '* . | See Art. *JH. ) The itmpli- 



Ft** '.Htt, 

of the vibration will In* 



tilde of thtt motion ami tin* difference of phast? evidently depend 
mi how tin* bob /> in net in motion. This simple apparatus there- 
fort* off or* a IMWUIH of producing all possible combinations of har- 
monics motiotm at right angles. To <*Hnmmtt$ tfiti r<*sistanci* of thti 
air tm far tin fiwwtblti thw tbreatls shoulti Iw long so as tti itiiikit the 
nttitiott vi* ry nlow, A convenient way to accomplish this in to 
thw thruattn l, thi* ctnling and let the bob swing nt*ar the 
floor. Tim bub nbciiikl bi* of ltad, mid the tracing point may 
conHiHt of ii ftutnt'l with o]H*ning, filled with sand* or a tube 

filliid with Ink iiiitl willi a iiriitri* tit the ltwtr *ittL fly laying 
11 shtwt of itiiilitr llici tlwi curvim will tht*u b.t tractnl on 

it m tltii |Msiiiltiltttii 

UOt -'In flt*c*UHst*i# i*1intit' \ihrnttuns tki 

body far lnt*it t?tiiifttti*fi*il UH ji^rtVrlly fr^i* t* ifi*nt% in \thtch 

it will i*%t*nttti 14 vtimitttiit n i^jiiii4ii*tt iii Art. 

10/1, I**rfi*f*t frmnUittt t*f tttt*liiii linwtm*!*, m mi iilrat iii*.Htiiiipllini 

which is tttnw fully rt*nHy,nI in (inictuus wiitg in lip* rt*HtHtint;ti 

of tin* tiir mid other CUUM % H, In tin* I*UHI of an itrtuiil Mlti vtbra^ 

tieiu in by ii$ti*rniil utoltM*uhir friction us \vi*U HH by Ilin 

or of tin* iisr *r ti|jn*r mrtliutii tliran^lt wli*fi It 

Tn in flit* furl that vibratumM 
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do not continue indefinitely, but die away aftor u Imiffrr or 
interval of time. 

It has been found by experiment that tht* t<xttnutl no 
varies directly as the speed for small oscillations, aitil iti* 1 
resistance may also bo assumed to follow the sanui lnw wit It it 
eient degree of approximation. Assuming then, that tin* 

resistance is proportional to the velocity - * * it hwowttH k *' j 

k is a constant of proportionality, and the different int t<(|tmli*ti f 
motion given in Art. 104 for simple harmonic motion nuw 

tflu j* * tlii 

7At ' zs: - /// .- /i* * . 

r/^ 2 * * i/f 

The damping resistance tc* *f in negativf\ sintM*, likti tht* 

af 

fortuity, it always resists motion. Tlumtlution of tttiMiiitlVrnfttuti 
equation is known to be of the form 

where A and B are conHtanta of intogration % tuitt ittiti In t 

determined by the contiitiou that thii noiutitm Htuitl llir 

given differential equation. Making thin Muimtitntiuit, w$ tm\-n 



or, separating tho cooflicientH of /I and //, 

A**(mif +f+ km) 4' 4 ; f -f 

Since this relation mtwt be witinflitd for urttitrury of 

jS, the coefficient** of A uttd /I tnuMt arh tit* /*ru ; iH t 



M// J 4- f f ^/iU, 

Since equations iirn idnritirnl in form, mt ^ iirii 

of the quadratic 



Solving this equation, tins rootn iint 



/. *...,/. 

-1 w 3 m 
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Let this radical be denoted by r; that is, let r: \/ * ^ * . Theu 

the values of and $ heeome 



uml hence the f^eneral solution is 






Two <uum*H inunt n\v be (UHtin^uiHiuut, ueeortlinjuf aiM tho nictieal e, is 
real or imaginary. 

JE41 y* 

' * '' 



(-AHK L Kadii'iil reiil, i,r. - 

4 i ;/* 

IH not a {writtte funetiou of the tiititi, tin* iu<)tin in thin cawi IH 
BperI^Ic. It i thonforo nut u vibration. 
Let !* ri tU*not* thi* initial velocity of the jniint; that i, lot 

.ILfnrf >. Thru 



A 

/ 



Alno from tliti iumtiitiun that // , o fur t > ^, we hiiv 

,4 f /I t, 



Solving two rijttiiliniiH Mimultunt'oUHly for A nnl II* the re- 

sult in 



i. * * 

y n tt r I* | r * .. f ft), 

" ^ f* 

AH I r^ 1 i"i*iii*iiii!tt|| unity* 

r rt u|tn>|^rfmt T tiuii. IIiii* th 

in }tnr*tithi*MiH iti*vir nll*r% it** Mrmiv0r% for 

I M QO % f | tlmt tf, I lu* motion tti*rt nw;iy an Ittii** on. 
motUm wtwtii lin* in vi*ry Mirmjj ; im. for 

in th<$ nf tir In tin* pot 



,110] 



KINETICS OP PABTIULKB 



used- to check the motion of 
valves, etc. The general char- 
acteristics of such motion are 
shown in Fig. 207. 

CASK II. Radical imagi- 
nary, i.e. k < 12V'////'. In this 



case let c r 



....... - - - 

4 '//r 



Then 



Km, 



<?' = ic, where i denotes V 1, and the gentiriil Holuttott l*tuuitti*'i 



This evidently dilTern from an umlumpcui imrmnnio viliriifi*ii 

* j 
y aa JL Bin o)^- by the wwmrromH* tf t!ta tii{MJiitiitti!il furtur i * . 



When t in small* this t*gpommtial factor tliflWw but little 
unity, and conwqmmtly there is hut Mtitall changi' in th 

tttdti. AH f iltrri'UM'M, how* 

*vt*r, thi* 




in 



Tho Kt*lit*nil rltiitiirlrr of 

till! IliC'lliiil'l tH 11$ 

Fig. aim. 

Fur tin* |t0iiiitl tif 



^ \ i M f .-,^ 

which i independent of the time and thi* tttn|ilUtiii*. HIP 
therefore, ninue it taktm iHjtiiil timoH tn nvir j**t- 

tiona of the path which urti coitHtontly <li.^ri?jiMiiin in li*fi|th. 

Prom this expremiton for P it i nlmi uvidunt that tin* prum! fi 
a damped vibration in grwatfr than for om whii-h in t 

namely, whan "k m 0. 
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, . i ,-,., ' l -' whirls in tin* jinwttt wise 
Tho >HHH>d in obta.mHl hum. ^. 



tun r f -* 



*# I/I 

i' f x" 



>. . ...... > ...... ''"-?:" ":.:::.",",: T,:;;.', 1 ,::;':,;"; 1 ;!;;,;':,:: 

" 



Fr ., m 



I If?/ 

1 tl twiiHit t*W f * WtMtt!it I!P* 

hm ^ th.i 4ii4titi^ lit tli^ r^iif ii 



' 



lM ilW 4 ' IlUt r ^ 

|i ** Ufllf 

T si.i . , * it 



f t^ .'*' ^.r^rti, *. '" rf^ tt by 



*** 

*! "'" 'V '** ***' '* 
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Since the ratio ' /nM - is constant, Hiiccessivo rxtwrHum* fn n ;<*- 

"n 

metric series. 'Faking natural logarithms, \vo ttitva 

. . 7T* */* 

10{J rt*-lotf <*! = ' - , - 

v !//(/ A' 4 * llf 

The logarithms of successive excursions therefore ahvuyniliflW by 
a constant quantity. This constant difference is eittletl tho 
rithmic decrement. 

By observing successive amplitudes tt n and n^t ntit thi* jw i rii>l 
jf^ tho damping fac.tor k may be* calruiattMt from tlii* fn)ulrt. 
Or, if suc.(50Hsivo amplitudtis on tho HUUH* nith* uro lisirvi*t tti*' 

logarithmic (iiuirouumt will IN.* i witu* as gri*u(. as hriv givm; itiiiiii*ii* 
A,y> 

This alTords a nimph^ mrann fur fatrulatiiu^ tin* dumping r*- 
ii //; 

sistancti in any ac^inal c-asr, 

PROBLEM 



332. A body wfighhii uii* tou IIM| i it ;t 
vibration. Ji is found by t^|H*riiii*'tjf tliut fit * t*i;tttit* i*"i)l.ii*'*' ** 
Ib. for | in. dohVftion. and tltut fhi' d4iii|*ii f j**',! fit'i it *i ll. ,ii i 
5 ft../HK5. (!ait!uliti th logiirillnuii' tt *i*itMtn ill, liitil 
the, inotion w |MrIodit% Alw* (it*t4*utiiitn wtiiii tln Li 
iu ordor that Um motion Hhall t*oiiMt4titt** tlu limit I 
periodic,. 

SOLUTION. Ib*w 

/r, ^"'- HjOII,/ft,, 4' ./"'"'v 

A ft. ' ;, n ./.,-, 




all d - tlml 



<, 

'- 4 
JW.U ft, /*;.' HI,! ft. ' 



motion is thtirtiftim jit*rindi* Alno Utgtirtthtuii? tinrrrttirtit n4 

\ 1 1'-,^ 

0,0(1870, In orclr for th ttutioii to ! tin* 
Don-perlodifi, fclia clam|>itt{( fiii*tor I* mtwi i* 
case its value woutci lm 



111. Forced Vibrations. ~ Tho thmry "f ftm-i-d vi}iMt>..>. i, ,,( 
groat importance in the wxphuwtioji of mniiy jh> -.i.-ii! j.li.-u. !...!,,, 
For example, if two tuning furkniif tint HIMHI- j.it.-h ar. j.hi.T.i t,,-*r 
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together and one is set in vibration, tin* other \\ill vibrate also. 
This phenomenon is ealled resonance. I he *ume phenomenon i 
observed in elertrie oseillations, and is tin* prineipta on which 
wireless telegraphy is based. Tin* rolling of a ship is ututthur 
instance of foived oseillation, H', when resting in still watt^r, a 
ship shoultl iMMlisphunnl fiunu its position tf ri|iitlil*rtmii, if would 
of fours* 1 , osrillati* with ri*rlaiii prrtoil wliirli may 1 % rultetl its 
natural p<rioil of osriUatton. Wlini f!n* ship isurtrd on hv wavt*H f 
if tin* impulses have the ,sme periotl as the natural period tif tho 
sliip, its os( f tllatit*ns iiuty liei'ome so j^rt*at as to he dangerous. Tht 
name in true tf tin* oseilhitituts jtrtiit!ir*it by a eolntun of Hohtit*rH 
limrt'hin^ in st*p uerss a hriilj^e, In iltin vmi\ if the period of 
their step happens to In* flu* same, r nearly I he .name, im tin* natu- 
ral period of vihratmn f tuit* of the hrid^e inrmhers, this metnlmr 
ittay IN< f*ret*d into stteh vtojent vihrationn an It* l wreeked. 

Tii itbtiiin 11 snlution of i he proldt'tn in i|ii***4liiii s asnttme that in 
iidtlitititi it* tin* i4iiMf ir renistanee the damping mHtHtntuw, tltti 

lititty in iii*t:i*ii i>|ii hy it peritwlie fums miy 



tin* j,fi's,ifp'4 \ilu** i* 

rift li** |i*'iii**i **i v u;4f lull* t fitter t!e*t niiiflifiuiw, tltti 



III \ 4 t'y/ + // /** 



ttii* li*ft l**tltier tfir rfjii4ti*li t*f liir U<4 

iirlidt*. HIP H| an i^jiS4fii*ii f ilu't up Jit 

by *t wlnftttft, ii44iinf is* fin* 

til f|p* 4iiM%i iJii^ i4$^$$il$^r i 

Tlin litm*ifi*i\ H tl$f itffStiliMii i444innl in 

fur ii*im**h 



^'r* t /*. *' 



ff4< lf fill* 

f w, |t|f 4 ti, 
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where D and < are constants to be determined from tin* r.ulm.ii 
that this solution shall satisfy the given diftmvntial tujuatiun. 
The first two derivatives of this expression sire 



= cos 



and inserting 1 these values in the given differential equation, tin* 
condition that they shall saitisfy it in found to he 



sin (yt + $) +//> sin ( t)t + ^) + * />>; i*tm ( i/f -f f|i I - F /i f ^. 

Expanding the tri^onoinetrie functions, this hecoineM 
sin 17? [ mIhfMM<f>+f/> CUH ^ - * /r/^/sin </> F j 

+ (U)H ?;f| /;i />/;* sin ^ -f //Xnui c^ f /*/>i; ciw j 0, 

Since this relation must hold for all values of f, it mu*t 1^ inl*. 
pendent of t ; that in to say, each quantity in bracket* twtwt bt 
zero. From the first, we liave 



ets 
and from the second, 



If, then, these values of /> and ^ are inH<*rt(ul in tin* 
particular solution, namely, 



this equation will rejn*Hcnt at lettxt a |n>sHib|t< frut <f fi*rni 
vibration, whieh will IM^ it iictual fnrm if the tiiitin! rutiiiti*in 
are properly fulfilled. The two other trrun i*itti^riis^ ttttpi ilm 
general equation reprt^ttnt the Holutimi uf flt* |tnilitm 
^Oj that is f in the c*iwt of t)ntmturai* tuifiintrtl f 

'the body. The particntlar notation jtwt otitium*f| % r*jrr- 

sante the of the extitrntil exciting forms in tlirnifii-i uf 

special importance. 

The particular solution given jibnvi* tv|*r<'w<iiH ;i ^ini|4r ;ut 
damped cwcillation, period in itiitoiH*fiit*ut *r tin- JIM'-. ^1 
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the body, its rlustir ivsisfun.-.*, or its natural p'riotl "f vihration. 
Sim*' Hiit ( i;f + <) tlifl'rrs frnrn sin i/Mlu* tfivuh-Mt rxrw.Hiuii .lots m ,t 
occur at th' saiw tiuir that t< rvilim; t'riv assumes its tfivairxt 
viilwJmt laijsht'hmti it. Tin* two ftmrt inns, sin r/f ami shid;/ f 0), 
howuvt'i-, assumr t!u sainr ,w/V^ nf xalu.vs uinl liko valties always 
eliflVr hv tin' saiut* inlfrval *f timr; namrh, t .-*-'; i',^., thriv J H 
n liiffnviiiv In jtluiw ii*lwi't'n ^ f aiil tin' t'mil iKi'tilsit-inn. Sinn,i 
-....A ^ , flit* nlia^r ilinVriMH'i' ^ t.s small it" t hi* tLiiit|*iti*4 k 

ll* ^ 1 * 



IS Slltll.ll. If" llH'lV ^ >' l,llH|tH^ * f| i>.l rnjr..N|U*llll> <|> :3 0. 

If ilii^ ilinumiiiahr /i/ J .'* ' ! l ^ J i - \ ^ llirjl lall< ! ; * 
tttul <^ " :;ff ' H**!**'*' ! tll|H r " a:Hr llii " i ' tir lri1 'illaliii4 has llii^ 
Kitm* jiri*l as th' uatujal tnilamprl prriil f tin* )rty. In 
this raw thuv i-. Maul t IM- ciimplrte lrt \\rrti ihn t\v. 

If W i* ul ha\ 4 i' u ^^^ l - ll */* 1 |llli fl|llt " 1 ' lllf " llilll *!' tl K "^ 
iit\$r 1' ^i' n. * iitinu n^vrr artuallv 



Itf |NM-i.l) 

nf tht* f*twti \ihra 



in jH'.i|t..rt$Hti,l I.* lt*r ^ 

itiitl X- an* h**h tUi^ lrWMiiuiuti hrrmui^ 



Then 



f ' 

'* 
T 



For llm rum* of rwwsiw*', i*'l /' f s - ^ in ihm 

* 
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If the damping k is small, this quantity in large. This is tin* 
explanation of the well-known phenomenon that very gri***t o*ril- 
lations are produced whenever the period of the exciting fmvr t** 
equal to, or nearly equal to, the natural period of the li*tty **n wlm't* 
it acts, and, the damping resistance acting on the latter w 

The complete solution of the original difTertwtiul wjuntion 
which we started is made up of the Hum of the particular 

1/1 = D sin(V; + $ ) 

and the complementary function 

. A , * 

v/ a = At* a* r fi + /A* aV "**, 

The latter solution wan dismissed in the pn^*eding artirhs \vhcr" 
in the present case f is imaginary. To express thin solution 111 
the trigonometric, form, make urns of the relations 

<> s= COB j^ 4< t nin j\ r - |J COM r i nin A 

where i demote* V L Then mncu fy' iV (Art, lift), thin iv< 
preBsion hecomeg 

"COK rV -f- f" niu i*V ) 4- 



,In order for thin expression to be null, the ur!ritr.trv n 

J. and A miiHt be complex ijunntititw. Thurefuftt !H J | || || 

and (A-M)i^ A v Them 



and the complete soiutiou beoomts 

- * i 
y m I ^ gin ^ + J| a mm ^ i + fl h|J| 



, > 
' 



Since the first term contatUK the axjMiiiimtiiit f, u ,t ur r **" 
solute amount of thin term dextrinim* with tin. timr, *i, 
last term does not change HO long it* tfn t^riftn^ f,.I-r. 
to be exerted. The (lumping thMrufort* aitiHim iiV iwtai. 
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lions of the Innly to die away until finally it vibrates in ueeurdumuj 
with the form given by tin* particular integral // r 

No\v consider the casr in which tin* hotly wan originally in 
equilibrium, that is, when f -0, anil in gradually brought into 
oscillation hy the action of stwu* external harmonic vibration. In 
this case the constant* /l t and # t must be *tt*tirmiiiint hy the 
initial eonditionn^ namely, that whrii / ,- ft, j/ -^ % and uUn thu 

velocity 'if-- W* 'J*l* '5^- f thiHe ntn<litioitJ4 j^iven 



ir'ff * 4 t l //Vi -H/f" fr 

V-w / VJwi 

I />i| riH C i;f f 

thu sueiiiitl ciowlition t*ive4 



At tll* l*Utiiltl^ tf HM* iiPif$s*fi ill*' iLiiiijfifinf ! 

lilllf Illiiy l 1 f|i*}jtl*rf*'<l, I I|ii'I ffii'i .l't'ittitt|tf i 

mid iiim'tlinif tin* t4ti*% lnu>'l l"* J t 4ii4 / 
it 



Jf*H ( 

i * ( 



if , 

1 



ft I 

I ' * 
mil 1 l / 



Solving twit i*i|!iiiti*it'* '4ii$ii!!4fi*Hii"4li ftir 4 t iiipt || |f 

Hfll 

' ' '* * 



//, ^ - H Mft 



fttr 4- M nv ^Ititi h,u*' I'4i4t|i * *), or 

I // . 

Ilili 



/I *F w tln*%* taltli^*! tin* iilitiin 

t l 



111] KINETICS OK PAKTU'LKH LTiIt 

Since </ = Y--- v'-jj ( Art. 110), when * = 0, wt huvn *-' \ ^ 
= o) (Art. 104), and consequently tho above may ftlno IHJ written 

F 



-. | si 

\ 1 



sn f sn 



From the form of thin equation it IB tsvitliwt that tin* motion 
sists of two simple harmonic oHmllations, ow having tin* 
period as tho natural period of tho body, and thii othtr of 

the impressed oscillation. The mwltant motii>n in thwforr ttip 
algebraic sum of the two, thin phenomenon being known * inter- 
ference. ((Compare Art. 10S. ) 

In the cane of resonance, a> ditt'ers but little from f|. <*om*i** 
quontly tlio expression before the brace in the eijttitf tiii i* 

vary lar^e. f Vlw <^xpression within the bruet% however, i \ory 
small at tlio bt^iunin^ <f the motion, but 5iicrtiiMi* with the linn*. 
Hence as time^oes on the oseilhttionH art* uiu*8Htv(dy very an*! 

very largo. The (Condition for a maximum or minimum i *'' '#u 

which givciB in this canes con^ coital, Hettct* irt iff t HIM f., 
The positive sign ht^re givtm thci nmali amplitude*, and the iii-t^i' 
tive sign the large <nicH* InacouKtiun this stu?eeHHivr ifit'tniw *mt 
decrease in the amplitude of vibration, or strength of IMU*% iii." 
called beats, 

If the damping k In not Hmall, or if the time in HO tar uU.iti-*>i 

that the factor -" is noticnnihly different from y,trn \vi* 1411 

back to the original eqttatinu The beatn lire th^tvfMie uiiU 
noticeable at this bgiiniing of tint motion. Later ou, tin* 
vibrations die away, and t hurts remain** only thtini* j*rntiu 
the impressed force. 

333. In Prob. l:i*2 iti|>jwwi! that tlm htnly h m*tMl im {*.-in hi^n 

external impressed fiwiti of I Ik at inttrvaU t4 4 ^w, Hn , : ^ -.* 
amplitude of tint forcml tcti!liif,Uisi hi* itl'ltn *ti t**ti^ .1 tutu* fi, u, 
vibrations of thi litnly !mv <Ii4 %av? llm *in*'i fhr O*!M| > 
amplitude of its Batumi vibration 7 
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112. Plane Pendulum. >- When a single material partieh* i 
suspended from a weightless tiher and allowed to swing, th 
arrangement is called a simple plane pendulum. It is evi- 
dently impossible to reali/e sueh an ideal pieee of apparatus 
in praetiee. However, if a .small heavy body like a lead bullet 
is lumif at tin* end of a long tine thread, its motion for 
small oseillations will be approximately that of a simple pendu- 
lum, ami ordinary pendulums approach flit* saute motion moru 
or less closely according to their construction* The motion of 
a simph* pendulum is ehietly useful an n standard f**r comparison 
in llie dweussion of elastic vihratiotm, mid ftir that reason is here 
considered* 

It WIIH nliown in Art. *2S that the period of n Hintple pendulum 
is given approximately by the formula 



* aeeeleratioi! 

The exuet %itlni* of i!i* period will tww le ttbtuinett bv applying 

the priiietple ot w*rU and rn*un . 

Let tli*ltot* tit** half .in^le of N \\tnt?, I flu* letH^th of the jt-ritttit- 
:i % mid & lh* single brfwri^n the pt*itdtdum iind I hi* vrrtinil at 

Then HI v *vun Mm? fr*m t to /I, the work 

tltf diffiTrnri* in eh<\*ttion n ^ ^l** 1 two points, 

flu* it^fif* If* the i *P**|IIirint w 




ffli, 



I ** 



s in*i 



I* .A 



If f til** **f iti-irfiU*ii| ill rtll 

III ill, Wti vlA 1 '.^ fiA. fii 8< -I A* ' M& 
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Hence vdt = ld&, from which 

ide 



( ft = lrW = . 



COB ) 



To iind the entire time of swing from Fto //, inttj*wto im- 

pression between the limits and a. The period, or ttmi* of 
ing a complete oscillation, will then be four timiH thin itiiiwtiiitt 
whence 



To transform thin integral into a mort* ronvoniont form, mulct* 
of the trigonometric, relation <*oH.r~ | tinin 3 Tht* 
for P then Ix 



** 



NW 



Now introduce a new variable) ^, dciflniid by thu rutiitiiiii 



tun ^ ) 






Differentiating thin expnmHioiu turn 



fl * ff\ 

CON I/ I 



a ititi 






OOH - 
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To determine the limits of integration fr tin* new variable fa \ve 
have fl -.- it when </> . ^, and tf ^ when < *= 0. Henee 

/, *J SlU ^ e OS </>!/</> 

/'--V 7 / '. ......... ........ =- ..... - ............... 

'/ */! , | i t t i f U .* , 

SUl V I Mil* < ^ 1 -- Mil" ^ Mir ^ 



<r, fhutlly, /'- i\ 

Vt-Ai ' , . ,, K 
Y I Mir^ 

The viihi* 1 of tlm integral rutiimt !M* <>htuint*<l ilirntly, hut may he 
tltl^niiiitf*il ft* liity tUiriHt ili^n* of wt'tmu*y hy t*\f>iiiiliiti| th 
|iiiiiitity mitler th^iuti^nil HIJ^U intt it Hwit*s niil iutt'tjn*^ 1 *^ this 
Hf^ritm ttnn ly ti*nn, Tlu* liitt^rsil wan i*iiUMt hy l*^^iulrn an 
iHt|tU' intn(ntl of th*' tirnt KinK ami \\ill hi* fwiut fully tnatr*l in 
nit) Hhimiinl work on flliptif fii!i**ttfiiw* Nmm<rintt values of ilw 
iitt*n{ral uill al*u hf tunml tahulatro! in HU*!I wurkn, from \vhit*h 
tin* iolimttii!* ln*ti*f tih)* ?* l.ik^n lor ti**i* in i 



IO 



(fA 
9 - " - "* i \-^ ! -.;i. - i % 
, \ i > . * >v * ^ 



1*1* il!il'*triifi* tin* tiv i*f |}|i !,thJ, fiijij^iK* thai it jit*ii^tnliii!i is 
10 in, Itiiiif, ttiid K M **i f Hint '* ,.i , 4iit ilit* \iihn* of llii* iut$. 

ii fniiiiit from tlm to li< I,.*7J !!>* fli jwrnwl i 



Fsiwl ih* rw|iiit**i| ftt 4 * it' |**i44fiitii ii iJ^-* i >if 

in tin 

flit l*y tli* 4|t|rM* JUi,j<* ftiiil* |* ;*w^ . 

tint *^ 
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113. Approximate Pendulum Formula. From tin* *l flu* 

preceding article, a simple approximate formula may b* 
which is comparatively aeeurate for tmmll anglttH of 
<30, and which maybe used when the nimp'b u|tproximilitn 
deduced iu Art. 28 does not suflicw. 

Since the nine of a small angle in also small, tlti* twti of 

the same order of magnitudes the quantity Bin 2 ^Hin 1 ^ in tlu* 

expression for P is very small, and demvaneB rapidly whw* 

to higher powers. Let this small quantity bo donott*d by k* 

Then the quantity under the integral sign iu tlu* t'lliptia inti*gi"iii 

for P may be written - , or, expanding by tlto bitttuuml 

theorem, x * 



Neglecting powors of k higher than th iirst, w havn 



f/^ + '-iJ'mn a< * f ''> 0r/$. 

// ij*'*! 

The value of tlui llrnt integral in thin uxprtiMrticm in iiiiitjily w * lint 

fi 
Hin 1 ^!^, t oni! of ftvfj unit ort f tirrittri*, 

cialiy in the theory wf (*luotrtmty. Itn vulun ntny In* futttit) iin^t 

simply by eoiinidiiring thw avtirttgi* vsilun of (hi* funrfiun. llui^ 

as ^ from to iMP, tlu* HUM* |mHMi*s tttrtni^h at! v!iu^ 

to 1, Liktwigo tint cicmitii! piiin* thmttufh flu* uw uf 

values in the ordor. Th?nfin niitrt* nin 3 ^ | 

equals unity, tho avenigi! vuluu of <wh fmttiin Itrtivt^tt n aipt 

7T . 1 
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Substituting tliis value 8 for tin* into^rul, tin* expression for the 
period no\v beeomes 

f> f ? ' 7r , TT ' 'Jt 

7 ^ f sl " 



If is small, sin * in this expression may b replueetl by its arc <c ., 
in whieh nine it beeomes 



,/J\ 



HUM fnritHtiii diflVrn from tltt wimjili* u||trt\i!nut(* formula 

/' -*Jv\ 1/ 1 h*rivr<l in Art. *JH, hy ib* trrm 4 J w \ ' '^ Thin 

^// w ^./ h; 

i|iuiiitity in tlu'r^fttn* tho iHirrt*r(i<>n whit*!t must In* upjtlicM! w!u*a 
o in ilrsimt. 



pitrt' with tin* n*Mill in i*t'*t, !*!, 

114. Cyeloldftl Pendulum. - l*W ;i Dimple pi*nliilutn it \\u;Khown 
in Art* 11*1 thiit th* prrioI itrprntK un tin* umphtutie of tlit fc 
ttutttoti. Only fr ^iiiiill o'riHifii*n'4 I** flit 1 p*ri**l approximately 

Illtti*j*ltti*ltt *f til*' ii rr lliliiill(ii \%hirh it ^wiiiifH, 

Ifi ltiiWi*\l*!\ flit* Jliftlsl Mlt\**H lit Itir ilfr of ii 4*\e|oiii i}Htt 4 Uil of 

II rirrntiif iir<\ flu* film* of M%ut',? i* tfi* 1 ^4iiin%i$4* matti'r uhat the 

to be ii4 tli ; t'Vriont f* t*4SI f tt I lit* tlllltoctirCJllf, 

A f*lrl<i4 |?4 I tit* rilfVt* 
*-~* ll'iitril III it fKni jiiiiltf 



n 




firrlt* it in t!$r l 

flit* f'riili'j* *| 

k ii In tin* nrluiii il rlmti^i'^ 

Than, in 21 t t *?tm of itn* rirrutar rr. /t/l i 
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!**. fl U 

at f ' tlin nid 



\vhrli 



tant from the center 6 V , and this fixed point f # is the <-'nr 
curvature for the tmtiro curves For the eyeloidul an- A //, 
ever, the center of curvature lies on 
the lino OP through the instantaneous 
center 6 Y ( Fig. 210), and changes con- 
tinuously. The locus of these instan- 
taneous centers G y j, (\, 1\^ etc, (Fig. 
211), corresponding to the points of 
the curve .7 > l , 7^, 7^, etc., is called the 
evolute, from the fact that if u pattern, 
or template, is cut having the form of 
the curve (/./), and at string is then laid 
along the edge of this pattern and fast cue 
the string is unrolled will describe the c\cloidal are 7^*4. 

This method of generating the curve is of practical importance 
because it gives a means of constructing a eyeloidal pendulum. 
Thus, if two guides are constructed having the form uf thr i*vnlut% 
or eontrode, (J/>, and a heavy particle, .such us it smull lentl bull, H 
attached to (J by a thin liber of length f'/) -* f-M, its miti<itt will 
bo that of the ideal eyc-loidul pendulunt except for n slight tinii|ititg 
elTec.t duo to the resistance of the utr and tin* weight of tin* mm- 
pending liber. 

The differential equation of the cycloid is easily dedtirrc! f>iw 
the way in which the curve in generated; thitt is, by rt*Uinj* a 

eirclii ulong it straight lim% lliti^ 
iu Fig* l!l^ the tnsfiiiiiiiiiPiiii.1 1 * 
center for any juunt I 1 tif 
tutrve is the point of i*iiliif"l !"' 
of the rolling eirrh* mitt th* JUtMl 
straight line. Stitrt* I fie atn-tl* 11 
A Pd in iiiHeribed in it Hfinieirrli^ 
it is u right tingle. H<nri< /I/* w 

quently AP i tangent to thts ry(?hnd tit /*. If, ttit^n, ll 

the angle betwoon th tangent A Jt tind th iuimdiitnl, thf f 

the curve at tbo point P m 




r-T tlUt 
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* 4 /*// 

Now tan fl^ * 



or, since /*//* ^ f V/ x //,! -- C'J! r // >.y, and f 7/ .-* :> r - : y, whore 

r fienott's thu radius of tin* rolling rnvlr, this wu> IH wriitvu, 



'J r // 
tho <lif1Vn*itlia,l rtjuuttnit uf tlu* ryt'lui*! is 



T fiiitl I lit* j*ri**tt of liHi'illiitloiu tht* priiunjili* of work will htt 
fippiUntt UH in thi< ranr of tin* Httupto poiultihnu ( Art. II*J!), Sup. 
JICIHO tltiil tin* jiiirf it'lf NtartM from 11 j4iit at tin* hri^li! h alnivn itn 
lftwt*Ht jrttsition C Fiij, L'llJ). Thru it** vrlority t iiity otlirr lunjjht 

y mill tit* 

r - \ 'J t/i h -I/I, 

Hi 111*11 ". \ wo liiivi\ iiv iiiHrrtinj tlun viiltii* of i*, 
ill 



ill 
ell 



' V'J< 



/ 

Siilmtiliittli|f III llir VtiJtififtf I'TMIU fhn 

/j/ 

tf lint Itit fur ihii tM*to 



ill -, v / 
% 



itv % sfitf 4 tfnit!ftft tin* tf lip* to 

u* 
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The period P = 4 t which may bo written 



Since the expression for t is tho exact value of tho uhovo 
and is independent of the height A, tho period in th Nairn* no mut- 
ter what tho value of A. That is to say, tho time of 8\ving w iinti*-- 
pendent of the point on the cycloid from which the boh fall*, 
consequently the motion is strictly woehronoH. 

It is also noteworthy that tho formula for /* is tho Hiuttt* an that 
obtained for a simple pendulum of length / as 4 r. The mtxon for 
this is that tho radius of curvature ( 1 A of the cycloid lit thn ver- 
tex A is four times tho radius of the* generating circle, or f VI - 4 r, 
Hence tho circular arc Alt and tho eyoloidul arc A /> oneulati' at 
the point A. Consequently for small oscillation* tb* bob of it 
simple pendulum moves approximately in tho name path as that 
of a cycloidal pendulum, and therefore the motion through mall 
ares in approximately tho name for both. 

115. Brachistochroae. --Chic of the uumt famous |>robli*mi in 
theoretical mochanicH in to find the curve along which a jtiirtirli* 
will descend from ono fixed point to 
another in the leant poHHihlu time, * 
This problem would urine, for ox- i 
ample, if it wa denim! to find what j 
form the return chutes in a bowling * 
allay should have in order to return I 
the balls to the players wont quickly. 

Suppose, then, that A and. Jt (Kig. 1 
21tt) are the pointn in ijmmtion, and 
let it be required to determimt thr* rum< ot 
between pointH. List f f l% 6^, ^ b* thrn* rum-i ni th** 

family through A and /A and UHHUIIUI that tin? turn* **f 
along 6 Y a is than it i along </j or t r r In other wnnU, 
that (7 a is the required curvi-s or braciuHttKthron**, at*<i !'t it. !' 
required to find its titjuntioiu 

The velocity autjuirt by th purtirlt! at any jmlut /* u flirt 
curve at a depth y btslow the Htitrting jitiinl it 




i 
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Sine,,- . 



1 



, ,, I, 



. , ,, ,., ,, - 

Hvi''m il ' lJ "' l ' m '* * , . ,t i 

> ' ' '' " 
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Now since SI is a small quantity, each term of this Htrii'* in 
smaller thau the one preceding. ConstHjmmtly tltn chatt^c in / 
will be positive or negative according an Bf is poHttivtt or 
unless 8.7 = 0, in which case the change will be ulwnyn 
since a squared term, such as S/\ is essentially positive. Stun* 
the curve sought is such that for this particular eurvtt tin* Inte- 
gral /is less than for any neighboring curve of tho Hiiitin fnmtlVt 
it is apparent that the condition which deformities thin curvet in 
81= (.), or from the definition of 87, this b 



87= % ; 7 7 (/A / > + fy/' fl , /{/A y > 0. 

fy/ ^//^ 

Now the total change in the integral is equal to tlit* sutti uf tho 
changes in its several parts, or, expressed otherwise, thi* opt*mtifiitH 
of variation and integration arc commutative;* that is, 



# In goiural, if any iun^ral / in n 



.r', if', ,;', ...)</#, tltcu by rhan?|ifig / in / |.. 3*. |/ tt |/ I tli/, ^* ti .r* f 
UnK luiih Hhlt'H by THylr f H th^innsi, thu nMttll i-i 



/ -I- a/ -i | a'- 5 / i ... : 

and coMW4utmtly I/. 



** 



that is to my, a* f ' Vfo -.1 f I| 3*0/jt 1 

" JM 



or, expruMMOd in wortiM, UM njH*rathnm f v>irlaiiii uml iiit*^tiifi(*n un 

Furthermore, this itymbtd I Irttlli'iUi^ tin* t'hiiii^** i rh*' funrM*m t* lirti Hn l^ciii 
cnt variable in chan^tut by finite nmmmt, Tbiw i * |f ^ Iinlifiifrs Hi^ rtiiju : r |.n. 
in r J whim i/ In hiuiul by the Hnitmnt a*/ ; tlnif, ^ tn ^iy, 



or, in wordn> thu o|HtraU0tM of vfititttit mitt itil!ntittiiiiii rt rr .U--*.. t-MMtfimuur 
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rat.vlv, \vt* Imvt 4 



1 41*. V 



x"/1 



f s 



luHtTtin^ thin f\{*f*M *iu 

for /* ttn*ti niiu'f ^ 

\ ::; 

i* If*' 

if -' } i*v 

\ ;/ % * 

Sinn* llit* lijiriaf IMH s n{ \, 
Ililllillivi 1 Wt t,4\* i';/ 
fwttt in I hv isitt'jjr.tl : 



' 



* 



t*^rul N* in thr **jiiiitjfin 



Tii .jj*!> 

ffif ll*** i!l(t f lt k l$tt'if I 

f| 1 /f 



% lift* 



,1-7 
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-I. I 



Transposing, and substituting the last term of this *xprvwin fr 
the second term under the integral, the latter IMHUHWH 



f'///V- 

ww 



The second tcna in this c.xpnwsion may lie ititcgrntt'tl ut mice Hi 
tin; iuUigral and Uut (h-rivativc annul mu! unotlun 1 , leaving Hitnjh 
tlio (inantity in brackets. Hem-e 



1 /* 



V, / (lH 



nntl 



Since the endn of the curve** ^4 anti K are Iketl, % vutUfthivH ui 
both IhnitH. ConHtujiusntly tlui inti^rutiul term <tiHu||u*HrH ui ilio 
upper limit. At the. lower Hunt, however, tint quantity y in tht* 
denominator in aluo xtsro, and hcnu:t) the frai'lloii tuktm tltii 

ininato form . Evitluiiting thin indetermnnittmi iti tin* 
manner it is found to be* y,tjro,* awl (tonnetjuuntly the snti*^rut-it 



* By the ordinary ruk fcr 

to find the value f 



un ititU*Uriiuttt*i ftrtn, wt* tt*ivt in 



For the numerator wt 
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v 



term completely disappears, Kurtlu*nuun% in tlu* two terms re- 
maining umler the integral si^iu %/ oi-eurs ;w a fat-fur. Sinn* thin 
Is entirely arbitrary, if tin* iiiti-^nil & in to be ulrntirally /iro % flat 
(oortifitnt tf % must U* /<*m. TIu* rtuulititin ^.:u thrrofi>ro 
rtMlui'rs tt> 



wliirh JH iirrortliitgly l$t* ititlrrniliii! ri|ttatiun of tin* m|tth'! 
fiirvt* r l*ritrht'Hitii*iir$iin% 

lli^ tisllt*rinitiiili*!i iintitMti*tl in flit* nrtMttnl trrm, tltU 






.' v I * 

l: . '/. 



tin* r 

i'iili*!! r*^SiifiMii fi tit*' iii.v iti"!'^ h*^if^ liitfiliy 



for iliw t|rtt"$4UM4!**r 

f \ T .,, --' ! '- 

j.,.N'j' .,/(;. -,,- , \ 

lliP <f t1t'A f % * *' ^*>*?4 f" 

.,.,-'? ' - : 

i ^" ;.r. 

Itllil tlll4 f# f 
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To integrate this equation, multiply through by ','' Tlifit it 
becomes .. w 



* (it* (h~ W.r/ </.r 
or, since 



-LI i j. <l f f dl/\*\ . <?'/ n 

this reduces to // -*' + , = U. 

djc\ \tljrj J (fa 

Integrating with respect to j% wo have for the iirnt integral 

/ /A 2 , 





Writing tins first integral in the form 



and replacing f y by a new variable, nay w, the equatit^n 
the form , / 



Thin, however, in the cUfToroutial tujmttit^n of a cyt'tmil, us 
in the preceding articlo. Thrfor In adcUtiou to tlu jro 
previously deduced, the cycloid in alno the curvi* of q 

descent between nay two _^ 
given points, "^. 

It IB of courn poHniblo to 
draw an infinitw nuinbcir of 
cycloids through any two 
given pointn. Tim particular 

one required by the notation, 

i *i * t i *i l%l<l ;!l1 

however, is that in which the 

constant of integration in ?*2n when* r In the rut Hun f th< 
generating circle. To construct thin purtirular ryrloit, lH /t ami 
jff (Fig. 214) be the two given pointK, Thint from tin* n|uuituu 

^a=A/.i, it in evident that when */ -* ll t * $ . $ tbil >** l 

d% * i/ * i/jf- 

say, at the starting point -A the tanguitt in vcrtifuL tlmrr t\w 
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horizontal through A is th linr u \vhi'h tin* i(riirnitiiii( tirdti 
rolls. NW IK flu* tloitrd rtirvi' in Ftir, -I t ivj*riM*iit nay ryrluul 
through A roust rurtro! <m this hori/onul lin a* !a,st% awl ht /f 
dtmoto its point of inUTst'i'tiiw with tin* lin* A It. Thru simv tlw 
mtuim! rnrvr must lr situihtr l* this ii ran hi* l*tiiiiu<l hy 
nurc*lv inrrrasiiii( flit 1 lt*niflli ut rarh rliirt! J /l\ tltrutiifh th 
rt'Uirr tf Mwilurity A lit iin' ratit Ali , AH\ That, t> in say, u l| 
rvrltni!^ slarliint frmii th* puiiit J aiul \\h**si ^I'lHMMtiuj* 1 rirrhH 
roil on tin* hri/untiil thfmijfh A rin fc tint* a t'.uuih tf Miuilar utnl 
niuuiarly ^i{u*tf^t 'tu 4 \i*s % au! tlto iir.p'lii^litt'hrHiit' i ih it juti it-ttlttr 
of tin* family \Un*'it MNSI^ thr<*u^)4 thr <tnnt /{. 



!'wi H\r*t |'"Jiil f > i Aii't /* i r ,!/>': -^ p r ",<j 

If t,l\' * I'iifj' }' tJ >/, v I? *J| I ' /* I |J 

ltf.N. H ' f'i.- n . u< ii - fh 4^ ,,i ii 

! . i ' /v ' ' ! , ' ?; 

I i* s ?<:. , I I* 4 V/', 

'\,,J V v - ,,./ \ v 



l til 



till* *,..'r 



f 



.'.A 



r V ..,, "' ' % 
* :* I * ,* 

*' 'Jt, r!* ^^44ii * ^ 



If fli^ iM^rns/il ,}*.*! 8 * I .' ^ ., - < f , j,, 

!*l I* 41^1 fl^'fJ lil / i. . * o * , il*,Ii|i||^ 

f*( *|*"^'^^ 1^ *tj$ | f * |l |,.| < ,,; ?% 4 I * r Ili 1 ^' ^',i"> 

t*| lilt ill t^'Jftf li; i i a, ^ , t^ ' ( ( /- 

* rf|4*lff|il li |r| | J,^ , fsf , ftlf . ,; , | k , ! - |l s ,j * i j ' % ., | lt| llr 

tit*- ,|*^iii f | *M* i . >. % i i * > , ,' i n, >:li *1 

tttUt Ii III II* 44^4*|r | ^ M I ,!*,* /4 ^tli^l* i fill)* ir 

Ilir .|tnii<n^ ^ * -i i:, 4 r, /ns i , ' | r,i|^ tb 



CHAPTER VI 

KINETICS OF RIGID BODIES 

116. Moment of Inertia. In the preceding chapter, til! flw 
problems considered could bo. solved under the uHHUutptiutt that 
the mass of the body was concentrated at a single point. In itM*t 
cases, however, especially those involving rotation, tin* actual slinptt 
of the body has an important effect upon its motion* Thtw in tht* 
fundamental formula for rotation T-^/u (see Chapter II, Art. 
50), there appears tin 1 quantity / which dopendw upon t!m hluipo 
of the body, and wan defined as 



This nhape factor in culled the mome&t of Inertia, and UH nlitnvti hy 
Its definition, is found by multiplying the IIMHM of viwli purtich* In* 
the mpiare of its tttntance from this axis, or center of rotation* ami 
taking their sum. 

By considering a solid body UH made up of an Iiifiitit mtmbi'i* 
of material jmrtioleH, the ulx>vo fhiitu Htutunatidii bcciiiiti^n, in 
case, an infinite summation or integration. The tmmtt'ttt tif 
of a rigid body with rtiMpeet to u point, linen or jihitio in 

defined an / lim V^A///, or imply 
AW-- ^* * *? 



J* 
r* 



where r denotes ilie ditaruta of arty particle from tlu* jint t litti% r 

in question, unit the integration in to b mti-fiidi*d 
the body. 

To illustrate the method for finding / % !i*t it In* rrqitin**! in find 
the moment of imtrtia of a nlendcr nnifortn rod utiout ait a\ j-i 
pendicular to the rod and jwuwing through it-n ci*nf**r i IM,?. iM.*> 
For the clement of In thin (iistf, a hrrti*w *f l!^- i-4 *i 
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length tlf. Then if -4 denotes the urea of a eross section of tlui 
rod, the volume of this element in Atljr. Consequently if 8 denotes 
,, t the density of the material, or 

weight jer tuiitof volume, the 
total weight of the element 
*% eonsidetvd is ,/t&/,i\ and its 
"; MUSH is , ,, 4 



fi- 



Alt* 



n anl 



If, thru, x (it*nott*H tin! tlLs- 

tiuirr of ltii.H i*U*iiH'nt from list* 
un of / I.M 



' -.r; A ;' 



Hillimt the ,1/of the whole rod in ,V ^ 

*/ 

tht* itiiiitieiil *f iiieriiii of th* rot I with t'*j*jnn't. 
iitmi ln wrttttiti 

/ 



^ion fur 

I It initv 



tl! 

AH itiiillti*r UlttHti,itiin trt it Ji*i i 9 i 
inertia of it evtunlniMl f utnfMtm 
ttuekneifei alifiiil uti VM thioixh $t-i 



i 



tip 



of Its fiire ( Fi|,* 111** | Sure tin* ti|niii 

IH M\ !ttftt*tt f it'4l iHi|l |||i A\H $f VI til 

In* niiiiji!t*f tit llii*i ew |u f^r 

till* Iril|*Iit ill r illlr^lMt 

I'iliffiif j 

rf*r* I tti f inli* litr nf tin* 

If 41* *lf 1 

wf *** 



y : , 

*l 

''/'. 



s 



&-<* 



1 f Ml 1 

v >ty 

/'/ 

,x 

I-*** n*j 



flit of tif tip* 

'-jr 



**nrhMi . aA^ 

f* ^, 



.'/ 



* 



*il**tif the 
'-':/ 



i 
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as I 



Since the mass AT of the entire dink in 3/ 
sion for its moment of inertia about Alt may he wrttlttii 



AH a third illustration, let it he required to find the immit'fit 
of inertia of a solid hemisphere about a diametral uxi |nr|Mtulitni 
lar to its plane face (Fig. 217), 
The simplest method in this 
ease is to take for the element 
of integration a thin slice per- A 
pemlienlar to the axis of rota- 
tion, of radius r and thickness 
dx. From the results just ob- 
tained for a thin dink, the mo- 
ment of inertia of such a slice 



about the axis Alt through its center is 




// 



In thin t*Jcjrt?H- 
?eU* of 



sion r in a variable, which varien iw the animate to a 

radius R. Thus from Fig* 217, r 2 /t* 2 / 4 , and 

this value of r in the exprtwHion for /, the immunit of iwrtw of 

the entire hominphtsru about A It Imcoinen 

a\a i ^f tu l! /ft* 1 ** , ^ Jl \ /|( Hw^ll^ 
jr*)*<tjr m /t*x 4- 1 ^ 

; //\ a T . f y I6.v 



g 



Since the mass Af of the entire houuHphoro in J/ 

moment of inertia about AH may be written 

/-* Ml ft. 



* iU 



. Find the mommtt of im*rtia of a Irliiiigtilar lumiim til tn*^ / 

h, and thioknes* I about ite baai, 

340. Find th rmmtimt of hMtrtia of the a*iu* triatt^ntar huititta ntt a 
gravity axis parallel to ito ham*. 

341, Find this momtmt of int.rtla of a it^tattgtilar Iwtiiiin with *il'* i 
b and thick nas t about the li 
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342. Find thi* wwt'iit nf ihTiiatt' th rm'taiitfular l.imiua In th jJiwinlh 
prohl*ni ahnti! a gravity a\i'< jaral!r! t tlt' Ml A. 



hiitisini in flu* piTotMl* 
l. 

r^jHM't fu n tUittt*tral 



thick m^-* f al'mt it.N haut-tral 
^4. Kini tln ttnawnf tf 



plan** 
34 

347, Ftml 



*f i i|li"r' 

*f n j*h'r* 

f a thin 



in tl* fnnu nf a i|ttad> 



3f. Fiipt tin 1 ntiii'iit l iit' 
rant il* fin-!*' alut **!* *-l^ { ih jiiii4i'tii, 

349. Find tip' !iitii*'iil *4* iii*iliii 4 tJini !,siiiiiii;i in Ihn f<riu if n ^^f 

of II fir*'Jt ttt'nul. if'i ritiitfii, 



117. U<*thmlH fwr /. --In timiin^ th 



of 



fir a *l* 



Strirtl 



fur 



I*IHI*I\ tin* %nii* fVriji 4 



n /*. 

"V' 



/ fit!" | |i|illip ll|1ir^ SM nf jt 
iint fur lhi? ITH-HMU flit* 




w 



1*ti thi* ii 

It't it In* ri"ijiiirrtt in ft 

IIIii|t*fil tif ilirfllii ill il 

*^4t?i i it * nl ir **% liiitlr 




I iiliiiti of tli* i ^ iifi't'T 4llii 
I \l>4 ll*%f$ii l*y 

lii^ 4 jiLtiii* ff'*t4fii f flit 1 

l*lf 1*1 lift ;t%f% / I<l fl I'iirlr of 

li* Kit ffl)tiU!it*sU W'ftil r^Jw fc't to tt* *'rl4|s*| Ilii/i |j|,iy Im 

ttw* Jipiltlrtli nf ill*' rifrllLif III tin* 

iff IW (H)UH; 



* *i1ir I t*r i H 4 i|'^ f 

li I* iiA ill fl4*- 4 4 4i*Liii* 
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Take polar coordinates, r and $. Then since the thmrnt of 
mass dm is here replaced by an element of area dA* awl mitre in 
polar .coordinates <?/l = n/n?0, the expression for / IKH'OIWS 

J-*'Jir //C ^ //I 

i Jo n/rf ' r = *2 

If: A denotes the area of the circle, then A rr/F\ and htmu 



Now returning to tho .solid cylinder, th moment of mortia for 
a thin dink of thickness <ls will Us, from th rosult juat o 

'-- , and hence! for tho imlint 

' 



/ 



/ *** / A 

or, since the mass *l/'of tlu^ cylinder in if/'^s l ; .>, this 



. 



i 



As another illustration, let it be required to find the motwnt f 
inertia of a solid nn^tangular prism of dtnu^nsions **, A, r uluti an 
axis -4/f through its cen- 
ter and parallel to ono 
edge (Fig. iiilO). fc 

Begin by taking a plant? 
section perpendicular to 
the axis, and finding ./ 
for the rectangle HO ob- 
tained about its .center. By drawing a set 
of rectangular through the center of 

the rectangle, the lwtuwt of area in this 
case may be taken us e/.n///, and its distant^ 
from the center in r ** vV J 4- *f*. Sinro K< " '-* 1 * 1 

there are two variables, # and //, involv<*d, it is m'ei"r*ar\ t iti< 
double integration. Thus by one iuUigmtiun, suy with ri'*jri?i in 
#, the Jis obtained for tin uleniuutury tri( uf width t/y, an*i by 
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the second intt'tfration with ivspt'rt to //, this .strip is *xtondid to 
cover the* I'ntiiv iitfurt'. Ht'nro 

/ , /: f] </< , ,"/,./, -ft* +.ty - * + *. 

a 

If A denotes tlw arra of tin* rrrtan^hs A - <i/, untl ctinst*(jmntly 

/^ ^(^4- A 3 ). 

Ki'tttrniiig to tlu^ H*ilil hotly, tin* tiiinin*iit of inortiu i tlw Hiunti 
for i*at*h jlnn* Htu*tioii or thin liuutua. Ui*nri% taking a Mlitni of 
thirknrHH t/**, \vi 



. 



,iV,,. ifA 



!! 



Sfftrt* thu man* ,J/ of thti rntirn prism is HI < nAr ', wi IWVP finally 
for its ifftittiMtf of inrrtia with rr,4{*rf to flit' n*i* *!// 




fiiit thr iiitiini'jit iff in*rtti of ji rirrular 
run** iiitiHtf its ^i oiiiftii* ;i%i'i | Fig, 
i!*J*0 Ut*i?in ii?i l*foi*% h\ t*ikiii|[ n 

to I!P^ ii^s** *t/l, Stin'f* it }i*i4 alrratly 
tirrii found that tin* / for a rtivlt* of 


*f * 

In LtlUiiif ii thin Liiftlii*! of thtrk- 
/// unit Htiitiiiiiiig lift f*r flit* *ntiro 

* 40141% 



||{ 

Tin* finttii** x of tltp |44$t* wTtiitii in 

Fitl 9> tit I i i 

titfwih |ir<t|i*fliiiiii In lfii uiH- 
of from lliti virl** *4 tin,* t f iiiif* tU'itn* if thw 
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vertex is taken as origin, "! = and coiwo<iuontly 



- _ 

2VA V // // "" 10 A*// s fl 

Since tho mass AT of the cone Ls M=s' jr * ' ', thin Iwconuw 



In general, for bodies having eireular symmetry about a renter 
or axis, the simplest method for finding / in to une polar coordi- 
nates, whereas if tho body is symmetrical with resptwt to reetauj*tt 
lar axes, rectangular coordinates should he used. 

PROBLEMS 

350. Fiml tho moment of inertia of tui ellipse of twmltWM n unit ^ uUwt 

each axis. 

351. Find thu moment of inertia of iui ellipsoid of mMinnxert n /, r iil*iit 
the major ax it* . 

352. Find tin* moment of inertia of a rectangular pyramid uUml il- >" 
intric axis through tlw vrtix iuul {HM'iHMHUcular t.* th* I*IHI. 

353. Find tin* moment of inertia of a hollow mrrulnr eyltmler *f ini*'inrtl 
radiuH It and internal radtun r altout HH geouietrtc ax in. 

354. Find the tuoiitent of inertia of the hollow eylimler tit th^ prerettin^ 
probhtm about it et{uaU>rtai axin, i>, nhottt a gravity axin per{M*tiiitrit)ui' |,n it* 

gtminetrit* ax in, 

355. Find the moment of inertia of a right triangular printu atuui n gravity 
axis {u^rpemiitTtilar to it* {iaralh'1 hanetf. 

118. Radius of Gyration. AH explained in Art* 1 It), th ut(*mi*nt 
of inertia of a nolid hotly with renptset to a puinU lint** or phui*? i* 

obtained by multiplying the mnw of eaelt inftttitmmnl rltnin'iii nf 
the body by tho nquart* of iu diHtantu) from th*i givtn puitit, tttt% 
or plan, IIH tlia caw* iniiy his and Htuniiiing thont! protlttct.H ; thai 
i, the moment of inertia / i defined SIH 
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Now suppose' thai, thr rnlirr mass of flu* hotly is ronrt'ntrati'd 
nin^U' material partirh'. Thru it tlistamv /* may h<* found 
that if this partirh' is plarrd at flu* distant'** k from tin* <jivtn 
(or point ) it will havt tin* stum* momrnt of inertia uiih ivspf 
this a\is as thr hody it ivpri'sritts. Kor this to lit flu* rast*, 
only ni'<*tssary that 



-, 

Tlu* It 9 l!!*t! A- so eli'flitrt! ts i'idli*i'l flu* of gymtionu lllitl 114 of 

ftvc|<*nt iippit*att*n in jnit*fit'i% 

lltt* rmliiM <C iiyriittitfi in niiy {mrtirtiliir nis** may 1 futind at 
otir* wlii'ii thr iiiiisiinit of inertia it* kntnvit, Thus tit Art. .11(1 
tilt* niiiliirlii of iliHtiil nf it lltiifnrill rl of !tti^t)i / alumt nil uxin 

llii*ifii!|lt itn t*milir w*i* fniiiil ftt hi' / V , Hrnrp -^ J/l-2 
/j I J - I * * ' ' 

whrHtr iF *^ fc t unit 4* 

I- J\;j 

Siiiiiiir!) fur u rimtlar ili.nk nhunt nn thrnti{;h iit* rt*ii|i:*r 

r W "n / r '' Ji '* 

/ -, liriit'i' v 

* \ ^ 

Fr it lit^iiHiilpn*** *ih*ul 4 ii$4iiti*l*r |H<r|u*ttili*M{fir li it.n 
1 wt | ,1/r 9 I * r \ f 

|Ar*iriIil4|t % r !H ifr^Ilirlljr ^M 1 * / ' .ll*l * # f |*||*, 

\ 2 

Fif ;i ptilu* ll^liii% thm r| ill^lif ><f Hi i -t aii Ih*' i k ^]'l<*"'tiMii fiif / 



ill flu* MI i*UitttMii C^ H| }<I,UM fi h fn$v f llifi 

III tn* ri|fi,ttr4 f, J t win*|r 4 4r||.*! r flin 

Kr til"- / fur * rii Jt u,i*i f^iihij us Ail, 111 

ttl til* I ^ * *IlilI 1^4 J^, ttr kilt f f 

M i I 

for it nl* it* *nin tt tt4 

1 k ^ *^*! 

*J% 1 
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US? 



PROBLEMS 

356. Find the, radius of gyration of a rectangle about a gravity ax in parallel 
to one edge. 

357. Find the radius of gyration of a sphere about a diamt'trtil plant'* 

358. Fiiul the radius of gyration of an ellipsoid about its major uxia. 

359. Find the radius of gyration of a hollow rtrrular eylitttltn* iibrnil itn 
equatorial axis, i.e. a gravity axis perpendicular to its geometric ax in. 

360. Find the radius of gyration of a rectangular rod of length / ami i*i*lt*x 
a and b about it equatorial axis. 

119. Theorems concerning Moments of Inertia. I. Tht* i///i nf 
two rect(Wtful<tr moment* of Inertia of a plant* rim* w etjttttt to it* 
corresponding/ potitr 'moment of 
inertia. 

PROOF: (Vmwdor tho momenta 

of Inertia of a planer area about 

any two rectangular uxtH, Huch an 
OX, OF (Fig, L K 21). Than 



fftlA, .I,** 
%/ 




Fit), 221 



The moment of inertia of th figure 
about any point (callttd a poles) 
such OH 0, Fig, 221, in known an tho yolur moment of im<r/Vf 

and is defined an 

/../*. 

Therefore WIHUJ / J } t/* ^ r 3 , wi* ttnvti 

4-4+/ r 

which provoH th tl*cin*in. 

To illustrnto tho thi,*un*nu Irt it !m 
rtKjuird to find the polar momtmt *if 
inertia of a tsirchi by rtitruliititi^ it* 
of iftttrtifi with ri.'Hprrt in n 




FICI, 
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I 
diameter. In this rasr c Ki#. il-il ) j 

- ., . * ......... 



Siutv a riivtt* k hUtititHn*%il M-ith iMjii*rt ti* nvrry tii<um?u$r, 
^ ^ /,, alii! hiMin* 

" 



\vhirh aijriM-4 uith tin* r-nli 1*111,1)111*4 in \rt. 117. 

11, ?7l* M*'Hlr'-nt if iWrflif ^tl **/!*/ /*f*/V HjVA ffJ|ift'f / *| | 

ftltffff/ ftt f/|f *f!lll ?f* lff Illfillli'llf* i-f lllf'ffld M'ff/J l"f*|lf"*l > f^i ffi'M ii 

intt-rtft't ttt r/;/Af *tH/tf* in tht- tin**. 

Th* l**uf nj" ill! fhriUiMti 1 lli 1*1 ^ f ! '%ff**| n *| M |* fj^, 



III, f^ W ^'^. f , f ' .' 
IIM I r |il'l^ f y sf* />/: rf 
lf ' l frf -f* y *iMfy 



^lr / li||t'j*t it! Slii- 8 !!!! ^l*!j - xp- I to Hit \*,t ^ '3 o J|l 

Ku?. -J'JA 

/ ; iii!t$* lit +f |$4*'ill.i ttill* l",|i'? I i ,4 j...r, jf> a\i'i l/l'/^ 

l^tiiUi 3 i*. Jll, 

ll 4ltaiP"^ twilll^li tSir 4%*'* 4I**4H'I '/'l? 




i^ f i<* 
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by definition, J= J rfdw, l a = J rfiltn. 

Now by trigonometry, r^ = r a a + A a !i r a A eon /WJf, or, if / de- 
notes the projection of r% on the perpendicular OJf U> the given 
axis, r 2 cos POX= x, and hence 



Multiplying thin equation through by the element of mann <///i and 
integrating, wo have 



In this expression \dm^M, tlw, total IIIUHH of the hoil>% and 

/* . . 

I JY/M = A/>- , where ^ u denotes tlm x <iorr<linato of tint t'eitU*r <f 
/ 

gravity of the body referred to the axis (}(f. Th^rifn% WII 

in a gravity axis, ^ (J -= 0, and tin* jihovw relation bwoims 



Since Mffi in a ponitivo quantity, / in greater than I g . dm. 
Bequently of all moments of inertia about parallel axen, that about 
the axis through the center of gravity is the leant. 

To illustrate the theorem, lot it be required to find the tiioiitrni 
of inertia of a thin uniform rod or wire about an ax in through 
one end and perpendicular to it. From Art. 110 this mniumit of 
inertia of the rod with rtwpuct to a parallel ax in through itn tumU?r 

. r Ml* , | . 4l 4 . / 

IB J ff = -; also h in the proHont ese m . - Hmt(.u$ 



'Q'-T 



IV. The tquarv of the rt*<liu* of t/i/nttinn with rrn/u'ti /*/ ttny 
in equal t the tyuttre uf the r<ntiux of t/f/rntitm with retfwrt 
to a parallel gravity ajri* ptu* the at/u<tr* of the ttintttutv 

the 



PROOF: Lot k denote the radius of gyration of a solid h*ly ur 

plane area with renpiM.it to any given axin, and /r tf HIP fm\\m nj 
gyration of the game body or area with riiMpitet to a jjravitv 
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parallel to the ^iven axis, and let 7* denote the dintaitee between 

these axes. From Theorem III we have 

/,;,= / -f- }Ifi\ or J/F-" .W/i-/ f- J/// J . 

HrntM* ^ ;1 "/ * A ' J ' 

whieh jiroven the theor^iu. 

V. //'A-,, /*' a ^" ilfnt'tr flit* rttilii of tff/rtttinn <*f n Iwtlir* with 
rf#i*t'*'t t*t ^ t/it'rtt tine **r f*lttn*\ flit" ratlin* **f tfijnttiitn I? iif the entire 
a with rr*i>ee>t tu thin tin? r />/tir- in //iivn % f/n' rrt*ttitn 



ThU llietirntt in um*fut in tinttin^ tlu* iriiiiiieitt f inrrtui uf a 
iHiti* lwlv whirh rim IH* ruiiv^iurntly Mi'jmriitiMl inttt jmrtH, 
Tin* t*rMif in nhvtouri from ttm il'fttiiti*u t*f luoiu^ut of tttrrtia 

Hint ruilinn of gvnilitiii. 

VI. ^litviJ flit* ifti*ii? *f iiwrti't* t, ttn*t /, , "^ *i //!' 



OA" ^** ^*w *i/i* *'*f MfWHietri/, (ft*- tH<*i'i?nt **f in*' ft 1*1 /, rif/i fr'nffeti i 

III! ilJW III ll* % 

r 






*f* 



l/I;//r* II f* flit* 

A*, M t|it'r'li Ajy I/if 



4" 



Il*f* 4!i* ! IP' fhl. 
'*4TU**|| <"/ *l lS;' t 
f/A", '^ K, 4fi*l uik4, 

4 to iLt* H| 

J L'|$ |J|i* 

44IP' ttlfli t' 



tli*" Slllt'f* 
i*f l! II* u\*H 
at 41$ 



|M 



, f flu? 



I* I* 

I I i*/.4 |lf 

/ *' 

# I t^r 



f*f^*it r 



il*! * * 



IJ f 



OAf I* I** 1*1* lift li %H '$ ' f * fillip' 1 1 1* f f 4 4i*tl 

( ),r*U it iiir ii%*4tn^ i - 
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to cancel it. Hence the second integral vanishes identically* and 
the relation becomes 

J= cjos 2 aj*y*dA + sin 3 ^AlA, or 1= J r eos a a + / Bin 3 , 
which proves the theorem. 

PROBLEMS 

361. Calculate, the moment of inertia of a rectangular rod about an 
through itH center and perpendicular to the rod. 

362. Calculate the moment of inertia of a 
rod, elliptical in eroHH Motion, about an ax in 
perpendicular to the, rod and parallel to the 
short axis of the ellipse at a distance c* from the 
center of the rod (Fig. 225). 

363. A Holid disk flywheel of cnt iron is 
12 in. in diameter and UJ in. thick. Find ita 

moment of inertia about it axis, 

i 

364. The pendulum of a clock conts of a ^^^^^^^.^^ 
straight rod <l ft. long and weighing I| lb. nnd ., . Oi ^ 
a lead disk (I in. in diameter and weighing 5 ll M 

the center of the dink being at the end of this rod. Find the moment of inert hi 
of the pundulum about an itii through tho up|M*r end of the rod, {nnyrndtcuhir 
to it and to the plant* of the dink. 

365. A cant-iron flywheel rim in <I in. broad, tt in. thick, and f> ft. in t<*t*<nmi 

diameter. Find itH mtunent of inertia and radiuH of gyniiion mbtnit it* iui. 

366. A cant- iron flywheel 1J ft. in i*xtt*rnal dtiUif*t4r ban it rim Ifi In. wiil 

and 5 in. thick ; hub 10 in. external diameter, 10 in. witli% and 4 in, Imns untl 
six elliptical H{K)ktm 1 in. ./ 4 in. in nation. (*abulat4* the ttmtuMnt f Iiwritsi 

of the flywheel about it* axis, 

367. Find the moment of Inertia of a truncated coin* about it* giHntt*tr$t f t*i. 

368. Find the moment of inertia of a truncated pynitttid itbt*i IN gn, 
metrics axi* 



120, Inertia Ellipse. C'cnwider tho moiunt of murtiit of u 
area with renpoct to any lino Ah in its plunu (Fig, % JiJi) 
be any point in thbt Iiit6 % nnd OX* Y imy piur of r^rtii 
axcm through 0. Thon If 1* dtmotaH any point in th* p!uni 
tinder oonHideration, and th anglo hctwctnt Alt and (*X> \v 
have by geometry, 
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r 



or, if J\ // ilrwt' tin* ruurd 

/ ttJltt'H of /* awl /I its JHTJU*! 

tliriihir flihtiuit't* from ,\ t 

'^"'^ in 1 , /i, 1>U. . x ., | y.^ 
^>/ f . r *'u,s i -f i/ niu u % 

,3 antl i'HjiHfi|!ti*iif I\ , thi* ultiM 



!H JlMMh'* *! lit** I'rLllliill 'till" 1 ^ * rit' f i 1 I hi * !'i e i|l!'f* fti 
lt A i*'!li' ? ii * y* '*''^ ii 1* ,r y })i < ***** ii, 



Mu)ti|4v iiHt thit* |uti^u tli*ti' f li In / t ,iwl int** ? 

I A-t/l HII*' J ti I f / J ' '*,'* ii I i(' /.I ;} 'iiii ii ri* * > I yt/4, 



fit flii $*\|ri e *^4i*! ttn* in *f fw uit*'^ril Mil t|i u'Jij iiri* tin* 
iiinfitrnlf* i*f iii'il*i *f fli* |!it^" .u/ i ttitli j*"*jw*r! t * thi* F mill A 
it\i*i* f lli* U&i ifi% f i,iS M raJ*-.| 4 iirmltiit nf itiftliit, H*iv I 1 , 

* I* I'* i|i'l4Url 4^i < 



*, fl* ^i^M^ **! f iii* t*; .<! f<j t # iii^ii jitat 
af'M with t*"jM M* !h' .*% Jll?* f n L 

f ** tt**nti* it * /^ %** *? I* J a ft -''-* 

ii VM|$ lli* JIM* ,t// 4f >IM itsliili,ii . 

Thi'M lip* ft*fif4$!i,tt* - i*;/ ! i'f V**:lJ 1 



if flw iibmi* ^%ji*"-i^M *HI /> tiiti',! .}.' I 

*\J*I***H'I tt^ i**-Hr M| i v ', $i h, -if^r 

^n t lt^illi? i ! I*"* , i ,.*, 
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Since the distance k (or point Q) is arbitrary, let it IK* so chosen 
that KU = 1. Then this relation becomes 



which represents an ellipse, since the coefficients /, and / v uro htlli 

essentially positive. This is called the inertia ellipse, 

Now it is shown in analytic geometry that for an ellipse tlttw 
is always one pair of rectangular axes, namely, the IIXCH of nym- 
metry of the figure, such that the equation of the curve wlwtt 
referred to these axes contains no product terms. This pair of 
axes arc called the principal axes, or major and minor axes. lit 
the present case there is only one product term in the t<quation, 
and consequently only one axis need ho an axis of symmetry so 
far as the* elimination of this term is concerned. 

Referring the inertia ellipse to its principal axes, therefore, tin* 
product term disappears, and the equation of tho ellipse becomes 



'"^JK 



where 2 l and ,/ a denote the moments of inertia of tlui given lijjwv 
with respect to the new axes. The point Q, defined as above, Him 
on this ellipse. Moreover, since* Ifll M !, wo have /. , , which 

means that if any radius vector ()Q in drawn to the inert in ellipse, 
the moment of inertia, of the figure with respeet to this HIM* a* an 

axis is inversely proportional 
to the square of its length. 
Hence the moment of inertia 
of the figure in leant with 
respect to the major axis OA 
of the inertia ellipse, and 
greatest with renpect to its 
minor axis OB (Fig. 227). 
These rcmultg ar ox pressed 
by the following theorem : 

For every plane arwi there ran I? fmu 
of rectangular axm^ wtllrtl principal asr** , 





Ft**, 



711% anil /*/// ^iir*, ptrir 
\ that far tht'w i,rr tttr 

'M of inertia mniht*x and the moment nf inrrtia nf tin- tf*/i//v i 
a maximum with rnptmt to one turi* and a Minimum i>A rrp<-*<* tn 

the other. 
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121. Gyradon Ellipse. - In Thfoivm VI, Art. 1 li>, if wan shown 
that the monu'iit of inertia of a piano area with r*spfct in any 
axis of inclination is rxpivssiMl Uy tin* n-lation 

/.,..,..-.; /, ros a rt 4- 4-Mir 1 ^ 

whi'iv /, ami /^d^noti' tin* momi'iit* tf inrrtiii with rrHfwrt to a 
pair of 'riM-tantrnli" 1 *^* rt >f Hywtwtry. It in fviilriit front tho 
piwiniiai: urtirl**, ho\vivi*r, that an u\is of nynimrtry IIIUHI hr a 
' ^inoo tho prodm-l of Imnlia VIIIIJ^II*H for Hiu-h an 



axis. 



. 
Now iliviili* through tho uhovo i^pn^sion hy tin* aiva *L and 



maki* iww uf tin* ri'latioH * a -" ' - Thwti it U 



ur % ttivitiifg through 1*> H 

J , ^A'M^CI i ''^ 



Now It'tm hi inttlnpUiMl iitpi finstiw! hy th^ .%i!$m t}ttan- 

lily, *^ f*' ll|r fil * f lorlu * li|tl i/i lfl<r llir mH%M||fl lrrtl1 * 

f ruuiw will not -'h,uii' it** %.ilitr Hinr.- 'rh fmi'liiitt 
L *riw*n 

' * 



ur, H Itw nuiMwm inn!tj4).'r nt '<! nir i* iU'US in P, i.r. if 



** * >, tl MIIIJitUlt'H illf*t 



, ( ( rinn I* i I '.)!< n ' J 

' 



If, lliwu jwiit It, y t ?'* <" ' 
fmtti tltw oriKiii, w It.tic 

4 . ( !' ll, y ' I 'ill l 
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and the above equation becomes 



which is the equation of an ellipse with semi-axes #, and k# This 
ellipse, described on the principal radii of gyration an Memi-uxt*H, IK 
therefore called the gyration ellipse. 

The gyration ellipse has a certain geometrical property which 
makes it especially useful in practical calculations. Tims sup- 
pose that the gyration ellipses has actually been constructed to Hcmltt 
on the principal radii of 
gyration as semi-axes, and 
it is required to find the 
radius qf gyration with re- 
spect to some other axis AH 
through the center ( Fig, 
228). To find this new 
radius of gyration it in only 
necessary to draw a tangent 
to the ellipse parallel to Aft* 
and the distance of this tan- 
gent from the center, measured to ncalo, will then he the 
radius of gyration with respect to A/i. 

To prove thin theorem, lot the equation of the gyration ellipse 

r j$ ifl 
be + ' .-i 1, as above, and let demote the inclination of Alt 

K u K f 

to OX (Fig. *2*JH). The equation of a tangent to thin ollipMt* iit 
any point #',/ is 

^ + y^ - 1, or ,/^ f. yil 'k* ** k*k*. 
n v * 

To express the equation of this straight lin in tin* normal form, 
that is to say, in turms of the angb ft which tint normal to Um 
tuakeB with OJC an<l the Icngtii of tho pt*rp*ftdtf't.tlftf *% 
from the origin, it i only necessary to divide through by thw 1*11114 
of the squares of the tjoeflieientH of r and //. Whtn HO 
the equation becomes 




Kiel. 'JU 
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For simplicity let the radical in the denominators he denoted hy 

./i*, /,f. let /* \ .i 1 '-/* 1 ,-' 1 f //*/'j,*. Then, us .shown in analytic 



Consequently, since fi -; t*<r > we hav 

//- .. /,v 3 r.4s a i< f I'^stu^tc ...: 



Since j'\i/ f lies i*n f!n* i'Uijisi\ its eiHtnintatf . tnn'4 satisfy llit* 
e<|imttoti of tilt* ellipse, fV. i/'^k.j* * i *' 4 /;/' 1 /*."i'^. f 'littse 
I lie e \ptVH.siun fur li^ Iwentui's 



iiiiii hy t*iiij 
evident 



frl **-.'. 

//' 



f 

K e, 



t\ it 



llt^iiri* tlif jtrrjteiiili^nLij ill ? inn' hum flu* ujt.jui <*f tin* t.iin^ri 

}iirilil4 In i4li> lilt*' J//l's 'f|ii4l |i the IMliU iif ^UMUMU enU' 

*HjlHlttlIt|f ll* th*'* lUM 1 , 



% $f uuulil 

t*ttti**U U Ji 






il^-!|i,i ijf 4 MJt*t lMl, 

Ir*i|jr$ f tn alH ;*nJi i%}% 

!/;, !! ^ A* I / ti-i*..tf* 4 M-t 

M{ t' v < i tu^uUj at*-. fia*u^l4 

.in*. j*iiil U *i J//, iiinl irt 
I* !*e ,11$^ 'Minf tif |{r tiiv 



ii j'< ||4eiiii<( 

4,Ii 4/1 IU'14 if 
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I, w, n denote the direction cosines of AB, we have 

00= lx + mj/ + m. 

Also If the length of the perpendicular PO ia denoted by /*% 
A 2 = (;*? + ?/ a + z 2 ) - (> + w// + /** ) a 

4- //**** 4- 



Since the direction cosines of a line sat isfy the relation /* J + M^ + ;i a 

= 1, we have 1 f 2 = nfl + H\ ete., and therefore the almve 
siou may be written 

Jt* = jfl(m* + w a ) + // 2 (/ a 4- //' 2 ) 4- ^( ^4- /w a ) - - ( *nnyz 4- /w^ 4 + 

=5 w a ( ^* 2 4- if 1 ) 4- ;w a ( .r 2 + z a ) + ft( i/ 4- ^' J ) 2 ( //i w//^ 4- ///*.r -f 



Multiplying this exprt\SHi(>a by the muss dm of tin* pnrtirle J 1 ittiil 
integrating, tlu^ result in 



J A 



^ 4- // a )*/w 4- t*r ( / J + & )<lm + /* J ( // a 4- 

2 ;;/;/ I yz<hn *2 /// 1 xrrlM 2 //// I j'tjt 

*' %-* ** 



The flrnt three tennH on the right are tlu utoiucMits of inertia of tin* 
body with renpeet to the three coordinate axcm, and \vttl !H* dt*nott*d 
by A, /i 6 V . Tlie hint three terniB are called products of inertia 
and will be denoted by A -A f , F, Tins dofiniliouH of iuotiM*utH 
and products of inertia art? then UH follows : 



MoinentH 
of inertia 



A 



H 



of 



/> >-a 1 // 

/ 

A 1 -i 

F ' 1 ,17/1/111, 
* ' 



Using thin notation, th cocprtwmon for the moment of inrrtiji / of 
the body with rcutpuct to the uxin Aft b*ctiu*s 

J ,11 s 4- tori* + fV - 2 nm /> ~ ^ hi K - 15 // /'. 



Now take a point Q, with eoordiiwtiiH s'l/'*', on the Hnr /I /I lit mi 

arbitrary diHtanee Ar from the origin. Then 
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Therefore multiplying the expression for / by X 41 amtl fXpivsNiug 
the result in U'rws of .r'//V, it heroines 

p/, : As* I W* + <'*"- - - W*' "- - K *'*' ' - ^V- 
Since tin* ilistanro A* is arbitrary* if may In 4 so chosrn thai P/aa I, 
in whirh fast* this relation htvont*'s 

As* t- /ty' 3 + 'V 3 ^ %V -'-! AW ^ :! /V\v' .- !. 
Sinn* this in <ut injuatioii of thn >*i*ou*l di'tfivt*, it trjirrHi'iitH KOIIUI 
ijuinlru- HiirfVrt% itntt siurt* .4, /I, (' mv *sHi'tiUy positive, this 
Hiirfiii'i* iiitHl lt mi t'UipHoiil. ThiaoilipHoitl in known us Poinwt's 
Central Ellipsoid* 

It is a property cf an t4!ijHttii{ thut fli*rr is ahvny om\ utul 
iiiily iii% nt't of rt't'tainrtthir a\t*s ralU'il pruiripal a\rs, for wliifli 
ilio pniiliirt t^ruirt vaiiistt. \V!n*n ri'ti'iivil to its prittripal a\rn 
thirt'fn% tlu ror!Viri'iits /I A* F *% aul thr *i|uatiou of thii 
iitt nuIurrH to -4 y * 



Morro\rl% sill***' V >4 * r<i ll!l * u '* * Hip'ioitl, ;ilii A* is tli* l*Si^tIi of tin* 

H \iTior c^V t H^ *j;t*i, if fotlo^H from th* tvl.it in / - 



that tlsr iitotitt'iit f im-itu almiit an\ a\i f*V f* iiari !> propm 

> itti* '*ijitiii 4 * *f lip* ii*titii \** % tor to i In* t'lhp'tntti, miMMUv-it 

\ i ttlll Iff nhoWU III AH, 

17 i, the putiripai a VIM nf a 




i 




*uitl lip* |i^4> t'l i t in ruin* 
li*tli fibi's ,I\IH, if will 

rtlittsili* t* $*4, if i* it 

iir|i*if tijrtiii |i| iiit i f t 
ill. AH milt iiji- 

|il'M|wrty H C 111 rt 

tttw ri*iirti*lr tf 



IIS. In An. 1SI il^ r*MiiMti 

Wi Hi ail oil thr Hl f 

f ** lUfrfiilili;* tttfrt ti* 
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solid bodies, we obtain a gyration ellipsoid, defined an tut ellipsoid 
constructed on the three principal radii of gyration of any solid 
body as .semi-axes. 

By the same process employed in Art. 121, the equation of tho 
gyration ellipsoid is found to be 



where k xy denotes the radius of gyration of the body with renpoet 
to the line of intersection of the Jfand K coordinate planes, etc, 

By reasoning analogous to that given in Art. 121 it may be 
shown that the geometrical property of the gyration ellipse there 
deduced also holds for the gyration ellipsoid ; namely, that 

The radius of gyration, /r, with respoet to any line AH through 
the center is equal to the perpendicular distance of the parallel 
tangent plane from (Fig. &H). 





Fin, aw 



124. Reciprocal Ellipsoids. An iinportunt relation 
tweeu PoiiiHot^H central ellipsoid and the gyration dlipHutd, wlm-h 
will now be deduced. 

Let the smtiller ollipnoid in Fig, 22J2 represent PoinnotV r*iitriil 
ellipsoid, the equation of which in 



and let P be any point on the surface! with coordinnti's jri/s. Tt$t 

eciuation of a tangent, plane to this ciliipc.iid ut thn jioint /\ in 
terms of the perpendicular |> on thin tiwigeitt plant! mid tin* iltivr- 
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tion cosines of the nonnuK is 

, -. reuse* | // eos # i 2 cos 7, 



an , rtniHiMji 

Sow on thr |MT| f niUrttlar /> to flu* ti 
point / lf Hiir'h tliuf thi* iliMunrr f>/*' in j*;i 



rw 7 ^ r ^,. 
iri^if jihiiw* ut / 
u l* tlu* ivlution 



/* \ in 

in ilrn*trs tin* IIUIMH nf tin* Inwly. 

tmt*** <f / l? Wl< ' t * 1 ^ 1 * 

, r * O/ 1 ' I'MS ii . ; ' * 

1 1 \ in 

' 



if i'>V 

*' f * 

\ wi 

^ K * 

\ III 



tht* 



From tli' 



t \ WJ 



If, IIi**ll ttu'M* %illiir^ f i', jv, / .U r ^ 
fUUM'Ut 



\ in 

tairH ( /* an*l / >f wo 






lit ihr 



f t 
II 



. 



$>i tin* i-i(iuttMtt rf i*lhj 

t ilm VM *f 

in ttm 



h'lMiuf 'U"* 

Ms4, lf till'* ii 



125] 



KINETICS OF RIGID BODIKH 



301 



Since A = m1r yf , B = mk- x ,, 6 r =>&;, where k v , denotes th radius 
of gyration with respect to tho lino of intersection of th ,'/ and 2 
coordinates planes, etc., wo have 



m 

'A'' 



H 



a 



and substituting these values in the equation of tho rociprooal 
ellipsoid, it becomes , a /(> , a 



which represents the ellipsoid of gyration, an defined in Art. liJtt. 
It Is obvious that the converse of the relation here established 
is also true, namely, that Poinsot's central ellipsoid is reciprocal 
to the ellipsoid of gyration, und that to any point / >; on the latter 
there corresponds a point /* on Poinsot's ellipsoid such that O/* 
is invorstUy proportional to ()/*'. The relation htn t^stablish<*d 
may be briefly <xpn\ssod by saying that l*vinwfH ettlpwitl <tnd ttir 
gyration MifMoitt art* mututtlli/ r 



125. Physical Pendulum. ..... - IJy a physical ptinduhua is nuniut n 

solid body of any shape or si/,o which isHUsptnuled from a hirixtn- 
tal axis, not passing througlt its center of gravity, and all<nv**d to 
swing under the action of gravity. The motion in this rast* is 
similar to that of tho simple pendulum considered in Art* 1 1-, tb 
latter being in fact an ideal cane of the motion undor discussion. 

Let {?' denote tho ctmtiir of gravity of tho 
body, a point on tho axis of suspension, and 
$> the angular displacstnwsnt (f Off from the 
vertical (Fig. UJ8H). Tho oquatitjn of motion 
is then simply , -. 

*: *SS / ||J| 

where Jdenoten thw moment of Inertia of tho 
body with to tho given axis through O t 

a is Its angular acuoloratioa about thin axis, 

and TIB the external applied moment. Siwso 

this moment or torcjtus is due In tho pronont cantj siiuply ti> tlw 

weight of the body, It in equal to 
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and the expression for the period becomes 



It is an Important property of a physical pendulum that for 
every center of suspension there IB always a corresponding point 
O'j called the center of oscillation, such that 
if the pendulum is suspended from this latter 
point It will oscillate with the same period 
as though suspended from ( Kig. 284), To 
prove this, consider a point O f on tho line 
OG-, and distant I from 0, where I has tho 
same value as above ; that in, 




Then since 0(7 = //, we have 



and consequently 



oa* o>c?i 



'A* 
.* 



Hence if O f in made tho cum tor of Huspennitm, hocomoH tin* cont<r 
of oBeillation. That in to nay, tho oontors of mispotiKitin antl ownlla* 
tion may bo intorchan^oti without afTectinff tlm 



PROBLEMS 

369. Show thai for a phyniciil ptimlulum Urn tim of oHcUlatimi in a mini- 
mum whmi h " A*, 

370. A uniform rot I 1 ft. long in ft uf Minded from a|oint H in, frinit 1*110 wntl, 
Find i\u\ timw of a Ktitull <i 



371, A phr 10 in. in ciianwtar makim'^mall (mriltattons itlumi i\ hufi/t*n* 

tal tangent Find tht^ (Uxtanm* of th ntr of tmtniiation Mtm th* Hin, 

S72. A circular dims LHI In, in tiiami*tir nwkw Mmall <*milllntiiiin itlmttl n 
horizontal Find th Intjgfch of this <ttiuivftittl Mimph* |MnInitim. 

126, Experlmeatal Methods for Finding J, The* iJm|Mrtii?H of 
the physical {wndulum dtulucod in thu liwt lirtirln oflVr n n>n- 
venient moans for fladlitg / by ox[Hirituont. Ktipjiim\ for tr- 
ample, that it IH to find tho moment of inrrtiu of u \vhiu) 
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\vhirh Is of sufh 5t shape that / rawiot In* ivatltly rah-ulati'tt. To 
find / in this rasr sUNpnul tlw \vlttn4 trow am romvnifut point, 

sav ii point uiitlrr I hi" rim, a.s shown iu 
Fi<(. l!*l.*, an<l allow it to s \vinvj. list* 
titii* 1 ttf swtfti*\ or pt*riooi, /*, is tlu*ji 
ly tukiu)^ tin* int'iut Fur 
iii'iti nuittbrr of coiuph'ttt 
HriItiiliuiiH Hit* \\i*i**ht of fin* wliii4 
tt!#i ili*iinuijtnii by \\*i-;hiiitf on im 
ftiinury Bali's au*t I hi* thstattt't* A 
iii tin* jttiiiit *!' ^iMjii'iistHii fti f|| t i 
fitiT M| ifj.UiM i !iiM^lirrt, Thr 




an 



fur tin* j!<ri* 

fullllll It* !M 



^i iii 
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, th* iiimtii'iit uf iu*rtia / in 
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P l of the whole apparatus when so loaded. Then since the period 
in each case is proportional to the square root of the moment of 
inertia, we have 




W<P 
whence 1 = 



from which ,7" may be calculated. 

Having found / for the unloaded tahle in thin way, this process 
may be reversed and the moment of inertia of a body of unknown 
weight or irregular shape found. Thus suppose / has been deter- 
mined as above for the given apparatus and it in desired to find 
the moment of inertia / () of some irregular solid with mspeet. to u 
given axis. Place this body on the table HO that the given axis 
shall coincide with the vertical axis around which the table oscil- 
lates, and observe the period l\ of the table whim thttn loaded. 
We have then the relation 



A s x / 1 v 



/* 2 

whence 4 " ^ * ,' 

7 12 

Instead of supporting the table 
on a vertical ax in, it may ba sus- 
pended from itH center of gravity 
by a wire. Siush an arrangement 

is called a torsion pendulum. Evi- 
dently any lateral twist or angular 
displacement will produce a tor- 
sional strain in tho wirti and hence 
set up an oBcillatiou m before. 
Let I denote the moment f inertia 
of the apparatus with respect to 
the axis of suspaiwititi, nuppomt 
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that anv tfiwn twistim: inowrnt T produri's an angular displace- 
ment 6 ( Fii- ~ ; !~ > 'I'hrn it is shown in tin* theory of torsion* 
that 77 



Whriv / liMMjth of HUSJH'I 

tj itiitdsiliiH of i*lustirity of *ht*ar 

/., -. puhir wotiHMit of im*rtia of a rross stuUion of tin* wires, 

Shirt* tin* rquation tf motion is T - /, wo Imvn thtMvfotv 

T ^* r// -.. 

Nmv *l*tioti< tiir riitt.Hliiiil part of this \jnNHioit ly 7; that i % t*t 

I'l/ * * til 

f ^ I/* l<m wllri * <l> rrt * ll|f 



In tj 



thirfru, m i Art. IHJ, ih. . \j..f,-.}.iij ft.r ll' jwrtui! in 



If, tli^ISt if >* trijili4 l* filt4 f I** 1 Ui'Ui< lit nl ilirtli.l f*f ot lil4W 
jtrittiitltifit lt*i4 it"^ I itul'i*|f"l, |4i *'** i'|ii*il .mil Iiii**iiii 

If *li tli* - ijililr fit il 4i'if .iii'f"i l li**tit lii* f .IMM '** 
i* tn .tMfii 4if tli> f jf*iiif 4 'ii'j*i'$titi. 

Titbit Ml* *f l i!|^ffI4 irnj*rt ffi flit* 

il ft 1 /* * * * 

iilln In * .IIM! fit** *< **i*-uUt! *u *1 tlip 4jijat4ni% mlirii 

fl 

Mil ll ? >* tl*/i 

ft* f ' Il4/ 

1 1 4| *i /B ^ "' 

i 
^ tl*i ^*4 It4its,.ii, }< ' 



127] KINETICS OF RIGID BOD IKS 307 

Consequently, by division, 




, 
whence 

Having once found I, tho process may be reversed for finding tho 
moment of inertia of any irregular solid, an previously oxplaimsd 
for the oscillating table. 

PROBLEMS 

373. The jnmod of vibration of an oscillating table when unloaded w 12 <% 
By adding two weights of I Ib. each at dwtaneeH of $ ft. from the axis* tho 
period is increased to \l\ HUC. Kind tho moment of inertia of tho unloaded 
table. 

374. A flywheel in hiUaneed upon a knife edge hwide the rim and fmrtjJIeJ 
to tho axw of tho wheel, at a diHtanoo of Jl ft. from tho ax in. If the period of 
vibration in observed to be li.Ttt HIT., find tho radtUH of gyration of the wheel 

375. A metal dink in 1*2 in. m diamutur and weight* H lh. It in HUH(M*n<ioti 

from its canter by a vertical wire HO that itn plane IK horizontal, and it in found 
that a twisting moment of I ft.4b will tmiwo the win* to twit tlirou{{h 10". 
When twisted and then rolctittttul, how many owullationn will it make JHM* minute? 

376. A body in HUH(>omit*<l by a vortioal wiro panning through itn tienter of 
gravity, and it in ftmnd that I ft.lh. of twiHting moment produtieii n twUt of 

8" 1 . When released it In obmirvcid to makci IK) ccimplefo oHcillatiouN jwr nHOumt. 
Find its tuomont of inertia. 

377. A flywheel weighing 4 T. In attached to a Mhaft, one und of wtiitilt l 
fixed. Th tormotial rigidity of thti Hhaft i such that It UvinU 8l f " fr fa^h 

foot-ton <^f torque applied to tho flywhwd. Whim twited wlightly mid thin* 

released, the numbwof t*tirionnl vibrations IH 125 j>or miuuto. Fltit! the fttfitl 
momont of inertia of dywlmot and shaft. 

127. Impuisie Forces. Suppono tbat a partuiltt at r**Ht in mtml 
upon by an impulmvo fom* ; that IB, a forcw muUUutly iijtpliit t iw 
in the of a Mow, Tlusn the impulm* givijn to t\w pnrtti*ki in 
measured by the momentum it iUKjuircm. For it nynt^m of pnrtt= 
clen conHtitnting a solid body, the internal nnu^tioiiH arjwililiriifi** 
and the external impulse communicated IK thi*r<*firt* itit*!4tir*il by 
the momentum aotjuirad by the entire ytftoitt or Ixwly. 



308 THKORY AND 1'UACTK'K OP Ml'X'HAXK'S [n lA ,.. v , 

The effect of an impnlsm* force acting 1 on a hodv is, in <*viter<i! 

* f" * **M 

to product* rutatma alumt an instantaneous center or axis, l^( 

(J* Fit**. &*, <lrnoti this c*ntt*r % // thr 
/ ] i-rnit^r 4if gravity of thi* hody, ami r \\ w 

' r iltHiiiiu'c ln't\vit*n flirm, Thn if F { {^ 
noit\s tin* fort'i* ;tcfin4 on any purtirlr uf 
th<* lo*ly *! ntHHH //i, r tin* \t*toritv iin- 
piirtrtl In thin |artirh\ J/ thi* mas.s of tin* 
f i*iitirt* hiiily, iiitil to itn uitifular v*loi-itv % 

/ \vi hiivi\ from thi* priiiinplr* of ittutttlM^ 



L 



r hy Inking 



tH ahut O, 



2X Ffh IX llirr 



whi*f* / ili*U**f H l 

IM fititii'titrtit t* 



nriif. tif iitrrliii of ||it Ii*-*ly alniitt f>, It 

i/t* t|$i*i t'niiijiliiiii uf I'ljiiitilifiiiiit in th* 

t , 

-. HiMiii^iif nf 

* 
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Itj^ 



k 
llir* if 

lilt 



* *f llirMi- f*t 

iif**riii t*ot r'*"H*?4 iiii ii 
to it ill Juan! I * f in4 

>>l4illl>U4r f MjiM r^lJl**! ,I!IMU! *ij 
^r fTl^, t, I Lrii i! If f l 

t|ir |Ht( if l| f f u i* >M 

tt" Jin* 



It, ' * 






ill tlir ttlftf*iii!.lli i*fl'-i 
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we have = v o) 0(7, 

whence 0(7 = .-. 

<W 

Since by division of the two conditions of equilibrium ahovo wo 
have vh = ^o), this equation may bo written 



and consequently OO- x OO = A 14 . 

The point C Y is called the center of pwrnxion^ and the oornwponci- 
ing instantaneous axis through the ajrw of sjwnhtnevu* 



If I denotes the length of the rod, then P= , and the 
betwee.n these two centers (/and is | /. 

The center of percussion of a body is therefore that point at 
which it may be given an impulsive* blow in a direction which 
is at right angles both to the axis of HUNponHum and to the per- 
pendicular let fall from the given point to the axin without evert- 
ing any impulsive action upon thin axis. 

PROBLEMS 

378. A rod of length / and free to rotate about a fixed axi* /> recreiv*** iut 
hnpnlHo {>er|Mindit*ular to the roil at a point C 1 tiintaut- tl from (9 (Kig, 'JU!*). 
Find th<* impulHf^ on th* uxin nut! from thin deduct* tin* (>rtuutiin^; riwulf?! by 

that () w the axis of x|Kmtaut*ouM rotation* and tlwn*fn timt lh* 
on it in w*rt* 

379. At what point inunt a rod $ ft. long \m ntruok HO that out* i<u<i Khali lw 
initially at ront? 

380. An armor plat^ u,H|H*ndi*tl vertically in Htnwk by a nht*t lit n |wiiii 
vertically b**ncath itn <!i*nt*r <if gravity ami J the width of the plat** from th* 
bottom. About what. axU tloew tlie plattt revolve? 

381. Where Hhoultl ttte ntop be plaeed behind a door 7 ft. lugh und if ft, K in, 
wide HO that thurw nhall be* no twwt? 

382. Why in the lighter end of a lwe ball bat h*ll in the luuul, and litiw 
would yon determine at what fxmit a ball hould IH* struck with it m* that lite 
reaction ou the hand nhiill be y,i*ro? 



128. Lagraage's Equations* -Thor am (^t^rtain g<!iH*ni! 
or theorema in mcctianics, mich an Laffrati^t^H wcjuat IOIJH, 1 1 umiittm *w 
principle, the prinoiplu of lotwt work, and <*HUKH* jnint'tplti of Inwt 
constraint, wliich afford general rtolutionH of curtuin tym* nf 
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problems. Such tjt'wral iriiH 4 i|li'H havo tht'ivfoiv ilu advantage 
over ordinary nuthols in that onro having fuund the tr**ntral solu- 
tion, anv particular problem may he .solved by merely routine 
proeesses. In this ami flu* following urtieles % eertain of these 
ivneral prineiples an* derived, and illustrate! ly praetieul applieu- 

tions. 

( 'unsider a system uf rii^td ho* lit*-** s juiurti that *n!y <Mrtuin 
nivi*iu*uts an* poHsiltli*. An \utuj*li* { nitrh u ^\sti'tii in H kiiu- 
matir t-hain lik** tlir Hitkai^'H shtiwn in FiifH, lt*J f ti:l, aiut Itii, 

Tilt* |HititUl uf lit! tin* !H**J!ii*!^ uf MUrh it MyatiMU * % UH In* ili*trr- 
l iii4 soiu u M lh* jwtttf*tt uf fn of llii'tii is kn<t\vti. Any 



fae 4 

In i^rit*ii! s ,i n\ st*"iu **f rittii hnthrn, fur *<\<tm]!<*, t KutMUutii* 
rliitii % II;H mun* than <m* 4 4 ^r^ % *f fivi'tluw, .in*l h'-nri* i'**|iiiri'H 
tti*tM* titan <tn 4 it* in'raii/*'*! t'tuif<ltnati* ti il*trtnun* it * j*'titiuii, 

*l*l*tH trt II lflMtr ill*' lituiilifi tt( ili*^|'ri"i of lrr*i}iiiii jit'Hi^rt$ni 

Jtv fli* f MHt*m % and Y$ '/4 V< ^' lf " *'**n'**j'nhn^ '***t ! ^nt- 

^r*lll/i f *l rH<tiluilti* -. I !** !MtJH **f llii' i4 ,i rMMjiltn.it >M !i jf||i|H 

i*n tin* jiiitin ilLir ji>)*;*'tu tinder run-adiM'ttitfii. 1 *i ifi'i!iiit't% 
if 21 litntv i*i rt|i?ii}"4JSi 4 t m*\t* tn *i jiLifi*% it* ;^* ii*i.itt/n| 
nitirttiiiiii**^ tuny t- lnk*n 4* liir Kidin-i \*rt*r 4ttd th* .t'uttuih; 
if f*niifctt'iiifit'fl l* li* | t4 tin' 'tiiifi^- f .1 t]thi't*<* f tfu*'H ratlin^ 

llii 1 i{i*lli s l*iill/**t rtiii*tiii4ir'i iij.n ! t iL^fi ii * lip" Jnu^ttuih 1 iiint 



Till* I'M l.inj*>ll*ll i'H*ii4lIliitr'i t, t V,, . , **l all^ ;n*^li jioiili *f flu* 

sj *f IMU 4i*' HMtii** tif^liiiil*^ imp f i *n > **( th* j* ii .iw> I* i i t ^ uri.i! 

i/mt ritii*iii44lo , , " |^ ? tii 



t%it*li of 
I, Wl< 



r f If tins *1 

ill 
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these first derivatives become 

d'jlr J/r t di/ r f dt/ r / 



The kinetic energy K of the system, however, in givon by the 
relation 



whore w r dcniotas the mass of tlit* rth particslo and tho Hwnmution 
is oxtondtid throughout the tnitiru j^ivoix Hyntom. To oxpivns /'/ 
in, terms of the ^oneralixed t'o<JrdinateH, HuhHtitutc the expn*H,sion 

for dx ^ r?: f% ttZf just ol)toinoil. Then 
dt at at 



'/a 



"NTow RuppoHC that in any poBwblo tnovtuuont of thti HynUniu tit? 

of the generalized coord inatOH </< In ehan^c^l by an umount. Sy^. 
Then the external forces acting 1 on tho nyBtem will* in fftnu*raK <to 

work. Let thin olemiint of work be denoted by 



where J^ may bo called the genorali/iui f<ro norrtmponditi^ t thn 

coordinate ^ ; that in to way, if //< ropromnitH a diHtancis th<in F f in 
an ordinary foroOf whereat! if ^ IH an anglo, /^ ripn*H<*iitH tht* 
static moment of tho external forcun with reH(Hua to thu iuU of 
rotation. 
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A ( -lrui".. % in ,.iu- "f th,- ,,,mim,.t,.rs ,,., hmvv.T, pnulurrs u 

..orn.spun.Tinjr '^''^ il "> iv '' r '''- t;Ul K llhir '" i> " ll !lt '- '' ^ *, 



uf amount &-,. f-.'/r- ^-> "' >V 

,. ;%,. ^. 



,.(,/ ... ./ I ana .tnl.v on.- .f tin- j.unum-tvrs >/,,./.,, </ 
r^UHM-,l' tl , nu-l,nr." .-hai,r.-.' U-i..-.- -pwiiuK th, V -,.n.sHi,,,, 
,-,;. ,.,,.., ,,f u,,rk in ,r,.m-nili/..-L .,- 1 r,liu i U.'H to its v,ihh- m 
-.ufiil.ir , .".nluuU.-,, hav- 



S,,w by lit- 
r hrtvi.' th' 



flu. 

ii 



unit -nwlUK tl' IH.U f.iri.-r .-/, 
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From the expression for the energy A T , obtained at the outm<t, wo 
have by differentiating partially with renpeet to f, 



av a A/.0. ;//,. a 



or,.. Binee 



thw oxprcHHion finally Itiicoiiu- 



V , w r 

' r 



Furthermore, (UITerentiatinj? the Btusoud cxj)nHHion fur K partially 
with rcmpoet to the generali/.wl velocity f//, we have 



V* <W'V <WV . yr //r . < ! f l(i 

i/r /w f " ? -i + ""A V' ' + ' // 1 

^ L' tt % ^ /f % '" d ^ 

Oimftuquently 

^ <| n/j- f rV r , rf// r fl//f i f '^f fl * 1 

S 2L,M>*>" , T , *i P * A r 

^^ rf^L 1 '^ *% # '^ r /< *' r /*J 
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Subtracting from this ivlatiou flit* t\jr*ssion obtains! abnvo for 

< % the ivsult is th' rij^ht mt*wbir of flu* rtjuatiou previously 

Y- % 

obtain^! for /v Thi'rt'tojv 

F . d fW\ <**R 9 

1 tfU'ViV V 

This is I,uiTttnj*t**H **t|ttalit*n for ttir i'iMtrliuatt< y % . Knnuiiiij n 
.similar **juttim for t*arlt nionliiuU*', <*r lr^r**i* <f fn*tMiutu, as 
nianv juatiotjs i'i^ uhliiiin**! IH ituknuwftH* :ui<t llini* .HiiuuItattiMMtH 
*ut!utioii thi*n*f**ri* ,Ht*ht^ tStr |irtt)il*iu. 

It titiiv I*t* ijiiti'tl I bill L s iipiiii^i*,H titi'flioil !iikt*.H tin itrnniiil uf 
itiirntat work ltt^ tu (ti'funuatiou, friction, *lt\ 

129. cif If rt hod. T* illu'.tiMt' tin* IN 

uf I*i^raii^'** *'|Ui*i*tus, lht*y will ltf'4 Ur apphmt l> a tiiiijilt* 

iill*P *if IlII\ilU * whtrit ili HiitlU'tlHM 1 ** U'i'l f illti'it l\lf r l|ir i-Hl| 



UH r^irs'4| i ^ 4* iittii in I*J, 
-!<*! of ii vi'tftiMl i|*iiitl* rariuu^ 4 * ion'* arm utt whirli twi* -IJM*U 

\\# i^lil -I i 4i*i^ iii HI i.iif, 

i ! \\ lint ihr -iiiii inMHi- ,, flu* 



/* 

/ 

\ 



j , - . 

V j / ^ : fritifn^ !M |J* ..ill, aiil if 
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/! ' // flial III*' at'v'-UI) aiuI 

1 // ' ' 

// | M| i.i^fi^-fif *4 HiMii 

*" "* " " a l <l $** fiofurf MII". i 

IrIii.|*M rMf^fjli!, fl?i tijfi 

t} 4 rtl |4JU^'1 ill !'* |t4 li,t ,-'j|!rj 

SH III il<i *l!i,n|ii| irin.i if| $n f*il|$i4 ! i Il;rfr4n* t 

lll^ 4fU*uitAf U'"' "J> I4ll*ill 4*'|ir||4Hi^ 'n LM |*4I -lit*) 
w>'i;*hf't iifij^I^ir li tia- lilr! tli* Jili.il \ili*rily 

III %lir*i| tt't t*i |*II* ill** *a*l4 ! M|| 4 !,t!4* \ai<t' l' 111** 

III III 4|f)MMt!$* tip* |frli^!4",^4 f liiit 

llirtf 4|4i #* f h<*)4} 
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and their angular displacement $ about this axis, i.#* 

<h = ^ % = < 

Moreover, the angular velocity is r( P = $', and tho velocity with 

y 



y 

which they approach, or recedes from, the center i ^ r . 



Hence the total kinetic energy of either weight in 



To apply Lagrange\s method, first form the equation for th<* 
coordinate r. In the present casi^ 



^/r^ 

If r f is constant, , and Lagrange\H equation for r M 



which IB tho ordinary uxpruHHion for the centrifugal form), miu? 
danoten the angular volooity 0. 

To form, the 04 tuition for the other coordinate <> vvn haves 



n 
<tt\9<l>' 

M /^ 4- "2 
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HentH' Lai(nui t tft'*s rq nation for </ is 

P /.^/A *K 
tif \^l/)' y \l> 

/ f- "J WJffltv, 
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Let denote the point of suspension of the hell, O r the point 
of suspension of the clapper, W^ the weight of the boll, FK* the 
weight of the clapper, $ and -^ this angular displacements of bell 
and clapper from the 
vertical, and $ and 
^ their correspond- 
ing angular velocities 
(Fig. 241). Since the 
bell has but one degree 
of freedom, its kinetic 
energy is simply 



The clapper, however, has two degrees of freedom since it 
about the point 0' which is itself in motion. The kinetic energy 
of the clapper is therefore 




where v denotes the velocity of 0'. 

To find an expression for u, let I denote the distance 
the distance from O to the center of gravity t of the bell, 

and d% the distance from O f to the center of gravity ^ 3 of the 
clapper (Kig. 241). Then the linear velocity of (f relative to 
is $', and tho linear velocity of <)^ relative to O f IB */ 3 ^-'. 

Hence the linear velocity v of (}^ relative to the fixed, point <) 

is given by tho equation 



Inserting this vahu> of v u in tho oxpnmKion for K^ and 

j& x , the total energy of bell and clapper in terms of the eoor 

dinates ^>, ^, ^ bt 



^ 4- (P^ + d^ + 2 W^' iMm C f 
**// 



Now obtain first the Lagrangian 
tives in this case are 



for * Tho 
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and consequently 

XT = dfd.K\_dK 
* 1 



Since the generalized coordinates <f> and ty are angles, i\ and J 1 ^ 
are torcjues. 

Now theHo values of F$ and ^, ohtaimnl front Uus kinetics 
energy, nnust In 1 , (<[uatcul to the corresponding moments of the ex- 
ternal applied forces. The expressions for these external applied 
moments arcs found from the conditions of the problem. Thus if 
$ increases by a small amount while ^ remains constant, we have 



;~ ( t sn - 

whereas if -^ increastw by a small amount while $ remains con* 
stunt, we have 

F* '" ^// 3 Htnf, 

Equating theso valuer of t\ and F$ to thone obtained from the 

kinetic energy, we have finally 

sn + + .-f "*a /,| a otm (f 



sin f W^ * ^/ a + ^/ 4- ^ /; A/ a wm (f 



Although these equatiotin are BO complicated IIH to l)e ditBetitt to 
integrate, interesting conclusionH may liovurtlutltwH bn drawn front 
them without integration, Thus let it be minimi to dHt*mmtt 
the relation which must exist in order that this boll nhull not 
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with that of the boll. Under the assumption, then, that L = 
and W^ is negligible in comparison with W v the condition b 



Substituting for J x its value in terms of its radius of gyration A?, 
with respect to an axis through the point of suspension 0, namely 

W 

L = l A 3 , this condition becomes 



Or, if &0 denotes the radius of gyration of the bell with respect to 
an axis through its center of gravity </ we have /r 1 = /r a 2 + tl^ 
and substituting this value, tint above condition becomes 



The left member of this equality, however, is Uu dintaiuie from thu 
point of suspension of the bell to its center of oscillation (ww 
Art. 125), while the right member in the* distance from the point 
of suspension of the bell to the center of gravity of the (dapper. 
Therefore, if the clapper lion at the center of oscillation of the 
bell, the previous conditions will be fulfilled, and the bell will 
not ring, 

130. Principle of the Conservation of Energy. In Art. 101, 
Newton's laws of motion for a single partiele of mtuw m wtrci Htattnt 
in the form of d'Alombert'n principle, as expressed by the initia- 
tions 



f/V v 

**-* 

A r 

m<l ^z. 

From this simple statematit of the lawn of motion then* may be de- 
rived the important result known as the Principle of the Coaserva- 
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the integrand becomes simply the kinetic energy, | Y m r v*. ' ^*" 

noting the value of the kinetics energy at the limits t and by .K 
and A T respectively, the above relation becomes 



or, dividing out the differential 



Since the integral in the right member represents the work done 
in the given interval of time, this relation may be stated in words 
as follows : 

The change in kinetic enert/i/ of <i body in- an;/ given interval of 
time u e<inal to the work done on the body during tht interval. 

Any central Hold of force, such as that due to harmonic or 

Newtonian attraction, has the property that the* rectangular com- 
ponents of the force of the field are the negative partial derivatives 
of a certain function of the coordinates called the potential of the* 
field. That is, if Jf, F", j? denote the rectangular components of 
the force at any point of the field and V denotes the potential of 
the field at this point, then 

ar ar , <ir r 



Since the (ixpression for the total derivative of any function P in 

terms of its partial derivatives is 

,, ar, . ar y . r . 

a r OB <l# + ....... -dy+ <, 

fa By fc dz 

the potential is given by the integral 

F- ^ f A; rf* P + F r % r + X f rf r 

*/ 

Any field of force possessing a potential function in called con- 
servative. In a conservative field, therefore, the work dont* by 

the force of the field on a particle in moving from one point /* 
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i*tjllill t their Iterative ilifTerenre tit (ititelitiai. 

Ei|iliitiii|f thin e\jr l| HHiutt fur the work !* that JIT\ inunlv ih- 
tiiiutnt fur the kiuetir tmerjjy, the renult in 
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For a harmonic field (sets Art. 104') 

X = m(o 2 x, Y = wek> 2 //, Z = 
Consequently the potential of a harmonic field is 



*i r 

and conversely -X" = - ........ = wco 2 *, etc. 

cui 

For a Newtonian field, or that due to the attraction of gravita- 
tion, the force of attraction or repulsion between any two partioleH 
in proportional to tl|c product of the masses of the particles, and 
inversely proportional to the square of the distance between them ; 
that is, the force ,F is given by 



where r denotes their distance apart and k is a factor of propor- 
tionality. The Newtonian potential in, therefore, 

/* i f (v f 

I =s - J k /J r"' / ' s " * r 

To obtain from the* potential by differentiation the components of 
the force, the potential must first be expressed in terms of the 
rectangular coordinates of the particles considered. Thus if one 

particle is of unit mans, and the other of mass m and density 7* 

wo have 

/** rv /** kydxdydz 

where r, f/, z denote the ccx'irdinatoH of one particle, ;/*', //', z f th<Ho 

of the other, and r = \/(^ x 1 )* J + (// //' ) 2 4- ( ' ) a in tluir ilin- 

tanee apart* From this expression 

BF 
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study of the figure of the earth and determinations of it density, its mass ha 

been found to be m = 0.14 x 10 a7 grams, and its mean radius r - O.U7 x 10* cm. 

Hence if a mass of m' grams is acted on by the earth, we have by comparing 

the expressions F = m'a with F = &* -, 

'((>.H7 x 10 B )'a' 
whence X" = ~- i( -__ - . 

Suppose, however, that it is required to determine what maw* nniHt b< e<m 
densed into a particle in order that its attraction on an equal mass diHtunt I cm. 
may be one dyne. In this case if m denotes the required mass in gram, we 

have 

, in x ;// 

1 . 

Kfvilt x 10 7 

whenct*. ms=,WJ8. This IH called the, astrtmtwtirnl unit ofimtHSi becaune if maies 
are expressed in this unit, the equation of attraction becomes 



MM' 



, 

r 'J 

In the present cjwe. the IUOHH of tht^ earth <^xprBed in atronomiiml uniln in 

m ,.JL14 x lO^ 
8028 

I [once the potential at tlu* oarth*H Ktirfaoi^ is 

, m O.M x 10 117 

I :- - ..... - v 45! x IO I *WITH. 

r 31)28 x <.7 x H) 11 H 

This represents th^ work that munt bti applied to <aeh unit of IIUIHH ti> curry it. 
from the earth f Hurfmni U> an infinite distance agaiimt the attruction <if 

tation. 



384. A bullat weighing 1 . and moving at NIOO ft./Ht. m ttred itttcui bl 

of wood weighing 5 lb. which i free to move. How much iwwgy Is liwt in tltii 
impact? 

(Note that momentum i conservative, but mechanical energy LH ntt.) 

385. A. shell winghing 10 Ib. burt into two pieces weighing 4 and <l Hi,, 
which move on with velocities of 12(M) ft./wu\ mid H(K) ft,/8i*t\ n'MjMctiv*4y, 

Find the velocity of the hH btifore bursting and the energy gaiat^l from th 
explosion. 

131. Principle of Least Work. In Chapter 1 1 1 it wan shown that 
moat problonm involving tho comptmition and nmohition of fomm 

could be solved by applying tha ordinary conditionH of wjnilihriuw, 
namely 2 forces and 2 raoinentw = 0, Thoro ar cortain proh 



; V2S TUKOKV AM> PKA.'TH'K OK MK'UAM<>S ,,,,,. 

, ,.,:.. hMW.^.T. wlii.-h tU'-' ron.iinnns a!,.),,- U!V mm,tV|. 

h-ms in M. ^^ ^ ^ ^^ thii ||U1U , (| .,. ,,,- uaU.nu, .|H.u,iiti,..s 
U ' Ut , ''in^nvnt.'Mhan th" nnmUT ,,J' .vlutinu, umi,l,,-.l l.v h 

' 



; /, .W,*/,,,,*. T,, -- pr...|, r ... <<-- " 
:.' , i,,ir..,lu.M- ,,. -.-u.T.a piuu-H-i,- wlu.-l. .! in ull 
"iTfurni ,| t . l .u,un-,H,ti l ,n,o 1 -.- l .n.H ! i.. !l , l , ti.,-,,. uv unLnMU.m. 
s ,,|, - ., u-r.a ..h,.,l .itf..r.l,-.l l.v ih H1ndj,U. of Leant Work, 

: tt!u ,,; m ,,. ,,,,,, rt ,,i...i, u,u:..,, .i...n..|.v...i I.H- 

..,., , !.-! ..... ,...>... -a i ' ""5 '''-'""; ! "" ! "; ;*'";-. 
" '' h " >xn lh ' u <h ..... '"'"""h'f 



..n.hi.. . .i,,-. 

,,,.1.1,,.,, t), A i 11.- ! 

. U(!)U , , \,,.* ,j.. 
' 



i " utt ;r 

' '" 



,- . , ., , ' .(i 1* il >">' - l '" "'"1" t'-- 

! 

\ ,. n . .! " i ""< '" ' ' ..... i!h " 

I 

< j , . ' * '* I*** - 1 '* ' ^ ^ M 4 Vt*t| 

' * ' ' 

,,,< , u % i \ . i la u * ' 1U, tiii|H 

' s 



H j ^ v ' 1 t j ' 



Ittffil*'*''"" , I 

liitii t**J ** w.in'ui**" ' . " 

*/r .. /', ,.*'.' * .1 



i* i ^ *" ,,, i* ^.-fi^ ' \ - * ** '' ''' 

r *!**** * A '" *t' > * vi **' iU> ' ! " ! i 

i i i ' ' i M** * ****$i 



131] KINJBTIOtf OF RIGID BODIKS 329 

In the case of elastic solids, the effect of the* external forces 
is to produce deformation. In producing* such deformation,, the 
external forces do work upon the body, called work of defor- 
mation. If the elastic limit of the material is not passed, this 
work of deformation Is stored up as potential energy, which is 
given out again when the external forces are removed. In this 
case the above condition takes the form that./**/* xttthle. eyuMlmum 
the -work of deformation in a minimum. This condition is known 
as the Principle of Least Work. 

Before applying the principle it will be necessary to show how 
to find the work of deformation, or potential energy, for elastic 
solids subjected to direct stress and to bending stress. 

I. Direct Stress. Consider a straight bar of length I and cross 
section A. It is found by experiment that in elastic solids we 

have the relation 

unit stress , . 

- ... . = constant, 

unit deformation 

provided the stress does not pass the elastic limit of the material. 

This is called Hooke's law. If p denotes the unit stress and / > 

p 
the total load on the bar, tlum^> = - Also, if a denotes the unit 

/i 

deformation and A/ the total deformation, or change in length of 
the bar, then = * Denoting the constant ratio above* by A, 
called Young's modulus, Hooko's law becomes 



or, replacing p and f by their values an just given, 

in -K, , x/ ri 

A v=a A; whence A/~ = 

A//1, A K 

Therefor, since whan the load is applied it gradually inmmNtw 
from zero up to its full amount l\ the average force acting cm tin* 
bar during the deformation is | ./ > , and wmHoqiumtly tlu^ work of 
deformation is 
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PROBLEMS 

386. Two short posts of the same length /, but 
of cross-section areas /I, and /l a , and of material 
having moduli A\ and K$ respectively, carry a 
load /* jointly (Fig. iMtt). How much of the 
load is carried by each V 

SOLUTION. Let. R denote* the. loa<l carried by 
No. L Then the*, load carried by No. *J in /* /*. 
Hence, applying 1 the* expression for the work due 
to a direct stress, the total work of deformation 
for both posts is 



1_1. 



/J I /-'/* 



Flo. 243 



a,-i a /v' a 




The condition for a minimum 

gives 

<n> . A AV (/> 



F. 244 

modulus J4* show that tin? load /i* carried by tha upright 111) in givtin by 



387. A post Hupp<rling a lojyl 
P is br$u,ed at the bottom by two 
braces tmch of length / and in- 
clined at the, same angle < to the 
horizontal (Fig. 1*44). If the uj* 
right IH of crow neetlon A } uici 
It an a modulua //i, atid tli ht ( iirtH 
are eium of crow section A^ and 



n- 



4- /I i A* i 



r 



388. A platform 12 ft. x IK ft. in ske and 

weighing I ton in nupportud at the corer 
by four wooden each 8 in. nquare. A 

load of 5 Is pliMKtd on this platform 

4 ft. from of two adjoining dgcw (Fig, 
245), How much of th load i carried by 
each leg? 

389. A uniformly loaded Imam of length 
2 / in supported at ite con tor and <md. Find 
the reactioiw of the nupportt. 
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Therefore in the present case tho work of deformation for the bourn* t*D and 

AV' is ,/ 8 

V ot >^V KF ^^^ 

where /i denotes the lengths of these beams. Similarly for II H we have 



/ **/. * 
and for A C V^ ~ t . 

Therefore tho total work of deformation for the entire construction in 

V = 11)2 /&7 * ' " 00 A7 ' ' " * f 9(1 /!?7" 

Applying the condition for a minimum, we haves 

,/K {) /V t a _ (2<K)() - /*) / t * /V-/ 

<//> ' : im /<;/ "~ 4n'/';/ " -is /<;/" 

Hero /** and / <lrop out, and inn<rting the given numerical valuon, namelyi 
4 = 240 in., / fl - T2 in., we find /* n MOO.H Ib, 

391. A beam 20 ft. long inmipported at each end and at a point dintant ft ft. 
from tho loft and. It earrien a load of ISO Ib. at the left and, and 125 lb. at it, 
point distant U ft, from tho right end. Find tho reactions of tho mipport** 
(Fig. 248). 

;v0 * 



FKI, 248 



Fid, 24 



392. Two boaniM am Hupjx>rtnd as sliown Jn Fig. iMi), tho lower beam wnt- 

Inj^ on fixed ntl nupporta, and tha upjMir beam rtwting on ilmm HitpportH, tit tin 

center and ends. The upper beam aarrioH a uniform load. Find the c*enti*r 
load trannmittfHi to thu lower boam* 



It 
J'* 



393, A flitehed (or cnmpoiUO beam 

oonsifitR of a l!in, tiiel I be*am and a 
4 in. x 6 in. timber, and In hung from a 
crane hook by a strap around tho center 
(Fig. 250). A cable ig loofwd over the *'"*" *^ w 

on<lfl of the beam 2| ft. distant from the cantor on eactli wide, and a hmd f 
1000 lb. up{)orted by it. Find the total load carried by eaeb 
(NOTE. /as 25 la, 4 for the Mteol I beam.) 
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395. A wooden beam 12 in. deep, 10 in. wide, and 20 ft. long between sup- 
ports is reenforced by a steel rod 12 in. in diameter and a cant-iron strut *! in. 
square and 2 ft. high, the whole forming a king post truss. Find the straw in 
each member due to a uniform load of 1200 Ib./ft. over the entire beaut. 

396. The lattice truss, 
shown in Fig. 252, carries a 
load /* at the middle panel 
point. Determine the atresB 
in the various members. 

SOLUTION. Since there are 
threw members having verti- 
cal components which meet, at 
the point where the load is 
applied, the statical conditions 
of equilibrium will not Huiiiee 
to determine, tins stresses in 
these members. When any 
member of a truss can be 
removed without affecting the 
stability of the structuns such 
a member is called redun- 
dant. The truss here shown 
can evidently be wparnted into two parts, either of which forms a complete 
truss. The redundant members in this cane are those which appear in one 
partial truss, but not in the other. Thus either the members numbered u, 10, 
and 1 1 are. redundant, or elntt the members 2 und 7. 

To determine the- distribution of stress in the various members by tiw 
principle of leant work, consider tho separate trusses numbered I und II ami 
lefc $ denote the fraction of the load /* carried by No. I. Then (I $) /* w 
the amount of tlw load carried by No. II. Since neither of Uww partial 
trusses contains any redundant membero, the Htn*HHH in the various members 
can be found from tin* ordinary conditions of equilibrium, Th rtwultH of tltli 
aualvHis for each trusn is tabulated bolo^. 
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Instead of actually carrying out this process, it may bo abbreviated into a 
simple criterion for stability. For this purpose let b denote the thickness of 

the arch ring, and consider a section of unit width. Then A =~ b and / , 

Substituting these values in the above expression for P 7 , it becomes 

., _ 1 



Now as the load on the arch changes, the pressure line alters its position, 
and consequently the value, of this integral changes. The first term, however, 
changes but little in comparison with the second, wince 7 T - lie and the dis- 
tance c is the quantity which chiefly varies with the shifting of the pressure 
line. Hence the problem of making I' a minimum reduces approximately to 

that of making ( r/.r as small as possible, 

J /; 

To effect a still further reduction, let R be resolved into vertical and 
horizontal components, AV and A*//, HO (hat the vertical component AV shall 
pass through the. center of gravity of the .section 

CT* 



(Fig.'jr>;i). Then 7' A* ,,r f and .the integral ( r 

/ / > ,,-j * "' 

tU: becomes I '"/</.<; or, wince R lt is constant 




Km, m'i 



/* %*j / 
throughout the arch, thin may be written AV J 1 * f '*' 

J /; 

Now ordinarily the thickncHHof an arch ring varies, 
being least at the crown and greatest at the abut- 
ments. Thus if h denotes the thickness at the 
crown, the thickness // at uny other point may bo 
assumed to bo given approximately by the expres- 
sion 

M ',: it*' 1 *, 
(Ik 

where dh is the horizontal projection of the element of the center lint* </#. 

Under thin assumption, Uw expreHwiou Rj{*\ *'*' b(eoiuc8 - l/f - ( Mft. Ht'iuu* 

' h n b t $ J 

the problem <f making T a minimum JH now reductd to that of making 
( Z'tlh an small iw* poHMibli*. Thin latter expn^ssion, liowe.ver, couHiMts tf only 

positive termx, and reduttM t-o ssero for tlu^ center line of the arch. From thin 

it follows that if an equilibrium polygon is drawn for any given system of 
loads and tho center line <tf the arch iw then HO chosen UH to coittcid** with thin 
equilibrium polygon, the iictuat prHHtir liu or linear areli ean dilTr but lit- 
tle from this center litn*. It can be shown, however^ that for an arch to Iw 
stable, the linear arch iiuiKt fall within the middle third of the nreh 
Henci 1 if for any given arch it LH powsihln to draw ati equilibrium p 
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changes continuously, the transformation will also be continuous; 
that is to say, the curve will move continuously from its original 
position into the new. Let r, &y, &, 8/, 8//, <5/ * denote the 
changes, or variations, produced in the variables occurring' in the 
equation of the curve by a given change in t* Then expanding* 
the function by Taylor's theorem for several variables, we have 

/Or + &r, // + S/A 2 + 8*, ,/ + 8.r', //' + S//', - ) -/(A y, 2, */, /, ) 

t) 5* t) ^ / (5 , & / fl , 
' ' 



, 5, 

d.r + S// - . 

QJT- Oi/ dz cV 



dr t)// (te <).r' dy ; 

Since the first term on the right contains only the first power of 
the 8\s, while the seeond contains their squares and product**, the 
change in the function, whether positive or negative, will depend 
on the sign of the first parenthesis. This term IB (tailed the first 
variation of the function and in denoted by Sf ; that is, 



This may be remetnbered by noting that it is identical in form 
with the ordinary calculus expression for a perfect differential* 

.Referring now to Lagrange's equations in Art. 128, we have 





^ 

whore t\ donoten the generalized force, K is the kinetic energ'y of 
the system, and y^ r// are genoralixed eoordinaUm. The only cams 
here considered In that for conservative systems, namely, thon-c in 
which the force can be derived from a potential function l\ or 

., ar 



Making this substitution for F i in Lagrange's equations, tliey tuk 

tboform 



,ir transposing, 
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XT - < , </ 

Now, smee ( ^ v & 7l J- 4^, 



and since the operations of variation and differentiation are com- 

mutative,* that is, 7 , 

</ csa'/t , 

*jh- a -&/!, 



wc 



, 

liavc 



substituting this e<niality in tlus last expression for 
F), it boconu's 



Now intc^niting this cxpiv-ssitm with respect to the indcpoiulont 
variable t Iwtwium any two fixed points, say those which -corro- 
Hpond to the times ^ and f p we have 



or, ninco the total c*hanj(e in the integral is equal to the sum of 
the ehanges in its elements,t this may be written 



The only restriction that has been imported on the displaced 
motion so far is that the difference between it and tins uctuul 
motion shall be small. Now introduce the restriction that at 
certain times f and t^ the configuration in the displaced motion, 
shall be identical with that in the actual motion. Then at the 
times and ^ each 8</a (), and hence 



or interchanging the operations of variation and integration, 



// 
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where .K= Young's modulus of elasticity for the material, 

/ = the static moment of inertia of a cross section, 

<Pi/ 

B = external bending moment = MI '^- 

(W 

Substituting this value of the external, moment H in the expres- 
sion for n Mid using the partial derivative, since y is a function of 
more than one variable, we have 



Inserting these values of the kinetic and potential energy JJand 
l"in Hamilton's principle, namely, 



the resulting condition is 



Now the iirat step is to perform the operation of variation, in- 
dicated by the 8, on the quantity under the integral sign, Hinco 
p and A are count ants, the first term gives 



dt <lt dt dt Ot 

To simplify thin operation on the second term, put Z=B f / / . 1'hcn 

tiz <t*u * ***' 

=s- ; ...... 5i, and conseciiusiitly 

aW-aW.a*^. 

\OW ' VW rlr cV 

Substituting these values in the above condition, it beeowos 

r 7# rr ^ a '/ f % lit/ ^ *&n , /i 

I < I pA -f"- 1L/ - AV , L/dtraa 

* L ^^ ^^ ( ^* ^ J 

Now integrating the first term of thin oxproHwon partially wit I* 
nmpect to , we havo 
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This is the required differential equation of motion. The prob- 
lem is thereby solved so far as the application of Hamilton's prin- 
ciple is concerned. 

The simplest method of solving this differential equation is to 
find a particular solution of as simple a form as possible. This 
solution will then represent a possible form of vibration, and by a 
combination of such solutions the general solution representing a 
complex vibration may be obtained. In the present case the sim- 
plest solution of the above equation is of the general form 

y s= ./f sin MX cos fit, 

where K is an arbitrary constant representing the maximum am- 
plitude, and a and ft are to be determined from the conditions 
of the problem. Substituting this solution in the above differ- 
ential equation and cancelling common factors, we find as the 
necessary relation between <* and /$, 



Since y as Q at both ends of the beam, i.a* for # = (.) and r=sl, 
and the vibration is independent of the time, i.e. cos fit /- 0, wo 
also have the conditions that sin a and sin / ~*~ 0. Tin* first 
of these conditions in merely an identity, but the second given 
aJasMTT, where n is an arbitrary integer. If MSB I, the beam in 
said to have its fundamental vibration, and if it in of such dimen- 
sions as to give out a musical note, this is said to bo its funda- 
mental tone. In this ease 

a 7 ^ 
I i 

and consequently the solution becomes 



p ,/! 

During a complete oscillation the angle fft inemweH by 
Hence the period of tho oscillation is 



7T 
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399. A cantilever beam projects from a wall, and a weight IF fulls on it. 
The beam breaks at a point on the opposite aide of the weight from the wall. 
Show how to determine where the break will oceur. 

The solution of this problem is obtained from the differential equation of 

the preceding article, namely, "^ = - -, by integrating it Beparately fen* 

at* pA .r 4 



the portionnof the beam on opposite Hides of tho point when* the weight 
it, and determining tho constants of integration by the terminal conditions, 
This problem is fully treated by St. Venant in the French tnuwlation of 
Clebach on tho Theory of Elasticity. 

A similar problem is involved in the experiment of shooting a bullet through 
a pane of glass without breaking the glass except for tho hole in which tho 
bullet pierced it. This phenomenon is duo to tho fact that in the neighborhood 
of tho hole very groat inertia forces are created, which at first equilibrato tho 
pressure between bullet and glass. These, however, extend oven' a very I i mi tod 
region, and beyond this are not sufficiently groat to rupture* Urn glass, 

134. Theory of Models. Kxperimental work in engineering in 
frequently carried out on a small model of the machine or structure 
to be tented. The object in using a model IB to avoid the expense 
of a full-six,ed construction, or In certain canon to reduce the sifco 
so that tests can he made in an ordinary tenting machine without 
special apparatus. 

The model for such small scale tenting is first eonstructed geo- 
metrically similar in all its parts to tho given construction. 
Tims suppose that two machines are constructed from the saino 
working drawings, the given dimensions in one cane being read In 
feet and In the other ease in inches. The two constructions will 
then be geometrically similar, any two corresponding dhtuuisionH 
being in the constant ratio of 1 : 12* From the fact that the two 
machines are geometrically similar, however, It does not follow 
that they will be dynamically similar, for experience has shown 
that one machine may run with entire satisfaction, while the other 
may be equally unsatisfactory. Tents carried out on a model, 
or immature, are therefore unreliable unless care in taken to secure 
dynamical an wall as geometrical similarity. 

As a simple illustration, suppose that a model of a steam engine 
in constructed, geometrically similar to tho original. Let A. 
denote the ratio in which the scale is reduced, HO that any given 
dimension of the original in X times the corresponding dimension 
in the model. The of the piston IB then reduced in flu* nit it* 
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and the full-si/ed beam will be in the ratio of 1 : X a . Hence, the 
full-sized beam is more severely strained by its own weight than 
the model. To make them dynamically similar in this respect, it 
is therefore necessary to distribute over the model an additional 
load equal to (X 1) times its .own weight. The ratio of the 
uniform loads will then be X : X s or 1 : X 2 as above. 

For example: suppose it is desired to determine the deflection 
and other properties of a rectangular steel beam 20 ft. long and 
8 in. square, by means of a quarter-si'/ed model. Here Xa=4, and 
hence the dimensions of the model are 5 ft. long by iJ in. square. 
The weights of the two beams are then in the ratio of 1 : X n or 
1 ; ()4. Thus, assuming that steel weighs 400 Ib./ftA the weight 
of the full-sized beam is 4tW>f>J lb, and that of the model is HH^g lb. 
It is therefore necessary to increase the uniform load carried by 
the model to ii7-| lb., by adding a distributed load of amount 
equal to -7"2| (is t l fl , or !204 ( | lb. When this load is added, the 
two beams will be dynamically similar, since the ratio of the loads, 
including their own weights, is now 27^| : 4#f>5 1 : 10 = 1 ; X 2 . 

For columns, the same, relation holds; namely, that for dynami- 
cal similarity the load on the full-sized column must be X' J times 
that on the model. This is evident from Killer's column formula 

jp ss ^ '-. Here TT* und A 7 are constants. The moment of in- 
ertia /, however, is increased in the full-si'/ed column in the ratio 
of 1 : X 4 , and P in the ratio of 1 : X 2 . Consequently, /* must also 
be increased in the ratio of 1 : X^ if the formula is to be homoge- 
neous in its dimensions. 

The ideas illitHtrated by the preceding examples will now IK$ 
amplified into a general theory of models. In mechanics four 
fundamental quantities are involved: length, time, mass, und 
force. These four quantities, however, are not all independent, 
since Nowtou's law of motion as expressed by the formula /*'-- uut 
establishes a relation between them. Lett the ration of these four 
quantities in the modul and original be denoted as follows : 

X a ratio of corresponding linear dimensions, 
/jt> = ratio of corresponding manner 
T=S ratio of corresponding times, 
TT sa ratio of oorresponding 
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and the full-sized beam will be in the ratio of 1 : X 8 . Hence, the 
full-sized beam is more severely strained by its own weight than 
the model. To make them dynamically similar in this respect, it 
is therefore necessary to distribute over the model an additional 
load equal to (X 1) times its. own weight. The ratio of the 
uniform loads will then be X : X 8 or 1 : X 2 as above. 

For example: suppose it is desired to determine the deflection 
and other properties of a rectangular steel beam 20 ft. long and 
8 in. square, by means of a quarter-sized model. Here X 4, and 
hence the dimensions of the model are 5 ft. long by 2 in. square. 
The weights of the two beams are then in the ratio of 1 : X 11 or 
1 : (>4. Thus, assuming that steel weighs 41)0 lb./ft. 3 , the weight 
of the full-sized beam is 4f15f>| Ib. and that of the mode;! is b'8^ 11), 
It is therefore necessary to increase the uniform load carried by 
the model to -7-$ Ib., by adding a distributed load of amount 
equal to iiT'Jg -OK^, o/204| Ib. When this load is added, the 
two beams will be dynamically similar, since the* ratio of the loads, 
including 1 their own weights, is now 27 fc J| : 48f>f>| 1 : 1(5 = 1 ; X a . 

For columns, the name relation holds; namely, that for dynami- 
cal similarity the load on the full-sized column must be X 2 times 
that on the model. This is evident from Killer's column formula 

/-* = 7r - '... Here 7r 2 uad K arc constants. This moment of in- 
ertia /, however, in inc.rousod in the full-sized column in the ratio 
of 1 : X 4 , and P in the ratio of 1 : X a . Consequently, /* must also 
bo increased in the ratio of 1 ; X*^ if the formula in to bo homoge- 
neous in it;* dimensions. 

The ideas illustrated by the preceding examples will now bti 
amplified into a general theory of models. In mechanics four 
fundamental quantities are involved: length, time, muss, and 
force. These four quantities, however, are not all independent, 
since Newton's law of motion as expressed by the formula /'"-; mtt 
establishes a relation between them. Lot the ration of theso four 
quantities in the modul and original IKS denoted as follows : 

X=s ratio of corresponding linear dimensions, 

M = ratio of corresponding masses, 

r=s ratio of corresponding times, 

TT = ratio of corresponding forces. 
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X 3 = T, or X = r 2 , from which r = 5. Hence, for dynamical imi- 
larity the time occupied by the model in passing over a given 
distance must be 5 times that taken by the ship to pass over the 
corresponding distance, or, in other words, the speed of the model 
should be -jl(30) = t? knots. To determine their relative resist- 
ance to motion, let }l denote the resistance of the model as deter- 
mined by experiment. Then the resistance of the ship will be 7r/i, 
or since 7r = X 8 == 2f> 8 , the resistance of the ship will be lf>,(525./2. 

As another example of the application of these conditions, sup- 
pose it is desired to determine the deflection of a bridge tinder 
moving loads by experiments on a small model. To make the 
problem definite, suppose that the bridge weighs 200 T. and is 
50 ft. long, and that the moving load is due to a locomotive 
weighing (!() T., with a speed of 80 ft. /sec. Assume the model 
of the bridge to be constructed to ^ the scale, so that A, = 10. 
The relative weight of the model and the full-sized bridge will 
then be as 1:1() 8 ; that is, if the two are geometrically similar 
throughout, the weight of the model will be *ffa = | T. = 400 IK, 
and it will bo 5 ft, long. If, however, the material in each ease 
is to bo equally strained, condition (III) must be applied, i.e. the 
forces must be proportional to the cross section, which makes 
7r = X 2 . To ba equally strained by its own weight, the model 

200 
should therefore weigh v'sf 3 "^ T. Since its actual weight is 

only 400 lb., the difference of 8600 Ib. may be made up by hang- 
ing this amount at the various joints of the truss, in which caw? 
the two constructions will be dynamically similar. 

If, however, it is certain that the material of the bridge m not 
strained beyond the elastic limit, the difference in dead load due 
to its greater proportional weight may be neglected, and the 
moving load on tine model and its speed be so determined that 
mechanical similarity will still exist. Thus for the ratio of the 
weights (or mannon) we have in the present case 

p *y o y &-> 1000 X s 7T = i* 

and TsaVXss VlO 8.16. The speed of the moving load on the 

80 
model must therefore be ^y 9.5 ft./ec., and its weight muni 
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i is similarly analogous to the linear velocity t>, or angular velocity 
<w, and the expression for electrodynamie energy corresponds 
precisely to the ordinary relations, 



or I JaA 

One of the fundamental principles of induction is that the 
effect of an electromotive force e is to cause a change in the 
current in accordance with the relation 

e _ 7 M 

/v ",-" 

dt 
This relation is analogous to the ordinary mechanical equations, 

F= //", or7'=/' 7 ;", 
at dt 

and consequently electromotive force corresponds to mechanical 
force or torque. 

The phenomenon of resistance may bo compared to that of 

molecular friction. Thus if It denotes the resistance of a circuit, 
the relation between the electromotive force and the current in 
the circuit Ls given by Ohm's law 

e = Ri. 

The electromotive force*, e is here analogous to the head or pressure 
in the case of water flowing through a pipe, in which ease the 

greater the frictional resistance, the less will be the current. 

Many other mechanical analogies may be deduced. Thus tho 
product of force and velocity is mechanical power; for example, 
the product of the difference in, tension in a belt in pounds by 
its speed in ft./mhu divided by the constant *{H,()00 gives the 
horsepower it is transmitting. Similarly the product of electro- 
motives force in volts and current in amperes gives the electric 
power in watts being generated. 

As a further example, the action of a condenser in storing 
electric energy is similar to the ordinary phenomenon of elasticity. 
The electrostatic capacity of a condenser in thus analogous to the 
work of deformation of an elastic solid up to the elastic limit. 
This similarity is further apparent in the analogy between the 
phenomena of mechanical and electrical resonance. Electrical 
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and the corresponding force is P^ = -'^- (Compare the ordinary 

at 

relations J8 = 1 mv\ momentuiu = ~ - = mt;, and force = 111 -2. 

dv at 

= ma.) This force, however, consists of the impressed electro- 
motive force e due to thermal, chemical, or other action, and the 
dissipative term It^ where K t denotes the resistance of the 
circuit. Hence ., 



which may bo written 



A'. 



Hence the current in any circuit may be calculated by Ohm's law 

by including the electromotive foreo of induction -* * If tho 

(t$ 

current does not vary with the time and there is no motion of 

any circuit, then every p, is constant and the above reduces to 

'=; 

which is the usual form of Ohm's law. The above is then the 
general equation for an electric current, including 1 the steady 
state as a particular ease as just shown, and the method by which 
it is obtained is precisely analogous to that by which Lagrango\s 
generalized equations of motion were deduced. 
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The difference between these two is tlie excess energy put in by 
the steam, say J?. That is, 

Excess energy = JF7= k ] /O^ f4> 2 2 ) 



= 1 - 



Since ^ + r*>, 2 = 2 a), and o^j o> 2 = </', this may be written 



Now let TF= weight of flywheel in pounds, 

k = its radius of gyration in foot, 
N= number of revolutions per minute. 

r V] r Wlr } IT If ., 

1 hen / = -, and c> = t - ; consexjuentiy 



Now if i. h. ]>. d(Hiot( k s tho nutiibcu* of indicated horsepower of the 
engine, the work douo by the engine is {$8,000 i. h. p. ft.-lb./mm. 

Consequently tho work done per revolution is--' lv -^-^,au(l 
the work done per .stroke is ~J*-iiH. The oxtnvss tuiergy 

jt JY 

stored in the (ly wlund per stroke is some fraction of this amount, 

***" Tho " , 88000 i.l,.,,. 

A=S ........ ' -2N "' 

Equating this value of V?to that obtainud above, wo havo 

/H^^MJwqooi.h. p. 

" SKW7 ..... i j/V ........ ....... 

H) 

,.r 2sn7 > anooo i. h. p. 

w= ....... ......... " 



which gives the required weight of flywheel for an engine of given 
i. h. p. 

Kinee 1 h. p. 0,746 kw., this Ixicomos in terms of kilowatts 
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For A.O. in paralUtl operation, multiply the given tabular value 
of the engine c-onntant by iJ. 

In Hluuirin^ and puncliiug 1 nuuilnnB it i cuBtoiuary to design 

the flywheel HO that it will ntore energy equal in amount to the 
work done in two working ntrokea of the shear or punch, amount- 
ing 1 to 17 to 20 inch tons per square Inch of metal sheared or 
punched. 

PROBLEMS 

400. Calculate* iho radhm of . / 

i^f .... it:* ..... . . 

gyrtitiouof i\w Ilywhri*! Hhown in 
Fig* 255, thr Iming HIX straight 
H|)oktH, elliptical iti OHWH ntKitlon, 
3) in. x in. 

401. Tim flywhiwi hown in 
Fig. Ui)5 in on a 15 hi. x 18 in. 
ningh* cylinder engine running 
at. I2IJ5 r. p. in. and <t] aerating a 
175 kw. JJ phawi D.C. gtaiorator. 
Compare the aottml weight of th 
flywheel wlfch that oal<! ulated from 
the formula given in Art* 18(5. 
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402. A cross com{K)un(i engine 

is direct connected to a 500 kw, 
(50 cycle A. C. generator, operat- 
ing in parallel, and running at 
00 r. p. in. Bind the required weight and diameter of balance wheel. 
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and hence the hoop stress p is, in the present ease, 

TT . . . IFrV ]f,,2 

Hoop stress in run = p = <--. = --, 

f </A //A 

where v denotes the rim speed in ft. /sec. 

To obtain the numerical value of the rim stress it is convenient to 
consider a section of the rim one square inch in area and one foot 
long, the former unit being chosen because the unit stress is ex- 
pressed in Ib. /in. 2 , and the latter because the rim speed v is expressed 
in ft. /sec. For cast iron the weight of such an element is J.l Ib. 

Hence B a ^ ^1 .,,2 ? /2 

Rim stress in lb./in. 2 = J.--- == - .-'. approximately. 

o 2 . !LJ 1 v 

For a rim speed of f>700 ft-./min. this gives a rim stress of 900 
Ib. /in. 2 , which corresponds to a factor of .safety of about 21, 

Since good practice requires a factor of safety of 20 for cast 
iron, it is evident that there is a rational basis for the old prac- 
tical rule that the rim speed should not exceed a mile a minute. 

139. Tension in Spokes. Since the spokes of a lly wheel trans- 
mit the energy of rotation from the hub to the rim, they act like 
cantilever beams, fixed at the hub end and loaded at the outer 
end. In addition to the ilexural stress to which they arc thus 
subjected, it is also usual to design them to resist the tension 
which each spoko would have to carry if the rim was cracked HO 
that all the centrifugal force developed would oomo on, thu spoken. 

To find the amount of this tension, let 

W = weight of the rim in pounds, 
?=ra rim speed in ft./Huo., 

r =3 radius of wheel in feet, 

A = eroHH-Hoetion area of one spoke in square inches, 
n = number of spokes. 

Then the eautrifugtil force (7 arising from the rim alono is 



// a? 

"ttf *l 

and the amount oarritul by each spoke in - ^ Consequently, 
the unit tensile Htross p in the spokcm is 

Wl p 

p^ 3 - ...... "-/' 

grnA 
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It is well known, however, that the deflection of a cantilever of 
length I bearing a single concentrated load P at the end is 



where J? = Young's modulus of elasticity in Ib./inA and substi- 
tuting the value of .P in this expression, we have 



/> ...... . 

8 Ao/o 

Substituting these values in the expression for the work aa given 
above, it becomes 



.-, 

////. Si lt>. 8 7% 7 1 
or, since /)f = / ; - , ibis may be written 



. 
~ 



whence, solving for p, we have finally 



which in tlio r<jiiir<l oxpronsion for the bonding stroBH in tbw 
spokes in tornw of the rim Hpoed t>, and its fluctuation/. 

If thoro is a Hiuldtsu stoppage of the engine, the energy destroy ud 

1 1 W 

- l($\ or, for the rim alone, ~ r 2 a> 2 . OoiiHoquontly the energy 



s 



ra 

absorbed by oacli spoke Is --: -, which is 2 f tinum as great an 

2 (/n 

that given above for ordinary fluctuations in speed. Ui'.we tin* 

stress in this case in XL'-'-j times as great as xxudor ordinary work- 
^/ 

ing conditions. Since ^- varies from x/ 1 ^- to ^\ " ^' Ui 8trtH8 

L/ X- L 

due to a sudden stop w from 8 to 14 times an great aa the ordinary 
working stress. 
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spokes is to consider each as a cantilever beam and determine* its 
size so that it will have the same factor of safety against bonding 
stress as the shaft has for torsional stress. That is to say, design 
the spokes so that they will be as strong considered as a cantilever 
beam as the shaft is to resist torque. 

Having completed the design of the various parts, the actual 
total weight should be cheeked up with the required weight as 
first computed. 

142. Governors. As explained in the preceding articles, the 
purpose of a llywhool is to provide for changes in speed by 
storing kinetic energy ; that is to say, its object is to decrease) 
the effect of fluctuations in speed on the smooth running of an 
engine by calling into play inertia forces, chiefly through the mass 
of its rim. The object of a governor, on the other hand, is to 
eliminate changes in spend so far as possible by regulating tho 
admission of steam to the cylinders. This is accomplished by 
using the centrifugal or inertia force of rotating balls or arms to 
open or close the valves. Tho arrangement of several of tho more 
common forms of governor are shown in the following ai'Uolos, 
and their effects analysed and compared. 

143. Watt Governor. - The simplest form of governor is that 
known as the Watt governor, which consists of a pair of balls 
suspended from a fixed 

point and rotating 
about a vortical axis 
(Fig. 257). AH tho 
speed increases tho cen- 
trifugal force on ilia 
balls also ineroaHOB, 
causing them to fly far- 
ther out from the axis 
of rotation and thereby 
partially closing tho 

admission valve. If 

,. , , Km. 257 

tho speed decreases, 

duo to increase in load or other Cannes, tho balls fall in toward 

the axis again, thereby opening the valve. 
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It. P. M 


HRIOIIT k IN INCURS 


(UlANOK IN IlKimiT IN INCUKH OOURKHI'ONWNCi TO 
OlIANOH IN Hl'RHD OF 10 It. I*. M. ^ 
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In Fig 1 . 258 thin relation in plotted in tho form of a curve, 
showing the relation of height to speed. Since the left end of 
the curve is much steeper than the right, it is evident that there 
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will be more vertical motion of the governor, and couHuqucsntly 

a greater travel of the valve^ for a given change in poed if the 
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If the ratio of P to W is denoted by w, i.e. P = m W* the expres- 
sion for h simplifies into 



The value, of m in this formula usually lies between 1.0 and 50. 

Comparing this expression for Ji with that for the unloaded 
governor, it is evident that if the governors are run at the same 

speed, the height of the loaded governor will be 1 + titties the 
height of the unloaded governor, and hence, neglecting friction, 

the loaded governor will be 1 + - times as sensitive as the 
unloaded. ~* 

If, however, the heights of the two governors are to be kept the 



same, the speed of the loaded governor must be ^1 +7- times the 

speed of the unloaded. That is to say, if the engine is to run at. 
the same speed with either governor, the loaded governor must 
be geared up' this amount. Neglecting friction, the Hoiwitivo- 
ness of the two governors, or travel of the valve for a given 
change in speed, will then be exactly the same, but as the loaded 
governor runs faster than the unloaded, it exerts a greater lifting 
effort. 

When the central loud is carried by moans of links, us in the 
type known as the Porter governor, shown in Fig. 2f>9 (/>), the 
load rises faster than the balls and consequently does more work 
for a given change in height than if applied directly to the balls, 
as in Fig. 2f>9 (a). Lot a denotes the ratio of the travel of the- 
sleeve to the vortical motion of the balls. For example, if the 
arms and links arc. of equal length, the sleeve rises twice us fast 
as the balls, and = "2. Then the expression for h becomes 
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The simplest method for finding the ratio t is by means of a 

diagram. Thus in Fig. 200 (), let CM denote the arm of the 
governor and AB the link connecting it to the sleeve. Produce 
(7/1 to meet a horizontal line through JB in tho point O. Then 
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The crossed arm type of isochronous governor IB shown in 
Fig. 2(51. To explain its construction assume that a parabolic 
arc abc is laid off, and normals drawn to this arc at the highest 
and lowest positions of the balls. Let <$, d be the points in which 
the two normals for each ball inter- 
sect. Then if the arms of the gov- 
ernor are pivoted at the points c$, 
the balls will move in an approx- 
mately parabolic arc. Now it is a 
property of the parabola that its 
subnormal is constant (Fig. 202). 
This means in the present case that 
the height of the governor is con- 
stant, and therefore that n is also 
constant, whether the governor is 
loaded or not. Consequently there 
is only one speed at which the balls 
will float, and, neglecting friction, a slight variation in speed will 
cause motion to the full extent of the entire travel of the valve in 
either direction. 

146. Crank Shaft Governor. The governing of an engine is 
frequently effected by changing the point of cut-oft in the 
cylinder. This is done by changing the throw of the eccentric 

which operates the valve, and to accomplish this the crank shaft 

governor is now generally used* This type of governor has the 
further advantage of being practically isochronous. 

The crank shaft type of governor is shown in Fig. 208. This 
consists in outline of two bars AB and 6 > />, pivoted at P v P T 
with centers of gravity at 0-^ Q-%, and connected by a link AO 
(Fig. 204). The lower bar CD has its center of gravity prac- 
tically at the center of the shaft, HO that it generates no centrif- 
ugal force. Its object is to balance the static moment of the 
bar AS in all positions. Otherwise the weight of A 1$ would 
have an upward moment about P l during one half of a revolu- 
tion and a downward moment the other half, thun affecting the 
governing. 

Now let IF denote the weight of AB* and r the distance from 
its center of gravity to the center of the shaft. Then the can- 
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PROBLEM 

408. In a crank shaft governor the weight of the centrifugal arm is 
W 00 lb., the distance of its center of gravity from the center of the shaft is 
r = H in., the tension in the spring is 500 lb., the lever arm of the centrifugal 
force about the pivot /* is 4.5 in., and the lever arm of the tension in the 
spring about /* is 8 in. At what speed will the governor begin to act? 

147. Governor Effort and Power. II y the effort of a governor IB 

meant the force it is capable of exerting on the sleeve for a given 

percentage of change in speed. 

For a simple Watt governor h = -^, and for a loaded governor 



Now suppose that the speed is increased to qa, and that the halls 
tiro prevented from rising immediately to the height corresponding 
to this speed by a ('notional force F acting down ward on the sloove, 
which IB equivalent to increasing the central load to P + t\ 

The centrifugal force on each ball corresponding to the speed 
a) is 



and at the speed </, since the balls do not rise and lumce the 
radius r remains the name, this becomes 



and consecjucntly, (\ - f/ (>/- 1). 

Moreover, equating the moment of the centrifugal force about the 
point of suspension to the moment of the weight about thin point, 

we also have 

Ch-(W+ /On 

and also since the height and radius both remain the 
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and to the speed q<o is A, = -^~ x i . 

JT 



Consequently the change in height AA corresponding to an In- 
crease in speed from < to qco is 



A/, _!_,. .", J&JY, _!_ fci. 

2 2 



The work V done on the resistance It dxiring the given change 
in speed is, then, 



= Rx 



P) //2 2 ?. 
\ q J 



For the simple Watt governor (Fig. 257) 
K = .1 IfC r/ 2 - 1) (1 and A7* 

k 

Consequently in thin c,aHc 

F K x 2AA^= Flf^- Y. 
*l ^ 7 / 

148. Sensitiveness of Governors, The sensitivc^nesB of any 
given type of governor may be shown graphically by constructing 
the curves representing the centripetal and centrifugal moments. 
For this purpose let W denote the weight of one ball of a simple 
Watt governor in pounds, and ,12 its distance from the axis of ro- 
tation in feet. Then the centrifugal force acting on the ball at & 
speed of N" re volutions per minute is (7= 0.00084 WMJH^, Conse- 
quently, if II denotes the height of the governor in feet, the 
centrifugal moment T about the point of suspension 0, in foot 

pounds, is 

* T= OH - 0.00084 WRN*IL 

Hence, if T m calculated for various positions of the governor, 
that is, for pairs of values of R and If, and is then laid off an an 
ordinate directly beneath each position of the ball, a centrifugal 
moment curve is obtained for each spaed, as shown in Fig, 205. 

Since the centripetal moment is simply 37= WIl, tho centripe- 
tal moment curve is a straight line. Tho interactions of thin 
line with the centrifugal moment curves show at what ttpeeds the 
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For a crossed arm governor the height H is constant. Hence, 
for this type of governor the centrifugal moment varies directly 
as ./, and consequently the centrifugal moment curves are 
straight lines. Since one of these lines must coincide with the 
line representing the centripetal moment, it is evident that at the 
corresponding speed there will be nothing to prevent the balls 
from Hying entirely out or falling entirely in, which is, in fact, 
the reason why this type of governor is isochronous. 

For a crank shaft governor the centrifugal moment curves are 
very nearly straight lines. Hence the centripetal moment line 
very nearly coincides with some one of those curves, and conse- 
quently this type of governor is very nearly isochronous. 

149. Piston Acceleration. It has previously been shown that 
if the speed of the crank pin of an engine is constant and the 
connecting rod is assumed to be infinitely long, the speed curve 
for the piston, or cross head, is a semicircle, and the acceleration 
curve is a straight line (Chap. 1, Art. 28, and Prob. 71, Art. 82). 
The actual shape of the piston speed curve for a connecting rod 
of given length has also been found, and its equation deduced 
(Art. 32, including Prob, 70). 

In the dynamics of the steam engine it is a suflicient approxi- 
mation for most purposes to assume that the acceleration of this 
reciprocating parts is represented by a straight line, which is 
equivalent to neglecting the obliquity of the connecting rod, or 
assuming it to bo of infinite length. The actual shape of the 
acceleration curve, however, may be obtained as follows : 

In drawing the pinion speed curve, the distance from the middle 
of the stroke IH laid off an abscissa, and the corresponding speed 
as ordinatu; that is to say, the general form of the piston speed 
'curve is 

V -/(*). 

Now in the cane of any curve whose equation is y =/(#), kho 

subnormal at any point m given by the expression 

Subnormal = ?/ '-,/ , 
* tlr. 

as shown in Fig. 207. In the case of the piston speed curve th 
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and JBD as radius describe another circle. Draw the common 
chord MN of these two circles. Then the intercept LO on the 
line of centers represents the piston acceleration for the position 
shown. 

It will be noted that in this construction the intersection at 
L is never sharply acute, and consequently the intercept JS<7, or 
acceleration, can always be accurately determined. Moreover, it 
does not depend on any previous construction, which also insures 
accuracy. 

At the ends of the stroke the construction becomes as shown 
in Fig. 269. To determine the numerical values of the accelera- 
tion at the ends of the stroke, let v denote the linear speed of the 
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In Xnd a/ Stroke 



FlG. 209 



crank pin, r the length of the crank, and I the length of the con- 
necting rod. Then at the out end of the stroke the angular 

velocity of the connecting rod is - and the angular velocity of 

the crank is -. Since the normal acceleration in any caa m 
r 

given by the expression a = rax 2 , 

the crank pin J5 has therefor an acceleration in the direction AC 

of amount -~, and in the direction QA of amount Its actual 

I r 2 a 

acceleration at the out end of the stroke is therefore, v > ~-, or, 

/ T 

if the ratio of the length of the connecting rod to the length of 
the crank is denoted by j, that is, I = qr, this becomes 
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out end of the stroke is 



381 



and at the in end of the stroke is 



as indicated in Fig. 271. 

It should be noted that the point where the curve of inertia 
thrust crosses the base line is the point at which the piston 
speed curve attains a maximum, i.e. approximately the point at 



cceleration 
Curve for Injinito IM 
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which the crank is at right angles to the connecting rod. In 
drawing the inertia thrust curve, it is usually sufficient for prac- 
tical purposes to locate this point and the two ends of the curve, 

given by P = l) ( 1 - J, and then connect the middle point with 



the end ones by straight lines. 

151. Piston Pressure* In heat engines the pressure on the 
piston is, in general, variable throughout the stroke. In thin 
case the pressure at any point of the stroke Is obtained from an 
indicator card, drawn automatically by a self-recording preHWiro 
gfcuge (see Chap. II, Art. 48, Fig. 74). In the ordinary double- 
acting steam engine, two indicator cards are required for each 
cylinder, one for each side of the piston, as shown in the tipper 
diagram of Fig. 272. 

The effective steam pressure on the piston at any point of the 
stroke is measured by the vertical distance between the top Hue 
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From the beginning of the stroke to the point of maximum 
speed, part of the steam pressure on the piston is required to ac- 
celerate the piston and other reciprocating parts. The work so 




Piston pressure, corrected for inertia thrust 




Itmultant pist 
Fio. 



done is stored up in these parts in the form of kinetic energy, and, 
after the point of maximum velocity (or zero acceleration) in 
passed, this energy is given out again, thereby Hupplemouting tho 
work done by the during this part of tho stroke. 
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diagram of resultant piston pressure must be equal to the area of 
the original indicator card. - 

If the effective areas of the two sides of the piston are not equal, 
as, for instance, when one area is diminished by the cross section 
of the piston rod, it is necessary to alter the vertical scale of one 
indicator card before the above construction can be carried out. 
To make this correction, either the ordinates of the card for the 
smaller piston area must bo reduced in the ratio of the smaller to 
the larger area, or the ordinates of the card for the larger area 
must be increased in the inverse ratio. 

If the pressure scales are different, a similar correction must be 
applied. For example, in a triple-expansion engine, both the 
areas and the pressure scales differ for each cylinder. The in- 
dicator cards must therefore be altered so as to give equivalent 
pressures on pistons of equal area. 

In vortical engines the weight of the piston and other recipro- 
cating parts helps to accelerate the motion during the down 
stroke and retard it during the up stroke. Hence if w denotes 
the weight of the reciprocating parts per square inch of piston, 
the diagram of effective piston pressure must be corrected by 
lowering the base line an amount w for the down stroke, thereby 
increasing the ordinaton by this amount, and raising it the same 
amount for the up stroke, thereby diminishing 1 the ovdinaLes by 
this amount. 

PROBLEMS 

410. To what point should compression be carried in the ease of a horizon- 
tal engine running at 00 r. p.m., stroke 4 ft., weight of reciprocating parti 
8.2 lb./in. a of piston length of connecting rod I) ft.? 

411. Trace the indicator diagrams shown in Fig. 4 J7.% and from _ them 
construct the curve of resultant piston pressure, assuming the weight of recipro- 
cating partH to be 050 lb., crank raditm 10 in., and length of connecting rod 
6 ft. 8 in. 

412. Construct the curve* of resultant pinion pressure from tbe indicator dia- 
grams shown in Pig. 274, the weight of the reciprocating parts in this cane 
being BOO lb., crank radius 15 in., arid the length of connecting rod ft. 

413. ConBtruct the curve of resultant piston pressure from the indicator 
cards nhown in Fig. 1275 t tynjuming the length of the connecting rod to be 7 ft.., 
crank radius If ft., and weight of the reciprocating parts 1000 lb. 
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Diagram from 18 x 4%-inch Corliss 
Gauge prennure, 00 M./wA Spetid, 73 R. P. M. 
Fxo. 275 

152. Crank Pint Pressure. Having found the force oxorted at 

the cross head by the constructions explained in Art. 151, the 

next step is to find the effective force exerted on the crank pin. 
The product of tins force by the radius of the crank circle will 
then be equal to the torque transmitted to the axle or shaft. * 

Let I* denote the effective force exerted on the crank pin, 
that is, normal to the crank or tangential to the crank circle, and 

Vj the linear speed of the crank pin. Then the product Fvj rep- 
resents the power which the crank is transmitting at the given 
Instant. To prove this, substitute for v f its value as the derivative 

of the space with respect, to the time, namely, v f ~ Then 

ds 
JFvfts* ff. Therefore, since JFds represents an element of work, 

I'd* 

-, or its equal JV/, represents the rate at which work in be- 
dt 



ing performed, i.e. the power being transmitted >at tho instant 
considered. 

Now let P denote the pressure on the cross head, corresponding 
to the crank pin pressure JP, and v p its speed. Since, neglecting 
friction, the same amount of power is available at the crank pin 
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To eliminate a from this expression, let I denote the length of 
the connecting rod, r the radius of the crank circle, and I = qr. 
Then from the figure 
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I lence 

and consequently 
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PROBLEMS 

From thn data and r<sult,H of Prob. 1 1 1 draw a curve of resultant crank 
pin pmsnuro. 

415. Calculate from tho, data au<l rosultw of Prob. 412, by ineaiiH of tli** 
foriuula duluc.(l abovt\ th<. crank pin preHtmro whou tho crank has turnii<l 
through an angle of UO U from t.be in tud of the ntroke. 

153. Crank Effort Diagrams. In all heat engines the forco 
oxortod on tins crank pin is variable throughout tho stroke,, 
Tho construction given in the preceding article enables us to 
plot a diagram, showing graphically this fluctuation in crank 
effort. 

To construct a crank effort diagram plot tho curve of effective 
piston pressure, or cross head pressure, and also the crank circle, 
as shown in Fig. "277. The piston pressure curve in this figure 
is a duplicate of that shown in Fig. 272, and tho present con- 
struction is therefore a continuation of that explained in Art. 151. 
Draw the crank in any convenient series of positiotis, as shown in 
the figure. By the construction given in tho preceding article 
determine the crank effort .F in these various positions, corre- 
sponding to the piston pressure P scaled from the piston pressure 
curve. This series of crank efforts may then be laid oil so as to 
give either a rectangular or polar curve of crank effort. The 
former is shown in Fig. 277 (ft), the base of the diagram being 

equal to ^- or the length of the path traversed by the crank pin 
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To eliminate a from this expression, let I denote the length of 
the connecting rod, r the radius of the crank circle, and I = (jr. 
Then from the figure 



r sn a 



Tr , win a sin/3 sin/? 
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and consequently 



PROBLEMS 

414. From tho data and results of Prob. II 1 <lraw a curve of resultant crank 
pin pressure. 

415. Calculate from Uu, data and results of Prob. 412, by means of the 
formula deduced above, tin* crank pin pressure* whtm the crank has turned 
through an angle, of K) U from the in <>nd of the ntroke. 

153. Crank Effort Diagrams. In all heat engines the force 
exerted on the crank pin in variable throughout the stroke. 
The construction given in the preceding article enables us to 
plot a diagram, showing graphically this fluctuation in crank 

effort. 

To construct a crank effort diagram plot the curve of effective 
piston pressure, or cross head pressure, and also the crank circle, 
as shown in Fig. 277. The piston pressure curve in this figure 
is a duplicate of that shown in Fig. 272, and the present con- 
struction is therefore a continuation of that explained in Art. 151. 
Draw the crank in any convenient series of positions, as shown in 
the figure. By the construction given in the preceding article 
determine the crank effort F in these various positions, corre- 
sponding to the piston pressure P scaled from the piston pressure 
curve. This series of crank efforts may then be laid oil so as to 
give either a rectangular or polar curve of crank effort* The 
former is shown in Fig. 277 (7;)i thu base of the diagram being 

equal to --- or the length of the path traversed by the crank pin 

jj 
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As the number of cylinders is increased, the crank effort, and 
consequently the torque on the shaft, becomes much more uniform. 
Figure 278 shows rectangular diagrams of crank effort for a four- 
cylinder and for a six-cylinder automobile gas engine. 

PROBLEMS 

416. From the data and results of Prob. 413 construct a rectangular crank 
effort diagram. 

417. In the preceding problem construct the polar crank effort diagrams. 

154. Standing and Running Balance of Eccentric Weights. 

When an eccentric weight revolves about a fixed axis such as a 
shaft in bearings, a centrifugal force is generated, acting outward 
from the axis of rotation toward the center of gravity of the 
weight. Lot &> denote the angular velocity with which the eccen- 
tric weight W rotates, and r its eccentricity or distance out of 
center; i.e. the distance from the center of gravity of the weight 
to the axis of rotation. Then the centrifugal force developed 
at the speed <w is 



tt 

This centrifugal force may be balanced, or neutralized, by adding 
another eccentric weight in the same piano as the first weight and 
diametrically opposite to it. Let W r denote the weight of this 

counterbalance and r f the distance from its center of gravity to 
the axis of rotation, or eccentricity. Then the condition that thu 
two shall balance when the shaft is at rest (standing balance) in 
that their mutual center of gravity shall lie in the axis of rotation, 

nam ly ' Wr-W'r'. 

The condition that the centrifugal forces shall balance when the 
Bhaft IB in motion m 



9 <J 

2 

or, cancelling out the common, factor , simply 

t/ 

Wr=W'r'. 
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Cancelling out the common factor , this reduces to 

U 



+ Wf& - FiX V - WJr^ = 0, 
or simply 2) Wrx ^ 0- 

All cases of counterbalancing eccentric weights can be solved by 
applying one or both of the conditions V Wr = 0, ^ Wrx = 0. 

For example, if a number of eccentric weights rotate in the same 
plane, only the first condition is necessary. In this case both 
standing and running balance may be secured by adding a single 
eccentric weight, rotating in the same plane as the given weights 
and such that the centrifugal force exerted by this counterweight 
shall equilibrate the centrifugal forces arising from the given set 
of eccentric!! weights. 

If the eecentrie weights rotate in different planes, each one may 
be treated separately and balanced by a pair of eccentric weights 
HO arranged as to satisfy both the above conditions. If a pair of 
planes perpendicular to the axis of rotation is chosen arbitrarily at 
the outset, and ouch pair of counterweights added to balance one 
of the given eccentric weights is so chosen as to rotate in these 
planes, then when all the given weights have been balanced, half 
of the counterweights will lie in each of the assigned planes, and 
each set may then be replaced by a single counterweight, us 
explained above. A simple illustration of this method is given 
in Art. 159. 

It is evident, therefore, that all cases of balancing eccentric 
weights may be solved by the application of the simple conditions 

r =0, 



and that, in general, not more than two counterweights need be 
added. It may alo be noted, that the first of those conditions in 
simply equivalent to saying that the center of gravity of all the 
weights taken collectively must lie in the axis of rotation, while 

the second, condition is simply the principle of moments applied to 
the centrifugal forces arising from these weights. 
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155. Balancing Redprocutinf* Parts. In order that an engine 
may run steadily at In^h sjetds the rotating and reei|troratinvf 
parts must hoth he rarefulh halaneed. AH regards the tvi-im-i*. 
eating parts, it uas shown in Art* laO that for <i eontiretin>| rod 

q cranks lon^ tlu inertia thrust is th ;ri < ater at one rtiit of th* 



stroke Mini lli less at tht* othrr cm) than il flu* rtl wa 

V 
lung 1 . IlrtH'r if ilit* futuitirh*thi!iri t'**r flu* rt*t*ijtf"i^tliiij,f jnirts i 

nuuh* th jLfivah'i' to alh\v fur thu hlMjttitv il* thr rmt at ni u 

y . 

t*nil of lilt* j4irtkt% it will l* "tit too fivif af th^ nthrr rnil 
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lliereftire ninee iimre hamt than |*1 i.?* dMie Itv lruii;f lo roiu 
jH^liHitti* for flit 1 oltlii|tiify of flu* i'iiti!ti*i'tiii|^ rod, if is eu**to!ttar\ in 
llt^hiei tluM rnrreetiou and jifiirPtnt HH though the nt tt iis% u f 
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in plan** of wt*l>, 



WH \vi'ii'!n f rarh t'oiuih'rw 

r .-" radius nf crank, 

r ft = tlistanct' from rtniter of gravity of t'outttt'rbiihuirt* to 
axis of aliuft, 

Thi'n, if wo follow tht* ordinary ruli* of Imlanrittj^ two thir<U of 
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: 



tht* two imlattrt* \vi*i^lilH itrt* ytiiiin*trtt'ii!v ptartMl at 
titHtuiii*rs from tin* viiltr of flu* n^uik ]*iij it in itui nivrH- 
wiry In thin mm* tti apply tl fitinlstiitii ^ % HV.r > **. In fart, tak- 
ilig liioiiit'UH {ilitiiif flu* rit'i f tho ntnk tlir* rMiniitii) ttniilit 
H" f / w i I fi f j/ J ^ I l >, ttlii^li i *tit4j*l\ iii i^ 



157, Double Crank Bulittidtig* \Vlifi ilp*n* ,ii- !*% 'i4nl'* 
aiut rt*fiM*tjtft*tifH ftt** % * t * *!" t**i*tjit af ti$* 
may i*in*Ii In* Imlanml HfjattMrU 4^ H!HIIIII 




mi ili*%ii|iiri! In \lt f 
80utltwtMt<*rii ; nr tii.i^ 

C*!IIIlllinv4^ill III fill ;iinlr C I ,'i fH 

in *J^^ 



fm 



i tvj 



1*Y \\Mirs nv KOTATfON 



897 




398 THEORY A\l> PHACTICK OK MKCIIANK'S (riui*. vu 

parts, tho center line nf the counterweight bisecting the ungle 
cum them. In designing this type if engine the two sets of re, 
'catin r Parts are made as nearly an possible of the same weight. 
This is accomplished by dishing the. piston in tin* larger cylinder 
to make it lighter, and increasing the weight of the smaller piston an 
much as may ho necessary to wake the two sets of rociprocfiting 
parts of equal weight, Tlu* counterweight is then tttude of sutVtcient 
sixo to balance the inertiii thrust of tin* hori/.oiital 
parts when pushing tin* hori/onttii renters. The HUHK* < 
will then approximately balance the vertical thrust of tin* vertical 
parts when punning the vertiml rt*ntorH mid nt iitt tntttrmetlhtte puni- 
tioim t-he sum of thesi* thrusts will also IH* 2!ppnKiittatel\ Imhitieeii. 

158. Counterweighting Whtels, - In j*me iypi*H of 

engine thu inertia thrust of the rotating ami rcciproriituig jmrln 
is biiliiiiawt by udditig tHuutt*rw*ights to the fiv wheel or pulley 

llttuehe| to thi* ^hilft, Kvi- 
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i jiftn'iM'itt'% ti will hi \tn1ifiitly, and if jnwhecl From tho other 
M|T- * ih.ii il'* j,i i'+**'MU in ri'tiirtlod, it will rise. 

\\ jfii * KM-:*- sh'*tnHi'it tif itiiH kiwi tho offoot is HO strong and 
l.u*it*i*i*' I***** if ^'t^t'4 4 **! I'Htivttiditg UomonHtratiou of the principle 

ill ijtit^t** t, 

ISf iCitirtk AM;W illustration of tho kinetic reao- 

tt>tii<t tti'H ii HI.** ,iii' limit 4M'iisnijiu' urtuw, cHmnidor tho case of 

,i }M<m>*i*\k iH*ui*liiiif 4 rtii f \t% Hit* uit^uhir momontum of the 
iiLfi i% !*4i* t! j r i!i$*^ liin'titttii *IH tlu* uxlo* (.*onHoquontly when 
tin iirjiip 1 !*- - riMutil u t'tirvt* flit* dirt^tlou of tho angular 
HiHiuriituttJ ' '< !: ' ih*** *litp* ut momentum giving riao to 
^n P*M i*|/r <io ' t'iiitiii^ t fiirriHiHi* tli^ pnHHuro on one bearing 

*liiS S ( M ^ **' ^ * l| ^l* 1 ' *tli*^l. 
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tflirltth * t% lt f|f 
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111 uf It i* ut*ll known that whon an ortli- 

11 j* j- v , , > t ,t *u 4 ioii,li *iff'nr% it \\ill |(nutually rUt^ until 
it* ,\n IH ifi'ltiMl* anl thon rtMnain in. thin 
I T- u^ti, iiln*i$ it U *<aiti to ** Hhwp," Tins is 
i,i^ in |I#* HtVi*l if tVii'tion tin tht* point of 
^ ^ t.<j, *r jw|f If I lit* Kurfatni on which the 
*..j* -j<i*t*t i% i**n*h, it will txp<ru^nr it fric- 
|j -i,J n^Mlaniv titii* f t ntiat to th pojy. Lt..it 
0* ' Iv, itrtKiffil t*i F, that K -i. W/A^ \vher( 
^ j. MM- ' lit 1 * rtirlisi ifitt tf friction* Tho 
{{'<", itf t lhi* ("rirtittttttl K^intitntH' Mahout 

* .<il ,iliv !<' In flir Vrflor HltiUU*UttUU //, UH 

i , ), a l"l 1^ !<' \*'i'lir -tft in Fiir. : HL Thti 
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I * t, * * i * * i! ,i v* * In if 



.r mnwvtwl by toothed sectors, 



, % * 

iJ '"' WJI ' ' l! '* 5< !?l i! (l revolution of ono gimbal ring 

ijtt * |! " \ ' % <1 4 ' '* "' ** f IUH < H * jual and opposite rovolu- 

?i MJ . J >' ** ,;,'IM! jr|,. : ihimt Us \ertinil axis. The fly- 

u > ^ * * '' - I ut MpjoKite directions, an indicated in Fig. 

>l <i " J is * " ( ' ' *^i i * i < in Uilance the constraint exerted 

" fin *\ ' J/ki "*^ % ** MI tiw ' ' *' H rtiititdiiiK a curve against that 
i \*-t* 'i f., t * ./ ,, .,i M t piv*iervi the alignment of the entire 

4j /.*! M *t *' .* / " ' J * U ll H , 

1" 4 >" / ' )4 ' ' u {1 ?^tf^i tli* uttter end of each flywheel axis 
' 4 MJ * ; < Mi, r ,| |i,Miitij( 4iirfiic"ii <?, attaehed to the 
*! -t t , ^ \\ i * , li K ,MI H tn jitn'fiH't hahu\ee, these shafts 
i f > ; ,,i */. i ,M * *, ^ |.-m li iii i miuiH amount. Any tend- 
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Hhxt ^ } > . >n!s^ ;$tl|* Itif* imputstve couple Afdfc is, 

i!$ ^ J , , i * , , yi i! f t)i.tt N tn M\, tlte foraoH constituting 
tli . .-uj ^ II *4 i* ^ u, | r* *i4i|f the *4itfl <lown on the bearing 
i i f%*- , IFIP t IK ^ ,i'f u* reaction due to its lack of 
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rf-.M"*' 1 ' '***''' '!' l? *"*''. "'Uwtfaioundi on the inside of the pan 

.It .4ln,'K '< 

i > * *, \ ! < * ph !,Hmmt*i4, U't c f t t Kijy. JH7) represent a cir- 
* tt\,\< " '."t . * ' -' i ' .M ,1, ;iinl c f a tin* circular path, ^or section, 
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| ! * 14, i f l | I -t{ ' tS "III MUC jtl^I 
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tin - I-? *>.,*'' i' ** i* nt itf liw til C/ f and the other in 

<* n'm l i'u > ,.- U-M* rri* ilir in 4iutilii(tt, on which the 

f ^i,i . iS',i M ? T 'n fv< it*. * 

Hi lt fiir- tif tfyroHcopie motion 

ot ?/,* i %"^ ^ , ^<-$r> ,41* in two inotiuiw : a rotation 

[}'*. *i*. M^. if* .*%*'*, i |rm*HHion of thin axin. The 
ii^ / {, "iN.ii !;, ^f.-u- N" iii4 ii rotation of the body 

1 ,>,M ,',, ^*A^/IIIIM<I, in ttm'lf rtwolving about a 

%i-4 {^ fl S ^* s^ i! |iiis >n wl flu* ifittunUuuKmH ax in of spin is 

U iiillinl tliti pri$i*tiHio.n, (Jyro- 
"" *** p iti*ilititi thuH aiTorclK nn illus- 

> - * " i nf tin* gmtftnit theorem 

' * in Art 30, Cliiip, 1, that any motion 

l*i* ctw<wU'rcd an made up of 

*ititnl definite axcm. 
/** X. Tlw* iiitIiii lit*m cotwidcred hiw 

*"/ ' ffwmwtricaiiy by 

[ / lv of a pair of conoa, 

^ MtiKi it! iiliirli w iiti*ti and thu other 

lire a% ttfwtti it Thi* motion of the 

i/ia^iw / null \ uf what U meant. 
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-J i' m tti tiller tho position of 
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it i4ft4fiff* f tl in all thw cases of gyro- 
>}ft<i<i'*tt HII' in nir.fi case tho axis of 
i iii4 thi'ivfort* ii priiu'tpid axin. 
4 <*t i*! jiriiirijilt* is found in Fou- 
N! |HitntH in a thtul direction 
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